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A REVIEW OF SOVIET CELESTIAL-
MECHANICS LITERATURE

In this report, about 375 Soviet papers on celestial mechanics
are discussed. An attempt was made to keep the review of each paper
brief but yet of sufficient length to summarize the author'é descrip-
tion of his problem, methods, results, and conclusions. For the
majority of the papers, opinions are given on the merit or value of the
work.

Some of the work discussed below is quite old, but its in-
clusion is believed justifiable as a basis for obtaining a coherent
picture of the Soviet development of the subject from the pre-Soviet
era. Also, the 1956 and 1957 literature could not be fully covered
because of the delay in obtaining, studying, and processing into a re-

port this most recent information.

1. Two-Body Problem

a. Fundamental Equations

(1). Kepler's Equation

In elliptic motion, three angles, called anomalies, are
treated. They are v, the true anomaly; E, the eccentric anomaly; and
M, the mean anomaly. All these anomalies are functions of time, and

what is really wanted is the true anomaly, v; that is, the angle between
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the direction to the perihelion and the radius vector of the body under
investigation. In order to derive Vv as a function of M, which is known
if the major semiaxis of the orbit is known, an auxiliary anomaly, E, is

introduced., The connection between E and M is:
E - esin E =M.

This'is the famous Kepler equation on the solution of
which many papers have been written. Despite its simplicity, it cannot

be solved analytically and, in practice, the acceptable solution is ob-
\

tained from tables and successful approximations.

Before computing machines were available, the form by

Oppolzer (1885) was commonly used for the solution of Kepler's equation.
Oppolzer's solution, however, was given in 55 pages in quarto and,
therefore, the method becomes quite unmanageable. Marth's work (1890)
on this problem still required 16 pages of tables. Subbotin(733) (1928)
greatly facilitated the solution of Kepler's equation by Oppolzer's
method wﬁen he reduced the manipulation to 2-1/2 pages of tables.
Subbotin's work had its value about 25 years ago, but today, the solution
of Kepler's equation by successive adjustments, starting with a trial
value of El' is preferred in using computing machines. In practice,
the earlier attempts have left little trace in astronony.

The same can be said of M. A. Vil'yev's paper(779) (1917)
on the calculation of the time anomaly in an ellipse with a large ec-
centricity,whereby he reduced the determination of the eccentricity to

the solution of Barker's equation for parabolic motion.
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Later work of Vil'yev(783) (1938), in which he was es-
pecially concerned with the solution of fundamental equations of theo-
retical astronomy and the number of solutions, deserves mention., This
work is a critical review of the problem of orbit determination, with
some contributions by Vil'yev. These investigations were published
after th; death of the author, who was one of the most promising workers
in celestial mechanics in recent times. In the introduction, Vil'yev
presents a historical review, starting with Tycho Brahe and Kepler,
and compares carefully the various methods of orbit determination. He
concludes that the main problem is the determination or correction of
an orbit based on a maximum interval of time, including the effect of
perturbations.

After the general basis of the theory of orbit determina-~
tion from observations is discussed, Vil'yev proceeds to the differential
form of the fundamental equations, and to Laplace's method and its de-
velopment., The method of Laplace is unique insofar as it is valid
quite generally, without special assumptions concerning the form of the
acting force. Further, it is emphasized that this is also the only
method permitting the determination of an orbit directly, including per-
turbations. The methods of Gauss and Olbers are then compared with the
method of Laplace. Here the author employs an ingenious procedure which
apparently was not used before. He makes use of the fact that, if the
length of the time interval converges to zero, the various methods must
necessarily converge asymptotically toward the one of Laplace. This

process can be used to test new methods and, in this way, the author

13
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finds theoretical inconsistencies in the method of Du-Sejour. Similarly,

he finds an inconsistency even in Gauss' method on the basis of four

observations, and gives the corrected and completed form of the method

of Gauss.

Vil'yev does not say much that is new in his reduction of
the fundamental equations to one unknown with the graphical method of
solution, but he does analyze the existing procedures and methods very
thoroughly and critically.

In his investigation of the number of the solutions in
special cases, it is stressed that multiple solutions will be obtained
only during a limited interval of time from the observations.

In Chapter IV, the derived forms of the fundamental
equations and the general conclusions regarding the number of solutions
are considered; In Chapter V, the geometrical method of solution is
treated along about the same lines as the method of Charlier, only more
completely and wmore critically.

In Chapter VI, Vil'yev succeeds in the geometrical con-
struction of certain régions as limited by certain surfaces, the
equations of which are considered so that the location of the comet or
planet in question inside these regions determines the number of possible
solutions.

Chapter VII deals with the problem of parabolic orbit
determination, and especially with the differential form of the funda-
mental equations for an arbitrary position of the fundamental circle of

the pfoblem.
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Finally, Chapter VIII is concerned with circular orbit

determination and the related number of solutions. The Laplacian method,
especially, is dealt with, and the circumstances arising from particular
constellations, as rigorous opposition or conjunction, are considered
in detail. An appendix deals with the general properties of curves
satisfying the relation r?rg = C in bipolar coordinates, and this part
therefore is not directly related to specific problems of celestial
mechanics. A bibliography of 246 titles concludes the work.

Oppolzer's method on the solution of Kepler's equation
is not discussed by Dubyago in his textbook(126) (1949) on the deter-
mination of orbits. This book is of the same type as Stracke's

Bahnbestimmung der Planeten und Kometenj; however, Dubyago places more

emphasis on machine computations and he also includes the determination
of meteor orbits. The standard approach to the problem is adopted, and
simplified tables are given for the determination of the difference
E - M following Stracke and others, all based eventually on Astrand's
tables. Dubyago's book is a rather complete presentation of the sub~
jects belonging under the general title of the book, although Dubyago
can be criticized concerning minor inaccuracies in his use of theoreti-
cal concepts. In fact,he has been so criticized by another Soviet
astronomer, Shchigolev(697).

A somewhat different approach to the problem was adopted
by Subbotin(740s 742) (1936 and 1937). ‘He considers the mean, true, and
eccentric anomalies in an elliptical orbit, as well as the anomaly of

Callandreau, as particular or special cases of a more general anomaly

Declassified in Part - Sanitized Copy Approved for Release 2013/05/24 : CIA-RDP81-01043R002000080002-5



Declassified in Part - Sanitized Copy Approved for Release 2013/05/24 : CIA-RDP81-01043R002000080002-5

w, which he introduces. The generally anomaly w contains a parameter,
@, For a = O, the general anomaly becomes identical to E; for a= e

(e = eccentricity), the angle w is the same as y, and a closely related
angle, w', is identical to Callandreau's tangential anomaly, C. This
work is of interest because it reveals the relative meaning and selec-
tion of the various anomalies used in celestial mechanics from a more
general point of views This is a solid (but not outstanding) piece of
work, but the generalization does not appear to be anything actually
significant.

Interesting from the mathematical point of view, but not
representing anything new in celestial mechanics, is Yelenevskaya's(gzs)
(1949) determination of the coefficients of the developments for the
undisturbed coordinates of motion in a conic section, if the eccentric
anomaly, E, is the independent variable instead of the mean anomaly, M.
While Bessel's functions play an important role in the developments
depending on M, the corresponding functions as they determine the coef-
ficients of the development depending on multiples of E are derived by
her. She competently presents a thorough study of these functions;
based on the related concepts and theorems of the general theory of
functions, and makes a comparison with the properties of Bessel's
functions. A certain similarity is found, and the author comments that
this had to be expected, because both types of functions satisfy the
same type of differential equation as studied by Fuchs.

Yelenevskaya presents correct results in a well-accom-

plished manner, but it has to be noted that such developments in
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dependence on the eccentric anomaly, E, are not principally new. She
mentions the comparable developments obtained by Hansen, and claims
that her form is more simple compared with Hansen's, but she does not
mention the general results of this form (depending on E) as given by
Brown and Innes. in their specific form, the author's developments are
new, but her coefficients must be related to those of the other authors

by a system of transformations. Apparently, the author was not aware

of the results by Brown and Innes, because they are not mentioned at
all,

In Reference 825, Yelenevskaya replaced Bessel's func-
tions and the mean anomaly, M, in the expansion of the coordinates of
elliptic motion by a different type of function, valid for the eccentric
anomaly, E, as the independent variable. In some other work in
1949(826), she proceeds similarly for the Fourier series development,
which applies to hyperbolic motion if the.hyperbolic eccentric anomaly
is used, The main purpose of the paper is the investigation of the con~
vergence of these developments, where the coefficients are proportional
to increasing powers of —%—. Depending on the individual value of the

eccentricity, e, it will be useful to employ either such developments

depending on —%-, or a different type of series where the coefficients

depend on the increasing powers of (e - eo), e, being some proper con-
stant close to e. The radius of convergence is studied for the two
different methods and for given values of e.

This is definitely an interesting paper, because it con-

tains some substantial and well-founded results, even though the subject
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itself is not a very difficult one. These results may certainly be of
value for future studies on hyperbolic orbits. The author is well quali~
fied for work in celestial mechanics.

Tables for the solution of Kepler's equation by a comput-
ing machine were published in 1935 by Bazhenov(57), who makes no mention
of Subbotin's(733) and Vil'yev's(779) work. The method presented is es-

sentially that of Tietjens. The author puts:

e sin M = £(x)
L

9 =E -~ Mand x = tge =
1 - e cos M

T o
so that: f(x) =0 secf - tgp =arc tgx y 1 + x

%3 0B, 509 X,

31 54 7!
and tabulates f(x). A good approximate solution of Kepler's equation
can be obtained by first omitting f(x) in the computation of x from M
and e, and the successive approximations including f(x) (taken from the
given table) converge very fast.

