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TR

APPLICATION OF A. M. LYAPUNOV'S THEORY STABILITY TO THE

THEORY OF DIFFERENTIAL FQUATIONS WITH SMALL MULTIPLIERS IN THE DERTVATIVES

I. S. Gradshteyn

[ﬁote: the following article appeared in the regular Mathematics section
of the thrice-monthly Doklady Akademii Nauk SSSR, Volume 81, No. 6 (21 December
1951), pages 985-986. The contents of this article were read earlier at the
— i ; 18 September 1951 Session of the Moscow Mathematical Society and were printed
. in the Uspekhi Matematicheskikh Nauk, Volume VI, No. 6 (L6), Nov/Dec 1951L7

In my article (2) I indicated the connection of the theory of stability
of differential equations with small multipliers (factors) in the derivatives
with the first method of A. M. Lyapunov /Tiapouncff/ in his investigation of
the stability of motion. Further investigations have shown that this con-
nection concerns not only the first method but the entire theory of A. M.

b : Lyapunov (1).

P
i 4 1. Definitions. Let (y*, p*:) represent a set of singular points of the

family of systems of equations
>
in/dt = hi(Y,p) (1 = 1,2, «.0yn) (1)

where? is a n-dimensional vector and.—; is a /ﬁ-dimensional vector-parameter.
For the points of the set R representing the part (properly or improperly)

of set G;*,-;*), let the solution of the system (1) possess the following

properties: for any e > 0 and 0 <a < e one can show 0<r (e) < e and

| @(r,a) > 0 such that for mny system of family (1), the singular point

) -1 -
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of which enters R, from the inequalities
- #*
/1300,9) -y, /<r (1= 1,2,000,m) (2)

for t 2 0, follow the inequalities

- +* .
/Yi(t,P) - yi [ <e (= 1,2,0005m) (3)
but for t 3z (M , follow the inequalities
#*
/Yi(‘o,p) -V / < a (i = 142500em) & (W)

If these conditions are fulfilled we shall say that the family of equations

(1) defines a motion asymptotically stable relative to the set R.
Here we naturally assume that in a certain neighborhood of the set R the
functions hi satisfy the Lipschitz conditions relative to’y).
0. Theorem. The theorem which I published in (3), Section 2, remains
true if:
a) we define the set R with the following property: the motion determined

by the family of the systems of differential equations

dy, /8t = hi('f,?, 7), (i = 1,2,0005m) (5)

- .
in which x and t appear as parameters, is waiformly asymptotically stable

relative to the set R;

b) we assume that D(h'].’hz""’hn) / D(y,yz,...,yn) # 0 in the set R.

R PRCTELD
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3. Criteria governing uniform asymptotic stability are obtained naturally
from the criteria governing A. M. Lyapunov's stability. The criterion based
on his first method was actually published by the author in previous works (2,3)s
The criterion based on the second method is the following:

a) the function V(Z;_;*:;*,T*) is defined for /qi/ < H (where H is an
arbitrarily small fixed positiwe number) and for values of the parameteré.i*,
—;*,T* determining the points of a certain compactum cialf e R;

b) the function Vf;;ﬁi*;?;T*) in the region of its definition is con-

tinuous in all variables and possesses derivatives of the first order iﬂj;

continuous in all variables;
Y

— DV = >
¢) the function V and ‘““;ZLETE ‘h.(X*,y* +\3,T*)
A=l f)" 1

are positive definite functions.
In such a case the family of systems of equations (1) or, what is the Same,

i I
y=y +q,

TIHTER e
do /dt = hy(xX,y" +7q,1%),

defines motions that are uniformly asymptotically stable relative to the
compactum R.
The theorem of A. N. Tikhonov (L) on the existence is a partial case of

this theorem; corresponding to Lyapunov's function

o2
T AZ:.I%& )
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