The method presented here and the table may be very useful
for a computer who has decided to solve Kepler's equation in this way.
It seems, however, that Bazhenov's results will not save time compared
with the method which solves Kepler's equation directly by repeated
trial solutions, based on an estimated or approximate value of E. Even
if the method of successive direct trials on a desk calculator involves
perhaps a greater number of successive approximations, one has the ad-
vantage of dealing only with one equation and with no additional

[ ]
formulas or tables., Furthermore, the direct method leaves e® in the

~.
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machine all the time and improves sin E in the last significant figures
only, while Bazhenov's method requires repeated divisions and other
operations. For these reasons, the author's paper seems to be of no

practical importance.

(2). Gauss' Equation

This equation occurs in the Gaussian method of determina-

tion, when the expression for the second place is obtained in the form:

(1)

Here, the unknowns are the geocentric distance, Poo and the heliocentric
distance, Ty

In the triangle sun-earth-body, the angle between the
directions from the body to the sun and the earth is denoted Zye Fron

the triangle comes the relationship:

2 2
2 =R2 +,2R2 coseap2+p2, (2)

which in connection with (1) can be put in the form:

sin (z2 -qg) =nm sinl+ Z,s (3)

where g and m are parameters compounded of known quantities. This is an
equation of Gauss which cannot be solved analytically. Many solutions
have been suggested, all based on the application of some sort of ex-

pansion into series.
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One of the more notable contributions to this problem
was made by Banachiewicz(43) in 1917. Banachiewicz (1882-1954) was a
Soviet astronomer of Polish origin who published many papers on celes-
tial mechanics. The first part of his work was done at Kazan' (1910-
1915) and Dorpat (1915-1918), ZLater, he settled in Cracow, Poland,
where he became best known for the development of special kinds of
matrix operators (which he called Cracovians) and their application to
the problems of astronomy and geodesy.

Banachiewicz's main paper(43) on the Gauss equation con-
tains the theory of this equation and tables for its resolution for the
calculations into seven decimals. These tables, reduced to five decimals,
have found their way into the standard collection of astronomical tables
for the calculation of orbits, those of Bauschinger-Stracke. This, in
itself, is an acknowledgment of Banachiewicz's work.

Investigations of Gauss' equation were carried out also

by Vil'yev in two papers(777’ 781) (1916 and 1923), but the series ob-

tained by him does not converge rapidly enough. In later work,
Vil'yev(783) (1938), as indicated previously, compared the methods of
Gauss and Olbers with the method of Laplace.

A. Ya. Orlov(534), in 1915, proposed a method of solution
of the Gauss equation which had been used before by Witt.

J. Witkowski (now in Poznan, Poland, and formerly at
Odessa) and Balassoglo published tables for the solution of Gauss}

equation, but they do not seem to have been used.
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(3). Lambert's Equation

Expansion of Stracke's closed form of the Lambert
equation with a = o results in Euler's equation for parabolic motion.
Whereas Euler's equation is of importance in the determination of para-
bolic or near-parabolic orbits, little use is made of Lambert's equation
for elliptical motion because of the slow convergence of the series.

Subbotin(?32) (1924) seems to be the only one who at-
tempted to use Lambert's equation for elliptic orbits. He applies a
certain transformation to the gquantities involved in the Euler-Lambert
equation (he connects two different radii vectors with the chord of
the arc between the two positions and with the semimajor axis of the
orbit) in order to arrive at an expression which is more convenient for
elliptical orbits. A number of tables are given for the auxiliary
quantities to facilitate the computations. The rest of this paper is
devoted to the application of this form of the Buler-Lambert equation
for the purposes of orbit determinations and orbit corrections. This
method has failed to find much practical application in the U.S.S.R,
or elsewhere. Stracke does not discuss it at all, although he gives the

titles of Subbotin's papers in his bibliography. Bucerius notes

Subbotin's work, but makes no further comment. Dubyago(lzs) (1949)

indicates Subbotin's treatment as a possible new method for the deter-
mination of orbits, but he does not discuss it in the body of his booka
Also, Bazhenov(66) (1952), in his review of Soviet work, only mentions

this work by Subbotin but does not discuss it.
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Subbotin did, however, apply his new form to the variation-

of-distances method(735) (1929) and to the determination of first or-

bits(731)

(1922). All in all, more modern methods have made Subbotin's
new form obsolete. He utilized his new form of the Euler-Lambert equa-
tion in an issue of a journal of the Tashkent Astronomical Observatory
in 1929(735). This work might be called the Soviet counterpiece of

Bauschinger's Tafeln zur theoretischen Astronomie. The first part con-

tains tables and formulas for interpolation, numerical differentiation,
and integration, conversion tables, tables for computation of the paral-
lax, and tables for the computation of the precession by transformation of
the rectangular equatorial coordinates. Tables and formulas for ellip~
tical motion (Kepler's equation, etc.), as well as for parabolic and
near-parabolic motion, are given in the second part. TLast, Subbotin
presents the complete formula for the first orbit determination accord-
ing to Gauss-Encke in a form which is convenient for machine computa-
tions, and also Olbers' method for the determination of parabolic orbits,
with auxiliary tables.

The derivation of this equation has attracted the atten-
tion of many Russian and Soviet astronomers, beginning with

M. Khandrikov (1873) and A. Savich. A. N, Krylov(32ls 322) (1936) con-

sidered Savich's derivation as the best available. Dubyago(lae) (1949)

has reproduced Savich's derivation of Euler's equation for parabolic
motion in his textbook. Krylov(318s 319) (1924 and 1925) has also
called attention to the fact that the Euler-Lambert theorem actually

goes back to Isaac Newton, who gave it in a purely geometrical form
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as Lemma X, Book III of his Principia. Lagrange, in his Mecanique
Analytique, had already pointed out this fact. Even Bauschinger ap-

parently was not aware of this fact, since in his Bahnbestimmung he

said that Newton's relation was graphical and approximate. Krylov proves
that Newton's lemma does contain the full theorem of Euler and Lambert.
An unusual derivation of Lambert's theorem was made by

the Soviet N. Ye. Zhukovskiy (published in his Complete Works, 1937).

Kerglotz noted this derivation in Bahnbestimmung der Planeten und

Kometen.

Geometrical demonstrations of the Lambert-Euler theorem

were given by Chernyy(103) (1907) and Rak(618) (1925). All Rak did was

to use some theorems from analytical geometry; Chernyy's purpose was to
clarify some theoretical points which, according to him, were not suf-

ficiently represented by Encke.

b. Multiple Solutions

Soviet papers on this subject are very few; in fact, most are
from the era of Russian science.,

In his well-known textbook on orbit determination, Th. Oppolzer
gives criteria, based on a graphical method of investigation, by which
it can be decided whether the general method of orbit determination
(without any limiting assumption with respect to the eccentricity) has
one or two solutions. Chernyy(IOI) (1907), in an elementary paper,
shows that one can arrive at this decision also by a simple and purely
analytical procedure, making use of certain properties of the important

fundamental equation of the eighth degree in Oppolzer's book.

13
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Apparently, it was not known to Chernyy that Encke treated

this problem in 1854.

Also in 1907, Chernyy(loa) refined Oppolzer's equation for the

investigation of the existence of multiple solutions for parabolic or-
bits by the addition of the small terms of the first order. He also
derives a criterion for finding the real one of the three possible
solutions, Finally, he applies his equations to the case of the Comet
1882 II, which had been dealt with also by Oppolzer.

This paper was of interest and practical value when it was
published about 50 years ago and, even today, these results may be use-
ful whenever a computer encounters these problems in connection with an
individual orbit determination.

The first orbits computed for the Comet 1910a showed great
differences between the various sets of elements which resulted.
Chernyy(106), in 1910, found that for the three observations on
January 18, 19, and 20, 1910, Olbers' method actually produces three
different solutions. The theoretical criterion for the existence of
three solutions is fulfilled in this case. The paper made it clear
that the large differences in the elements were not caused by errors in
the observations, but that they are explained by the nature of the

special problem.

Chernyy's paper was of actual interest insofar as it answered ihe

question of the origin of the discrepancies in the elements. Although
the author's investigation settled this question, it was based on the

existing theory and did not contain any new theoretical results.

/
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Foge1(203), in 1912, dealt with the development of the helio-
centric coordinates X, ¥. and z in power series depending on the as-
cending powers of the time interval (té - tl). Although Kahnert was
the first to find closed expressions for the coefficients @ and B of
51 and of —-%i}—, respectively, so that 52 =a ;l + B —%i}— in the case
of elliptical motion, the author finds expressions for ¢ and B which are
valid for any type of conic section. These results had been published
before in the Russian language, in 1891, but the earlier publication
had remained widely unknowne

This work certainly was of real interest as a generalization
of the earlier and more special expressions of Kahnert. Although no
actual theoretical difficulties were involved, the paper bears witness
to a certain amount of original thinking by the author.

A very short paper by Chernyy(log) (1913) contains errors or
erroneous statements. It was written apparently in consequence of a
remark by R. Foger(zoa), even though Fogel's name is not mentioned. A
later reply (1913) by Foger(aok), however, makes this clear. Fogel', in’
his earlier paper(ZOB) (1912), made a short remark concerning the fact
that, in Olbers' method for the determination of a parabolic orbit, the
condition that the three given orbital points lie in omne heliocentric
plane is neglected.

Chernyy obviously misconstrued this remark by Fogel', as if
it were a criticism of the justification of Olbers' method itself.
Trying to refute Fogel's rather correct remark, the author claims to

give proof that the heliocentric plane condition is satisfied in Olbers'
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method. Actually, he makes the mistake, now, of claiming that each one
of the three so-called fundamental equations determines the location

of the three points in one heliocentric plane; actually, all three
equations together are necessary for this determination. He further
makes some misstatements concerning the equations whieh are actually used
in the method of Olbers (this is clarified inm Fogel's paper{204)),

Of all the papers by Chernyy which have been reviewed, this
one is the weakest. It is completely wrong. Since the argument is
concerned with relatively simple theoretical concepts, one has to con-
clude that the abilities of this author were not too much in evidence
during the early part of his career. (Chernyy is not kn?wn to have pub-
lished any more papers between 1913 and 1949; one single paper published
in 1949(110) seems to be on a much higher level.)

Chernyy(lo9) claimed that Olbers' method for the determination
of a parabolic orbit did not sacrifice the condition that the three
given points must lie in one heliocentric plane, as was remarked by
Fogel‘(ZOB), and Chernyy claimed to prove the satisfaction of the helio-
centric-plane condition. Doing this, however, Chernyy considered this
heliocentric plane to be determined by any one of the three so-called
fundamental equations, while actually, as Foéel'clarifies in Reference
204 (1913), all three equations together are necessary for this deter-
mination; Fogel' also points out that Chernyy made erroneous statements
concerning the equations which are actually used in Olbers' method.

In a very thoroughly written qlarification of the basic mis-

understandings in Chernyy's paper(lo9), and of the related theoretical
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concepts, Fogel' seems to display a very keen understanding of Olbers'
method, while Chernyy's short paper proves nothing except the fact that
he had not mastered the basic geometrical and analytic concepts of such
a problem.

On the basis of the equation of the sixth degree for the
geocentric distance p Fogel(aos) (1913) found that only one of the two
solutions is positive, and the other one negative. Since the possibility
of a third solution was eliminated in the earlier paper by the author's
consideration of all three fundamental equations for the heliocentric-
plane condition (of which only two are used in the classical method by
Olbers), the present paper leads to the conclusion that only one solu-
tion is actually found in the case of a rigorous determination.

Olbers' method of orbit determination for parabolic orbits is
"incomplete" from the theoretical point of view, insofar as essentially
only five instead of six coordinates are used. An investigation by
Il'inskiy(233) (1924) served a theoretical purpose alone, namely, the -
study of the possibility of @ultiple solutioné. He considered the para-
bolic case as a special case of the general method of Gauss for e = 1.
He proves that three solutions are impossible in a "theoretically com-
plete" determination of a parabolic orbit, and that the special parabolic
case is not different from the elliptical case, where two solutions are
possible. The well~known equation by Gauss, which is of the eighth de-
gree in general, is reduced to the seventh degree in the case of the
parabola, because the solution which corresponds to the orbit of the

earth is eliminated or impossible in this case.
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Phe paper is an interesting, even though not an outstanding,
contribution from the theoretical point of view. Il'inskiy apparently
has publications only in the field of orbit determination, but he seems
to be well versed in this particular field.

The most recent Soviet paper(768) (194%1) on the subject of
multiple solutions for the determination of a parabolic orbit was written
by Usov and could not be located. This is the only paper kxnown to have
been written by this person. .

c. Series Development and
Convergence Problens

Bazhenov(63) (1949) puts the conditional equations for the
convergence of an iterational process into the form of a matrix, and then
the characteristic values of the related determinant have to be smaller
than certain limits, in order to assure convergence of the iteration
process. This is a well-known criterion, which Bazhenov then applies to
the methods of. orbit determination of Gauss and of Harzer;
he finds that, in the average case, both methods of orbit determination
will converge about equally well, Therefore, the method of Harzer may
be preferred because of its relative simplicity.

Only minor details are actually new in this investigation, as
far as the analysis is concerned, and, therefore, this paper should be
classified as a routine work without any particular highlights or

important results.

Two papers(825’ 826) py Yelenevskaya in 1949 pertaining to

this subject are discussed in the section on Fundamental Equations.
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In a later paper(832) (1953), Yelenevskaya recommends expal-
sions depending on the true anomaly, v, rather than on the mean anomaly,
M, if the eccentricity is close to unity. It is shown that this method
would more effectively overcone the well-known difficulties which occur
near e = 1. While the basic principle of the method is given, she does
not complete the method in this paper.

The idea presented by her appears to be as good as some other
proposals which have previously been made for dealing with the develop-
ment of the coordinates in near-parabolic orbits, but, on the other hand,
it remains doubtful that the majority of computers will abandon the
classical method of Gauss in favor of the one proposed here. Gauss'
method still appears as the one with the most simple and convenient
features. Furthermore, it should be expected that the author would
present her method in a more complete and detailed form, if she herself
expects it to be used.

In a theoretical investigation that considered the singular
points of the differential equations of the two-body problem on the
basis of the analytical theory of functions, Samoylova-YaKhontova(662)
(1927) found that all the individual cases of elliptic, parabolic, or
hyperbolic motion depend on the same general formula, as far as the
contribution of the singular points is concerned. All the singular
points are branching points of the first order, which only in the case

of straight-line motion fall together in pairs to form branching points

of the second order. The radius vector, r, is zero in each singular

point. The Riemann surfaces have an infinite number of leaves for
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elliptic or hyperbolic motion, but, although all the singular points of
the elliptical case lie on the main leaf, only two such points lie on
the main leaf in the case of hyperbolic motion. For this reason, in the
case of elliptical motion, the radius of convergence can be fixed by one
arbitrary singular point; for hyperbolic motion, only two such points

will determine this.

This paper is of real theoretical interest, because the results
have a bearing on the convergence of the series which are used in con-
nection with orbit determination, and also because the two-body problem
is the simplest case of the n-body problem. Without question, this is

a good, although not an outstanding, contribution by a very competent

author.

The well-known developments by Leverrier and others went up

only to the eighth power of the eccentricity, &, inclusive. Sharaf(687)

(1953) found it necessary to proceed to the terms depending on e9 in her

theory for the planet Pluto. For this very specific reason, the general
extension to e9, as contained in this paper, had ?o be made. The
general developments, using the well-known Bessel functions and Cauchy's
theorem, are given here for the benefit of anybody who later on may
find it necessary to use them in connection with other problems.

This paper is the fruit of an elaborate but rather automatic
extension of earlier work in this field. The results are certainly

useful, but their derivation was a matter of patience and carefulness,

rather than of ingenuity.
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d. Graphic HMethods

In a rather elementary paper, Bazhenov(52) (1929) dealt with

the graphical determination of a first approximation for the solution

of the following three equations: (1) Kepler's equation, (2) Gauss'

equation, and (3) the equation \e tg F - log tg (45° + ¥F) =M. A

lution of each of these

graphical table is printed for the approximate so

equations. The more rigorous solution may then be determined, by one

or two differential variations of the approximate value, from the

equations themselves.

These nomographs can be of some value if one has to solve such

even though certain tables

an equation for a greater number of points,

which were already available, such as the one by Astrand for the solu-

tion of Kepler's equation, may serve the same purpose.

Iltinskiy's paper(232) (1924) is based on Fogel's transforma-

tion of the classical method by Olbers. Devised is a procedure which

permits the determination of a better approximate starting value of

r+ T, than r + T, = 2., The method reduces the number of necessary

approximations and also avoids the case of multiple solutions.

This paper undoubtedly was & valuable contribution at the

time of its publication. Today, more modern methods or, rather, modi-

fications of Olbers’ method, are used by most orbit computers.

In 1954, Il'inskiy(237) transformed the fundamental eguations

of the problem of determining the orbit from three observations in such

a way that one has to solve, in succeeding approximations, for the

triangle ratios nl/n and na/n. Besides this innovation, the author

21
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presents a graphical method of solution which replaces the trial compu-
tations with the drawing of certain diagrams.

It appears that these diagrams have to be of a rather large
dimensional scale, if one wants to obtain results of some accuracys
Altogether, it seems doubtful that the author's modifications will be
adopted by many orbit computers. The paper is of some interest insofar
as it illustrates certain modifications which can be made in the appli-
cation of the basic theory of orbit determination, but the particular
proposals do not seem to lead to any essential progress, a8 far as the

practice of orbit determination is concerned.

e. Construction of Tables

For the purpose of computing special perturbations of the
elements of minor planets, the Astronomical Sector of the Latvian
Academy of Sciences prepared a set of auxiliary tables(3) (1954); prac-
tically, these tables are only an extension of Stracke's well-known
tables for the very same purpose. The accuracy has been increased,
however, by adding one more decimal for the tabulated quantities, and
by making provision for the computation of the perturbations prqduced
by Saturn, as well as of those caused by Jupiter. The necessary ce€-
ordinates of Jupiter and Saturn have been tabulated for an interval of
20 days for the years from 1930 to 1960,

This is an entirely technical contribution. For computers
calculating approximate special perturbations by means of a desk cal-
culator, these tables are certainly a valuable improvement, because

they should permit a higher degree of precision than Stracke's tables
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were able to give. Considering the fact that small computing centers

and many individual computers will not be in a position to have auto-

me, tables such as

matic machines at their disposal for some time to co

these still serve a good purpose. The actual value of approximate

perturbations as such, of course, is relatively low today, because ac-

curate perturbations can be obtained rather easily with the help of

modern automatic computing equipment.

Bazhenov's tables(57) for the solution of Kepler's equation by

ction on Fundamental Bquations.

machines are discussed in the se

Numerov(509), in 1926, presented a series of extensive

auxiliary tables, which are intended to facilitate orbit determinations,

omputing the

as well as the practical application of his own method of ¢

disturbed motion of a planet by numerical integration of the special

rectangular coordinates., Tables for the computation of the parallax

corrections (for 27 observatories), for the coordinates of Jupiter and

Saturn, as well as for the determination of the proper interval of

integration, are included among the 12 tables compiled by the author.

The main purpose of this publication, to facilitate the

practical work of orbit computers using Numerov's extrapolation method,

is well served indeed, because, here, the computer finds everything

conveniently arranged in one place. Today, the more modern methods

used on automatic computing equipment tend to depreciate the value of

this work, but it still may be helpful to individuals working with desk

calculatorss
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Proskurin and Mashinskaya(572) (1951) divided the circumference
of Jupiter's orbit into LOO intervals of equal length (with respect to
the mean anomaly). They then computed the rectangular coordinates X
and ¥, . %% 4 ya, r-3, and the indirect terms X and Y of the dis-
turbing force to be used in numerical integrations of the motion of a
small mass. The coordinates are referred to Jupiter's orbital plane,
and the x-axis points towards the perihelion of Jupiter's orbit. The
indirect terms X and Y are given not only for the interval W (which
corresponds to 1/400 of Jupiter's orbital revolution), but also for the
larger intervals 2w and 4w.

This is a simple and purely technical contribution, but the
tables obtained may be useful for computations of special perturbations
of minor planets and comets. Since the authors give their tabulated
data to seven significant figures, & rather high accuracy may be reached

in the applicationss

A description of Subbotin's formulas and tables(735) for the

computation of orbits and ephemerides is given in the section on

Fundamental Equations.

Bauschinger's Bahnbestimmung gives the formulas for the compu-

tation of the coefficients of the element variations in the most con-
venient form for logarithmic computationse Subbotin(743) (1937)

modified the system of formulas in such a manner that it is convenient
for the'combined use of computing machines and of logarithms. He also
recomputes Schgnfeld's table for the auxiliary quaﬁtities H and log h
for intervals of 0?1 of the true anomaly ¥ (Schgnfeld's original table

gives these quantities in intervals of 10').

24
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Although at the time of its publication this contribution
was of some definite value for the determination of near-parabolic
orbits, the paper has been superseded in the meantime by modern methods
of numerical computation.

f, Bodies of Pinite
Dimensions

The problem of the motion of a material point under the action
of a force producing the acceleration -y r—a - 3“2 r—4 has been studied
by many famous authors. K. Gylden used Jacobi's elliptical functions
and found the differential relations between the time, t, and Jacobi's
functions. He did not find an integration, and thus the results were
not adequate for practical application. V. Strazzeri used Weierstrass's
function, p(n), but his method was not very elegant, and it was not
practical either. Chernyy(llo) (1949) succeeded in an integration of
the problem, also using elliptical functions, and found the time, t, as
a function of the elliptical integrals of the first, second, and third
type, and of the elliptical functions sn W, cn W and dn w, where W is
a linear function of the longitude of the moving particle.

The two-body problem 1is obtained as a 1imiting case of the
new results. Other special cases were investigated in connection with
the different possibilities for the roots of the cubic equation which is
characteristic for the problem. Rather interesting orbits, such as &
jemniscate or a cardoid, are found in certain cases from a consideration
of the geometrical character of the orbits. For small values of the

modulus, K, of the elliptical integral, the author develops for powers
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of k¢ and he obtains the radius vector, I, in the form:

r = P

1+ k% + kl cos f + k, COS 2f‘
This closely resembles the so-called periplegmatic orbit of Gyldén.
This is a first-quality paper in which significant progress

has been made in a special and interesting problem of analytical dynamics.

* Duboshin(139) (19%31), in a popular article on the history and
development of the two-body problem, starts with the time of Laplace and
L;grange and gives a very—well-written account of progress in the theo-
etital treatment. He leads up to such rather complex casesS as the
teljtive motion of two bodies with finite dimensions of the order of their
distahce. Making reference to the existenceoof other than Newtonian
forces, for example, the physical processes affecting the motion of a
comet, the author comes to the conclusion that the two-body problem will

o

still be of interest for some time to come, especially as long as no
direct analytical success in the solution of the three-body problem is

] R
possible. In this connection, special emphasis is given to the reduction

of the perturbation problem in the two-body problem by means of the

variation-of—constants method.

From 1936 to 1954, Kondurar' published a series of five
papers(297' 299-302) on the motion of two ellipsoids. In the first of
these(297) (1936), he considers the special case of two spheroids, wherein
the circular equatorial sections coincide with the plane of relative
motion of the ﬁwo bodies. After a detailed investigation of the poten-

tial of the mutual attraction of the two bodies, the differential
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equations of their relative motion are derived. Although all of this

work is not new, the author has contributed some original details in

e P ity e o e et e Vit 08 7 =

the present form of the treatment.

The rest of the paper(297) is devoted to an application of the

methods of qualitative analysis of the so-called Moscow School of celes-
tial mechanics, especially of the contact-characteristics method as
developed by Moiseyev. Certain restrictions of the possible orbital
freedom are studied by this method, and also by means of the zero-velocity
cur;e; the consequences arising from the finite dimensions of the two
bodies also are considered. In the final paragraph, the author states
that, although the rigorous analytical integration of the problem leads
to integrals which are much more complicated than simple elliptic in-
tegrals, the qualitative method of contact characteristics is relatively
simple, yet demonstrative, as far as the general features of relative
motion are concerned.

The analysis presented by Kondurar' seems to be thoroughly
correct and competent. The gualitative results, illustrated by eight
figures, are of interest. On the other hand, it seems that all these
qualitative discussions are not of any help in the actual determination
of the grbital trajectory, a problem which apparently can be solved |
only the "hard'" way of rigorous analysis.

Kondurar's second paper(299) was not reviewed.

- e

The third paper(Boo) (1952) deals with a case which is more

general, insofar as ellipsoids with three different axes are considered;

but it is more specialized, on the other hand, insofar as it is concerned
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only with the stability of circular motion. After the differential

equations of the relative motion of the two ellipsoids Yave been derived,

the special case of circular motion is considered. A certain equation,
corresponding to Kepler's third law in the case of two point masses, —
must be satisfied by the basic quantities and parameters of the problemn.
The stability of such circular motion is then investigated, using the
method and definitions by Lyapunov. Owing to the complexity of the
problem, only an approximate study of the characteristic equation and of
its roots is made. The author arrives at some results concerning the
stability or instability of the motion under certain special assumptions
for the ,basic properties of the two ellipsoids.

This paper of Kondurar' has led to more essential and interest-
ing results than his first paper on a related subject. The mathematical
analysis is impressively deep and rather complex. It seems that this
author has made an essential contribution to the study of the relative
mdtion of two bodies of finite dimensions, a field which definitely is

one of the most difficult ones in celestial mechanics.

In a fourth paper(301) (1952), Kondurar' deals with the same
problem as in the first(297), but this time with the help of a more
accurate development of the disturbing function. He also makes use of
Duboshin's development(l62) as employed for the motion of Saturn's satel-
1ites under the effect of the planet's figure. The author proves the
existence of circular solutions and investigates the stability of these
solutions by Lyapunov's method. Séability is found to exist for the

scalar value, R, of the radius of the relative orbit, and for the

1 b o i e e 2
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velocity, R, while the nlongitudinal stability with respect to the
angular argument,8, is not considered and may be nonexistent. The
transverse stability is, of course, of main interest. The author then
establishes the existence of stable, periodic, near-circular solutionsy

where stability exists with respect to R and R. The angular coordinate,

&, normally contains a secular term, and only under special circumstances

(the coefficient of this secular term must be the form %) will it be pos-

sible to find solutions which also possess longitudinal periodicity and
stability.

This is a substantial and highly competent contribution, which
reflects well on the competency of this author.

Finally, Kondurar'(BOZ) (1954) treats the special problem where
two spheroids are moving within their common plane of symmetry, but, at
the same time, rotating around axes which are perpendicular relative to
each other. The differential equations of motion are first derived in
Lagrange's form, and the methods developed by Duboshin and Lyapunov are
then used to investigate the possible periodic solutions and their
stability (in the sense of Lyapunov). Circular orbits are found to exist
as particular solutions. If the center of inertia of the one spheroid
coincides with the origin of the coordinate system, and if the axis of
rotation of the second spheroid makes an angle,¥, with the direction
towards the center of the first spheroid, then it is found that the
circular solutions are stable for ¥= 0° and ¥ = 180°, but unstable for
¥ = 270°.(only for these four special values of Yare circular solutions

found to exist)e Then proof is given for the existence of an infinite

2
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number of periodic solutions which are close to circular solutions. The
conditions for the occurrence of such solutions, and the form of the
series which represent these solutions, are studied in much detail. It
is found that the conditions for stability are, at the same time, suf-
ficient conditions for the existence of periodic solutions.

This paper is definitely on the same high level as the earlier
ones. While the first paper (published in 1936 ) by Kondurar' was only
more or 1less qualitative in its analysis, the following papers were of
increasing depth and significances

In a paper(374) (1950) that could not be located, Magnaradze
developed the theory of the potential of an elliptical ring, which may
also be of a finite width. He devoted another paper(372) (1950) to the
investigation of the convergence of the development for the potential of
the mass distribution in certain singular points, which are located on
the boundary of the mass configuration itself. The points in gquestion
play an analogous part to the points on the boundary of convergence in the
region of an analytical function. It is found by the author that the
development of the potential is convergent, even in these singular
points.

The investigation apparently vas influenced or inspired by
earlier work by Duboshin(lel’ 162, 164), even though Duboshin's namé
is not mentioned. Nevertheless, the author has added his own contri-
butions. Nothing extraordinarily deep is involved, but the author's

contribution seems to be the fruit of intimate i:nowledge of the subject,

and of clear and independent thinking on the special provlems involved.
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Magnaradze(373) (1950), by means of a related dominant function,
uses certain analytical inequalities from his previous paper(372) for an
estimate of the neglected residual terms in the expansion of the
Newtonian potential of an elliptical orbit. The study is limited to the
case of z = 0, i.e., to field points within the plane of the elliptical
mass distribution. The author intended to investigate the more general
case of z £ O in future publications.

As in the previous papers, this one also apparently has been
influenced or inspired by earlier work of Duboshin. Again, however, the
author's contribution appears as an original addition to previous knowl-
edge, and he seems to have arrived at his results by independent thinking.

In certain respects, 4. A. Orlov's paper(szg) (1953) on the
motions of a particle under the Newtonian attraction of a spheroid is

an extension of a paper by Chernyy(llo). The goal of the paper is to

establish, for a force function of the type U = Bty ué, periodic solu-
r r
tions for a particle or satellite, when the inclination, i, relative to

the equatorial plane of the spheroid is permitted to have any given value.

For inclinations close to i = 0, the problem has, been previously solved
L]
in papers by Duboshin and by Brouwers.

The author succeeds in finding periodic solutions for near-
circular motion with i £ 0. The developments of the power series for U
follows the methods by Lyapunov and Poincaré.

The author deserves credit, first, for giving proof for the
existence of such periodic solutions and, second,for determining the

analytical expressions for the major terms in the resulting series (in a
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step-by-step introduction of the higher order terms according to
Lyapunov). The paper is an addition to knowledge in the field of periodic
solutions.

A. A. Orlov(532), in 1954, then considered an extension of the
above results to elliptical orbits. He finds, however, that no rigorous
periodic solutions on the basis of fixed elliptical reference orbits are
possible in this wore general problem. Since the observations, however,
reveal the fact that no secular perturbations in the elements a, &, and
i of the satellite orbit are produced by the disturbing action of the
central spheroid, the author undertook the task of finding developments
for the force function which introduce the slow variation of the peri-
center of the satellite orbit as superimposed on the basic period of the
orbital motion. The developments for the actual motion, by the method
of Lyapunov-Poincaré, proceed as power series of a small parameter,a ;

in turn,c is related to the angular velocity, I, of the rotating co-

ordinate system, which serves as the reference frame for the coordinates
which are of advantage in the present problem. Only the major terms of

the theory are evaluated by tne successive approximations of increasing

order, which are characteristic of Lyapunov's method of development.

The results of this paper are certainly of interest from the
practical, as well as from the theoretical, point of view. It seems that
the author has competently solved the problem which he wanted to investi-
gate., However, whether Orlov actually "hit the nail on the head", if he
is interested in the problem of computing the artificial-satellite orbit,

has been gquestioned.
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(531)

No new results are contained in A. A. Orlov's paper
(1954) on the method of the expansion of the potential of an oblate
spheroid of revolution into a series of Legendre polynomials. The der-
ivation of the well-known results, however, it made by a new method of
developuent for the force function of the homogeneous ellipsoid. This

is done by certain transformations leading to expressions of the form:

1
{ 1l - 2hw + h2

in the force function, U. Since these expressions can ve developed in

the form:

where the Pn are Legendre's polynomials, U will finally be developed by
means of these polynomials. In the first section, a homogeneous spheroid
is treated in this mannerj in the second section, the same method is
applied to a nonhomogeneous ellipsoid formed by shells of coaxial ellip-
soids of different densities., In the third section, the first two co-
efficients of the developments are determined.

As was already mentioned, no new results are presented in this
paper. Only the little transformations leading to expressions of the
above form in the force function, U, represents the author's own contri-
bution in this paper. No extraordinary effort was necessary in order

to find these transformations. Therefore, although the somewhat
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‘\ different derivation of well-known results deserves some interest, con-
sidered as & whole, this is a rather moderate contribution.

Reyn(6“1) (1940) investigated the regions of possible and
impossible motion for a small point mass moviang (without friction) in-
side a homogeneous spheroidal mass distribution and in the additional

l gravitational field of a central mass. She also studied the contacts

of the trajectories with a family of circles according to Moiseyev's

; method. The motion is 1imited to the equatorial plane of the spheroidal
mass distribution. FTollowing essentially Chibisov's, Moiseyev's, and
Tarasashvili's earlier ideas and methods, the essential characteristics
| of the problem are considered in detail and the results are illustrated
? by a number of graphs. Families of trajectories are considered in de-
pendence on the parameters i (energy constant) and P (constant of the

i integral of areas), and the related characteristics of the apsides, as
well as of the associated regions of possible and impossible motion, are
determined.

? None of the essential elements of this paper is new in itself.
% The paper is of some interest, however, insofar as a systematic represen-
% tation of the various features, and some new minor details, are given.

i Altogether, this paper is useful, because it is more or 1less compre-

hensive with regard to this particular problem, but it certainly is not

of above-average value.

Shchigolev(69h) (1936) presents a mathematical investigation of
the surfaces of equal potential which are associated with a rotating

¢ ellipsoid formed as the figure of equilibrium of an ideal, incompressible
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fluid. This rotating body may have three different principal axes,

and the characteristic features of the various surfaces of equal potens
tial outside the rotating vody are basically determined by the directions
and sizes of these taree axes, as well as by the rate of rotation and

the (homogeneous) density of the fluid. These equipotential surfaces

are studied in much detail by means of the analytical expressions for

the potential and its derivatives. Of spacial interest are two singular
points on the x-axis and two similar ones on the y-axis, these two axes

being coincident with the two principal axes of the ellipsoid which are

perpendicular to the axis of rotation. These singular points represent

minima of the total potential in the directions of the coordinate axes;
while in three dimensions, they represent the point of certain conic
surfaces. The equipotential surfaces are classified as functions of the
potential and, for their computation, the author reduces the necessary
formulas, involving rather complicated elliptical integrals, to functions
of the elliptical normal integrals of the first and second type. Tables
are given to facilitate numerical evaluations.

This is a rather thorough and complete analysis of the given
subject, even though none of the basic elements of this discussion is,
by itself, new. Although it is doubtful that all these details are
actually of interest in connection with the motion of celestial bodies,
some of thea may today be useful in studies of the motion of close or
artificial satellites, oT of cosmogonical problems. In any event, the

author deserves credit for a mathematically sound and penetrating

analysis.
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g. Resistant Medium

Agrest's(7) (1945) treatment of the stability of free ‘solution
of the restricted circular problem of three bodies in a resistant medium
is presented in the section on Stability.

In one of Duboshin's earliest papers(lqo) (1932) on motion in
a resistant medium, the differential equations for the relative motion
of two point masses are augmented by a term for the effect of the resist-
ing medium, which is not supposed to exert a noticeable gravitational
action by itself on the two masses. Although no closed integrals are
possible, in general, because of the nonconservative nature of the ad-
ditional force of resistance, certain "quasi' integrals take the place
of the well-known energy integral and of the law of areas, and these make
it possible to arrive at certain conclusions concerning the character and
the form of the orbital trajectories. A number of theorems are obtained
on the basis of these quasi integrals, leading to certain qonclusions
about the limits and characteristics of the motion under variou§ assump-
tions for the initial or starting conditions.

Only rather eleamentary considerations are involved in this
paper; nevertheless, the well-founded formulations of the various
theorems on the general properties of this type of motion are of definite
value fgr further progress in this field. The various conclusions are of
general interest, even though no large mental effort was necessary for
their derivation.

Also in 1932, Duboshin(lul) studied the relative motion of one

mass in relation to a second, assuming that the resistant medium has no

36
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effect on this second mass at the origin of the coordinate system. The
effect of the aedium on the motion of the first mass is introduced into
the differential equations of motion by the corresponding proper terms,
where \ appears as the coefficient of resistance, multiplied by the
velocity and by the inverse square of the distance, I, from the center
of the coordinates. Proceeding to relations which take the place of the
general integrals in the case of the ordinary two-body problem, the
author then studies the consequences of his expressions for the tra-
jectories under different starting conditions. He finds that, if a lower
1imit exists for the distance, I, between the two masses, then later on,
T—> o &5 t—2> o and that this motion toward r = e will be asymptotic
with respect to a special value of the angular coordinate,n. The tra-
jectory in this case is a spiral ending in an asymptote. This orbital
possibility is contrasted with the other one, where the moving mass
gradually approaches the central mass until it finally collides with it.

The velocity with which the collision occurs is finite and of the order
i 1.
-

results are of some interest. On the other hand, results of this kind

Although the problemn considered is a rather special one, the

(considering the qualitative nature of the essential conclusions) had

to be expected and, insofar as this is the case, nothing extraordinary

emerges from the investigation. Nevertheless, this paper had a positive

e

value at the time it was written.
Duboshin(lsl) (1936) applies Lyapunov's theory of stability

to the study of the motion of a particle that is moving under the
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influence of the attracting force of sone central body possessing a
gravitating, rotating, and resisting atmosphere. It is assumed that
the surfaces of equal density of the body and the atmosphere are similar

surfaces of rotation around the axis having the same plane of symmetry.

This is another of Duboshin's works that illustrates the use
of Lyapunov's theory of stability in the motion of celestial bodies.
It is a well-written paper. The methods used are known to U. 5.
mathematicians and frequently used by them for the study of the stability
of motion.

The following &ear (1937), the motion of a material point in

the field of the Newtonian attraction of a stationary body was considered

by Duboshin(l53), who assumed that the mass of the stationary body

changes with time, and that this body is surrounded by an atmosphere
having a spherical structure and a density which varies with time. The
gravitational action of the atmosphere is taken into account, as well

as its resistance to the motion of the material point. Assuming that. the
total mass (body and atmosphere) is constant, but that the central body
has a slowly changing mass, the elements of the osculation of the motion
are examined. The motion here is taken as the disturbed Keplerian motion.
A method is given for the determination of the elements of osculation in
the form of converging series, arranged in ascending powers of a small
parameter. Anal&tical expressions are given for the first approximation

in the casewhere the density of the atmosphere and the function of the

resistance are given in particular forms.
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Then, Duboshin(ls6) (1939) considered the motion of a particle
under the gravitational action of a fixed mass in the center,of the co-

ordinate system, and under the effect of a resistant wedium with spherical

symmetry and with a density inversely proportional to the distance from
the center of symmetry. In this case, the disturbing force which can

be associated with the disturbing action of the resistant medium is
colinear with the tangent of the orbital trajectory, and its direction

is opposite to the velocity vector of the particle. The resulting motion
takes place in a fixed plane, and the problem can be solved by gquadra-
tures leading to so-called pseudointegrals, as compared with the actual
integrals of the undisturbed two-body problem.

The first part of this paper is merely a specialization and
modification of the author's earlier paper(lhl), leading to the theorem
that the orbit of the particle will never intersect itself. Assuming,
then, that the resistant medium has only a 1imited (spherically sym-
metric) extension, the author considers the possibilities for "capture'
and "ejection" of a particle moving ipitially in an orbit partly outside
and partly inside the medium. Depending on the starting conditions, the
capture as well as the ejection may be nrelative" (temporary) or "ab-
solute" (permanent); the author arrives at certain gualitative con-
clusions concerning the conditions under which the one or the other pos-
sibility will be realized.

The contribution is of some interest with regard to possible
cosmogonical applications. Although the derivations are simple from the
mathematical point of view, the results certainly deserve the attention

of workers in the fields of such cosmogonical problems.

39
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Zamorev(844) (1936), in his study on the motion of two bodies
in a resisting medium, assumed that both masses are moving relative to
the resisting medium. In this respect, the problem is more general than
the related problem discussed by Duboshin(l4l), where the central mass is
assumed to be at rest, at the origin of the coordinates, relative to the
resisting medium. As the author states in the introduction, the present,
more general problem cannot be reduced to the more simple one. In the
present case, only three general integrals for the motion of the center
of gravity can be obtained, instead of the six in the more simple case.

In the first section of his paper, zamorev presents the dif-
ferential equations of the problem and the first integrals. The second
section contains the determination of certain equations which are needed
for the study of the motion: the modified or quasi~energy integral andthe
equation for the moment of inertia of the system. In the third section,
a qualitative analysis of the motion is made on the basis of the quasi-
energy integral and of the integrals which exist for the center of
gravity. The author finds that the distance between the two bodies re-
mains iimited (proper starting conditions being assumed), that the masses
will collide only with t—>o , in the general case, and that a collision
within a finite time interval will occur only in the special case of a
straight-line approach of the two bodies. The fourth section of the
paper is devoted to the case of equal masses, i.e., m, = mye In this
case, all six integrals exist for the motion of the center of gravity,
while the general picture remains unchanged, If relative coordinates

are used (the previous investigation employed absolute coordinates
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referred to a system which was especially convenient in connection with
the motion of the center of mass), then the integrals for the law of
areas can be obtained, too.

The paper is limited to the derivation of the general frame-
work for studies of orbital motions in a resisting medium. The conclu-
sions, in their generality, have been reached in a relatively simple
manner. Although the paper presents correct results, this contribution

evidently is not outstanding or too significant.

2. Three-Body Problem

a. Disturbing Function

The regions of convergence of the developments of the dis-
turbing function in dependence on the poweré of the eccentricities &
and ¢' of the disturbed and of the disturbing planet are different for
the mean, the eccentric, and the true anomaly as independent variables
entering the Fourier series. Samoylova—Yakhontova(666) (1939) derived
a criterion, in the form of an inequality, for the occurrence of diver-
gence of the development for the reciprocal of the distance, A in the
case where the Fourier expressions depend on multiples of the eccentric
anomaly. By a comparison with the analogous criteria of Sundman and
Banachiewicz for the mean and the true anomaly, respectively, she finds
that the best convergence with respect to the eccentricities will be ob-
tained by using the true anomaly, and that the eccentric anomaly occupies
an intermediate position in this regard between the mean and the true

anomaly. The author's criterion for divergence 1is first given taking
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into account only the first power of the two eccentricities involved;
the relation is then refined to the second order with respect to e and
e' by the addition of the necessary terms.

This investigation is of definite interest from the theoreti-
cal point of view, as well as in connection with practical applications;
on the other hand, it was not too hard to proceed to these results,
after the analogous criteria by Sundman and Banachiewicz existed for the
mean and true anomalies.

Other studies by Samoylova-Yakhontova related to this topic

are presented in the section on Regularization and Collision.

M. Fo Subbotin(747) (1943) contributed a rather ingenious
method to improve the convergence of fundamental trigonometric series in
celestial mechanics. Its value lies in the generality and flexibility
of the method. The method is based on analytical transformations of the

complex variable 2z into the new variable W in the form:

By this transformation, convergence of the trigonometric series:
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+ o + oo
£(H) = _~ a, cos kH = 2

-0 =0

eiH, (a_k ak)

is greatly improved, depending on the proper choice of the quantities

a and Bn. Subbotin shows that the particular transformation by Legendre,

which had been used by Brendel for the general perturbations of minor

planets, as well as for the major planets, is a special case of his

general method, which also incorporates developments that converge in

the same ways as those obtained by Gylden's transcendental transformation.
Subbotin(748) (1947) applied his method for the improvement of

the convergence to the investigation of two special transformations.

In both cases, the angular variable, H, in the development

A -28 = ‘ is cos nH,

where 0% =1 -2a cos H + o (2s is an odd number), is first transformed

into a complex variable, 2z, by means of z = elH. The first special trans-

formation considered in this paper then transforms 2 bilinearly into w

z -8 .

by means of w = I -z’ the second one is the transformation by Legendre,

which is equivalent to w2 = %.éEEZéLl' The author succeeds in expressing

the coefficients of the new developments as functions of the well-known

coefficients by Laplace, depending on a smaller ratio, @, than in the
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case of the original developments by Laplace. This increases the con-
vergence of the series up to a factor of four. Subtotin's transformation
contains the one by Legendre as a special case.

This paper is a very interesting contribution to the conver-
gence problem. It is clear and wathematically elegant and, undoubtediy,
it is one of the more significant recent contributions to celestial
mechanics.

Also in 1947, subbotin(749) concerned himself with the actual
computation and tabulation of the coefficients of the developments which
are obtained in the cases of the two transformations. As far as the
transformation by Legendre is concerned, this had been used by Brendel,
but Brendel had found the necessary coefficients by interpolation pro-
cesses; in the present paper, they are found analytically and indepen-
dently. The developments are limited to those of A-l and A_B, which
are needed for the perturbations of the first order.

The coefficients are tabulated in a very convenient form, and
the author deserves credit for further facilitating the practical appli-
cation of these methods, after first contributing essentially to the
basic th?ory in the two previous papers.

wj“N. D. Moiseyev concerned himself with the introduction of
naveraging" procedures into the development of the disturbing function.
Taking the point of view that the 'average perturbations" suffered by
the disturbed body will depend on the average relative positions of the

disturbing and the disturbed mass, as they affect the analytical eXx-

pression for the disturbing function, Moiseyev(u67’ 470)(1945 and 1951)
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- ;p‘n ° o
f “averaging" which one may want to

‘con51dered the various procedures ©

®

rblng function in connection with individual

intrdduce into the distu

problems. Slnce the digturbing function depends on trigonometric; func-
vions of multiples of the longitudes or mean anomalies of the two ylanets,

rn was the elimination of these variables by a proper pro-

his main conce

cedure of averaging. If wd-is the disturbing function produced by the

gravitational action of Jupiter, as it influences the motion of a minor
planet, and if M and M are the mean anomalles of the minor planet and

then in direct applmcatlon of the related

of Jupiter, respectively,
method of Gauss, one has the "two-tlme.auepege" (according to Gauss) of

W. in the form: R

J o, 2n . Zﬂ. .
- 1 S .
Ly g = a2 et Wy di dMy.
® W=o0, M/=0

The author considered averages with* respect to only one of the two

Q
bodies, as well as averages with respect to both planets (two-time

averages), but in each individual case, thls was done very similarly by

a proper 51ngle or double 1ntegrat10n and«average formatlon with respect

M01seyev applled his "averaging! pro-

l

to the basic angular variables.

0 °
cedures first(467) (1945) by essumlng 01rcular motion for the disturbing

& . .
planet (Jupiter), and secondcu?o)o(19§i), by introducing the "averaged"
r the variation of

disturbing function into the differential equations fo
]

[>] .
the elliptic elements. These investigations of Moiseyev are accomplished

by relatiqﬁly elementary mathematical procedures. but the results are

o] o °

°
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of interest for many problems where a first-order accuracy is sufficient.
There is no doubt that a very competent man did this work and presented
jt in a clear and systematic fashion, although perhaps with too many
minor details.

These same remarks apply to Moiseyev's consideration of what
he calls the nhalf-restricted problem. This problemn concerns the motion
of two point masses relative to a third which is of much greater masS,
which means that the actionﬁof the first two on the third can be neg-
1ected(471) (1952). By means of the integral of areas, the orbital
parameter, Pp» of the one moving mass, mq can be eliminated. The author
applied his method of ngveraging" to the disturbing action, introducing
the various possibilities for doing this similar to the way he did in
his earlier paper(47o). The process of averaging eliminates the corre=
sponding periodic terms from the disturbing function and leads to certain
integrals of the simplified differential equations. 0f special interest
is the elimination of certain periodic terms depending on the mean
anomalies, Ml and MZ’ of the two masses in the form of angular arguments
D = kZMZ - kl‘l; this is similar to the elimination method employed by

Delaunay. The author called this gveraging according to Delaunay=

Hill",.

Moiseyev(q72) (1954%) demonstrated that nis method of 'averag-

ing'" the disturbing function is applicable not only to the elimination
of the terms depending periodically on the mean anomalies and other
angular variables, but also to the corresponding effects of the varia-

tions of all the orbital elements. He used the canonical form of the
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differential equations and the related elements. The simplifications
resulting from the author's averaging procedures, applied either once
(with respect to one planet) or twice (with respect to both planets in-
volved), lead to certain integrals which he calls "empirical integrals".
As in the case of the other papers by the author on the same
basic subject, the investigation leads to results which can be used to
find the roughly averaged perturbational variations in individual prob-
lems. Also, intermediate orbits may be based on the "empirical inte-
grals, to serve as a closer first-order approximation on which the
determination of the finer details of the disturbed motion may be based.
In general, the same comments can be made about Rreference 473
(1954) as about the earlier papers. 1t appears that Moiseyev's desire to
exploit all the possible applications of his averaging method led him to
indulge in a somewhat monotonous and mechanical repetition of the same
principles over and over in these articles. It does not seem so im=-
portant to investigate all these slight modifications in so much detail.
One cannot escape the impression, after reading all these papers on the
same basic idea, that his desire was to publish as much as possible,
thus somewhat diluting the good impression which the first paper on the
subject, which presented the one essential idea, originally made.
Yarov—Yarovoy(823) (1954) applied Moiseyev's method of elimina-
tion of certain periodic terms from the disturbing function by introduc-
ing the "average' effect to the actual orbits of the first 10 minor
planets. Although nothing actually new or surprising has resulted from

this practical application of Moiseyev's ideas, the paper is nevertheless

b7
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an interesting example of the possibilities, as well as of the limita-
tions, of these approximating mnethods.

For each planet, he takes the available osculating element
systems, over a considerable length of time, and averages the actual
perturbations suffered by the mean anomaly, M, by the perihelion, m ,
and by the node, 2 , by determining the coefficients S11 Sy and 53 from

a least-squares solution of the system of equations:

L= 89 M+ S, + 839-

Here, Myw , and Qare the related values of the mean anomaly, of the
angular distance of the perihelion from the node, and of the distance of
the node from the longitude of Jupiter at the given moment, respectively.
The least-squares solution attempts to makepa constant, as nearly as

possible. The factors 811 Spo and 53 obtained from this solution will

then determine the average secular changes or variations of the three

angular quantities, M, @, and Q4 or Sqv Sy and 53 give the correlation

coefficients between the three angular variables. For the 10 planets
under investigation, the author finds a pronounced correlation between
M and.é, which means that all the perihelia have secular motions in the
same direction, counterclockwise. Of course, the quantity pwill not
actually come out as a constant, and the degree of correlation between
the various angular variants depends on the scattering of £he "inter-
polation anomaly', i .

Reznikovskiy applies the process of "averaging" to the circular

restricted problem(65l) (1952) and to the more general case of an
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elliptical orbit(652) (1952). In the first paper(651), the process of
nagveraging", leading to the elimination of certain arguments in the ex-
pressions and developments for the disturbing function, is applied to

the disturbed planet's mean anomaly as an "internal variant’. The main
interest is focused here on the elements g and @, OT eccentricity and
longitude of the perihelion; for the mean distance, the integral

a = constant is obtained under the basic provisions. Instead of e and

®, however, the corresponding Lagrangean elements h and 1 are used. The
author succeeds, in the developments for the averaged disturbing function
in dependence on the osculating elements, in obtaining polynomials of a
form which depends on certain functions that had been studied previously
by Duboshin and Yelenevskaya. This makes it possible to utilize the
related results of these two authors. The developments are studied also
for the case of the synodical elements of Lagrange and, here, the results
have a more simple forme.

The investigation incorporates an interesting series of
transformations. Otherwise, the goal of this investigation could
probably be reached more easily by means of Brown's method of development
of the disturbing function, depending on the true anomaly. In this case,
the operators of Brown's method would take the place of the rather elabo-
rate recurrence formulas in the Reznikovskiy's method. ’Nevertheless,
the author has demonstrated ability apd imagination.

In the second paper(652), Reznikovskiy uses perturbations in
the polar coordinates, instead of the variation of elements, as he did in

the earlier paper. The disturbing function is developed in depgndence
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on-Legendre's polynomials. The author then considers the process of

ggﬁpyaging" with respect to various variants, such as the mean anomaly

~‘df the disturbing planet or of the disturbed planet. The essential

tgépsformations are the same as in the previous paper. The polynomials
:ft fe;iously studied by Yelenevskaya are used again with advantage for the
coefflclents of the developments, as far as they depend on the eccentri-
c1ty,~_.‘ One paragraph deals with the so-called two-time averaged
problem of Gauss and the purely secular part of the perturbations.
This paper constitutes a considerable extension of
.ReéﬁlkOVSkly‘s previous study, and he deserves credit for the results,
whlch are certainly of some interest. Although nothing of basic signifi-
‘féance is involved, papers such as this do enrich the detailed knowledge
concerning the many features and aspects of the perturbation problems.
‘ “One special process of "averaging' is the replacement of a
»?Vdisturbing planet by a circular or elliptical ring of matter. Some of
fhe .papers by Duboshin, Magnaradze, and Tarasashvili are concerned with
thls problem. Magnaradze's 1nvest1gatlons(372 -37%) (1950) apparently
(161, 164, 167)

havq been influenced or inspired by Duboshin , even though
ﬁéhgshin's name is not. mentioned. Nevertheless, Magnaradze's papers also
réflect an intimate knowledge and independent thinking on the problems
nxdl;ed.
- 1. In the first of three papers(374), Magnaradze developed the
théb;x of the potential of an elliptical ring, which may also be of

;nlgé‘ﬁidth. The convergence of the development for the potential of

"""} ‘3 . 3 . . . . . .
mass distribution in certain singular points, which are located on
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the boundary of the mass configuration itself, is investigated in
Reference 372. The points in question play an analogous part to the
points on the boundary of convergence in the convergence region of an
analytic function. It is found by the author that the development of
the potential is convergent, even in these singular points. Later(373),
Magnaradze uses certain analytical inequalities from the previous
paper(372) for an estimate of the neglected residual terms. This is done
by means of a related dominant function. The study is limited to the
case of z = O, i.e., to field points within the plane of the elliptical
mass distribution. The author intends to investigate the more general
case of z £ 0 in future publications.

For the gravitational action of the various planets in the solar
system on a comet, when the latter is outside all the planetary orbits,
Tarasashvili(757) (1939) replaced the disturbing planets by circular
rings of homogeneous density (problem of Fatou). He then considered the
variation of the comet's semiaxis, a, or of —%—, as the comet departs
from the solar system. Making use of the fact that a comet departing
from the solar system in a hyperbolic orbit will asymptotically approach
a certain fixed longitude and latitude in the sky, as seen from the sun,
the author bases his conclusions on the dependence of\d(—%—) on dR alone.
He finds that the negative —%~ will increase as the distance, R, from
the sun increases. Only the unique case where, for an inclined cometary
orbit, the rectangular distance, z, from the invariable plane of the
major planets does not increase simultaneously with R as the comet de-

parts farther and farther from the center of the solar system is
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excluded. A numerical example illustrates the fact that a hyperbolic
orbit can become parabolic in this way, by means of the asymptotic de-
crease of a (a is a large negative quantity in the case of a hyperbolic
orbit, and the author finds a —2 - )s The author mentions that his
results agree with the results of the computations by Thraen, Faye, and
E. Stroemgren, and that his treatment follows a proposition previously
made by E. Stroemgren.

The paper is a good contribution to the interesting problem
of moderately hyperbolic (or parabolic) orbits, that is intimately re-
lated to the problem of the origin of comets; however, it makes use of
rather elementary methods. It is of some interest that the author men=-
tions the circumstance that his paper was a "competitive contribution
in connection with the 18th Convention of the (Communist) Party'.

Duboshin(163) (19#63, after considering the various require-
ments which should be met by a satisfactory method for the development
of the disturbing function, proposes and develops a new form for the
development of the reciprocal of the distance, making use of cylindric
coordinates. Introducing Legendre's volynomials and Gegenbauer's more
general expressions, the necessary expansions are made in a rather
elegant and simple manner, |

This paper is a good contribution to a special field, even
though the theory has not yet been compieted to allow actual applica-
tion to the motion of a celestial body. It is possible that utilization
of the new method for a complete theory may create some problems which

might partly offset the advantage of this development. Nevertheless,

- gue . : - . ’ ] ‘ p.
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this investigation has its theoretical uerits. Of special interest is
the investigation of the regions of convergence.

The results obtained by Duboshin(lsg) (1950) on the expansion
of the force functions were well xnown before, but he derived them in an
interesting new way by introducing the negative powers of the "applicate'.
The "applicate" is an expression used by Soviet mathematicians for the
z-coordinate, or the rectangular distance of a given point from a given
basic plane. He first considers the attraction of an infinitely narrow
ring of matter on a point outside the plane of this ring, and he develops
the potential, U, into a series depending on the negative powers of z.

He then proceeds to a ring of finite width, and the results can be ex-
tended.then to a circular disc and, finally, to the case of a body
possessing rotational symmetry. An application is made also to the
special case of an elliptical ring, used in Gauss's theory of secular
perturbations.,

Numerov(520) (1935) developed the disturbing forces of the
planetary perturbation problem in dependence on four angular arguments
in the trigonometrical functions, which are essentially the true
anomalies and longitudes of the disturbed and the disturbing planet. The
general expressions for the coefficients, depending on the ascending
powers of the eccentricities, of the mutual inclination, and of the ratio
of the orbital parameters, are given, including the third powers of the
small quantities e and i, and the comparable powers of the ratio, a, of

3

the parameters p and p'. It is assumed that @” is of the order of the

eccentricities and inclinations.
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this investigation has its theoretical merits. Of special interest is
the investigation of the regions of convergence.

The results obtained by Duboshin(lsg) (1950) on the expansion
of the force functions were well snown before, but he derived them in an
interesting new way by introducing the negative powvers of the "appl.cate'.
The "applicate'" is an expression used by Soviet mathematicians for the
z-coordinate, or the rectangular distance of a giéen point from a given
basic plane. He first considers the attractien of an infinitely narrow
ring of matter on a point outside the plane of thgs ring, and he ‘develops
the potential, U, into a series depending on the negative powers of 2.

He then proceeds to a ring of finite width, and the results can be ex-
tended then to a circular disc and, finally, tc {pé case of a body
possessing rotational symmetry. An application i; made also to the
special case of an elliptical ring, used in Gauss's theory of secular
perturbations. ‘i

Numerov(520) (1935) developed the disturbing forces of the o
planetary perturbation problem in dependence cn four angular arguments
in the trigonometrical functions, which are essentially the true K
anomalies and longitudes of the disturbed and the disturbingz planet. The ) f
general expressions for the coefficients, depending'on the ascending . Lok
powers of the eccentricities, of the mutual incliﬁation, and of the ratio g
of the orbital parameters, are given, including the third powers of the

small quantities e and i, and the comparable powers of the ratio, a, of

>
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the parameters p and p'. It is assumed that a” is of the order of the

eccentricities and inclinations.
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These general expressions are useful for the establishment of
individual theories, even though three of the angular arguments will
finally have to be eliminated in favor of one independent variable. Al-
though tﬂis elimination is given in the author's later paper(5l9), it
may be desirable from time to time to use the unreduced form of the ex-
pressions in the earlier paper; therefore, the equations, as collected
in this publication(520), are of permanent value to workers in this
field. Nothing essentially new ié contained in the theoretical details,
but a competent author provided a convenient schemme for the application
= lof the theory to individual problems. .

Numerov(519) (1935) continued the subject of general formulas
for the development of perturbing forces in the calculation of absolute
perturbations in polar coordinates, reducing the developments now to
two angular arguments. Since the second of these two arguments is a
linear function of the true anomaly of the disturbed planet (which
serves as the firsf argument), the disturbing force is actually obtained
as a function of the true anomaly of the disturbed planet as the only
independent argument.

Newcomb's original method for the development of the disturb-
ing function, along with later modifications and additions by various
authors, is contained in a paper by B. A. Orlov(539) (1936). Apparently,
f the main purpose of this publication was to make the method available

to Soviets in Russian print.
Yelenevskaya(829) (1952) claims that her method for the ex-

pansion of the perturbation function in a Fourier series with respect

Sk
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to the inclination is of advantage‘compared with the methods using the
powers of sin2 —%— I. She states the fact that, in the existing de-
velopments of the disturbing function, generally, the inclination as
well as the eccentricity have been introduced in the analytical form

of their ascending powers. For the inclination, the éowers of sin2 —%— I
have been used, where I is the relative inclination between the planes

of the disturbing and of the disturbed plaﬁet. " The author proposes to
develop for I in the trigonometrical form, similar to the treatment of
the longitudes or of the difference between the longitudes of the two
planets. The developments are made by elaborate but elementary trans-
formations, using the integral expressions for the necessary coefficients,
A(ki, of the resultiné trigonometrical series. As far as the ratio be-
tween the mean distances, a and a', enters the developments, the proper
coefficients by Laplace are used. The main part of the disturbing
function is developed first under the assumption that the orbits of both
planets are circular (restricted problem: the mass of the disturbed
plgnet is assumed to be negligible), and then the’gffect of the eccentri-
city, e, of the disturbed planet ié taken into aycount by means of
Newcomb's method of symbolié operators for these additional variations.
Finally, the second part of the disturbing function is more easily
developed along the same lines, and she gives a tabulation of the various
numeric%l coefficients which éppear in the general expressions for the
trigonometrical development of the disturbing fuﬁction.

The following year(831) (1953), Yelenevskaya used her func-

* .
tions Jn (a, x) (see Reference 825 in Series Development and Convergence
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Problems), as well as the principle of developing the disturbing function
in dependence on trigonometrical expressions of multiples of the incli-
nation, rather than on ascending powers of i, for a complete application
to the restricted three-body problem. Since.the inclination is intro-
duced, the small body has‘the freedom of three-dimensional motion. Her
method, which replaces the well-known Newcomb operators by her, new
functions J} (a, x), has the advantage that, in combination with the
introduction of Fourier series depending on multiples of the inclina-
tion, one needs only the Léplace coefficients for -%—, but not those

for the higher powers of the reciprocal of the distance. This advan-
tage is offset somewhat by the occurrence of additional developments and
recurrent formulas for the determination of the coefficients. It is

true that the author is able to give an expression for the general term
of the developments by her method, but, apparently, she was not aware

of the fact that this is also possible in the case of Newcomb's method
using operator symbols, as Brown has pointed out. She gives no references
to Brown's investigations.

It can be said that this is a valuable paper; its principal
merits are the possibility of giving an expression.for the general term
of the developments.and the circumstance that only a limited range-of
Laplacean coefficients is needed. The actual effort required in appli-
cations of the nev method may not differ very ﬁuch from the amount of
labor which is necessary in the case of Newcomb's method.

Bazhenov(68) (1955), by more or less elementary procedures,

. . . -n
explored the details of one of the typical series, (1 - 2h cos 2z + hz) 3,

56
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in celestial mechanics. The limits are investigated between

which the Laplacean coefficients of the development are located, and he'
succeeds in the derivation of expressions for these limits, which are
more narrow than the ones that héve been used before. Graphs are given
which indicate how far in the development one has to go in order to
reach a certain desired accuracy, i.e., how many terms have to be in-

cluded for a prescribed degree of mumerical precision.

The results are obtained by more or less elementary procedures,

but the paper, as-a whole, is of definite value for the worker in celes-
tial mechanics. It represents a good and competent contribution, ex-
ploring the details of one of the series which are so typical in
celestial mechanics.

Dirikis(lzo) (1953), in his work on the determination of the
original orbits of long-period comets, derived a much—simplified expres-
sion for the upper limit of A (—%—), where A (-%—) is the neglected
part of the perturbations of the reciprocal of the mean distance of the
comet from the sun., Using this upper limit expression, one can estimate
the maximum error which is introduced by the discontinuation of the
numerical integrations at a certain moment when the comet was relatively
far from the sun. In other .words, after going backwards in time to a
certain distance of the comet from the sun (before it approached . the
inner region of fhe solar system), one can conclude that thé original -
value of the mean distance, a, at a time when the comet was at its
maximum distance, cannot differ by more than a given, very small amount
from the value which has‘alfeadf been obtained by the backwards integra-

tion of the comet's motion.
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The essential idea of such an estimate of the error in the
original value of a or —%— is from E. Stroemgren, and the present paper
represents only a rather direct and primitive application of the basic
idea, illustrated by some computations for certain assumed actual cases.

b. DPeriodic Orbits; Ab-
solute Orbits of Chebotarev

Schwarzschild, in his investigations, dealt only with periodic
solutions in the orbital plane of Jupiter. Yu. V. Batrakov(45) (1955)
investigated the periodic orbits which are valid for the case of three-
dimensional motion of the small body in the so-called restricted problem.
Characterizing the deviation of the actual period;c orbit from the
original reference orbit by the small parameter p, the author derives an
equation of condition between p and the orbital eccentricity, e, and the
inclination, i, of the basic reference orbit. He finds that for circular
reference orbits within the plane of Jupiter's orbit, periodic solutions
are possible only if p - 9 = 3, 5, 7, «+., where p : g is the ratio of
commensurability between the daily motions of the minér planet and of
Jupiter. In the general problem with finite eccentricities and ingli-
nations, Batrakov finds periodic solutions for the special-case p : q =
3 : 1, as related to the Hestia group of minor planefs. The resulting
solutions, however, have either a very large inclination or a very large
eccentricity; therefore, these Schwarzschild-type solutions are not
practically applicable to actual planets of the Hestia group.

The periodic solutions as studied in this paper have a rotatipg

line of nodes, as compared with the rotating perihelion in the case of

58
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Schwarzschild's own solutions; otherwise, the general features of the
results are similar to the ones by Schwarzschild. The result of this
investigation is negative, but, nevertheless, the finding of these facts
is of interest as an addition to knowledge about periodic solutions.

Also in 1955, Batrakov(us) made a relatively small but interest-
ing contribution concerning the properties of periodic solutions of the
third type in the general problem of three bodies. Using Jacobi's
relative coordinates and canonic variables according to Delaunay, he
investigated the relations and equations of condition between the varia-
tions of the various quantities which characterize a periodic solution of
the third type. The relation AT =vu is used for the introduction of
the arbitrary variation of the period, T, where p is a small parameter
such that for p= O, the initial periodic solution of the undisturbgd
case is obtained. The author finds the proper relations which are valid

between the eccentricity, e, and the inclination, i, depending on the

Wl
[

arbitrary value of AT.
This paper is of some interest, insofar as AT serves as the
independent parameter. This permits the study of the consequences of a

small change in the period, T, on the character of the periodic solutions.

G. A. Chebotarev's(ga) (1950) lengthy paper on the theory of

periodic orbits in celestial mechanics is primarily a representation of
methods and results which are well known. One gets the impression that
the author was concerned mainly with writing a complete "handbook" for

Soviet astronomers and mathematicians working in celestial mechanics,
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in order to make the investigations‘by Poincaré and Schwarzschild on
periodic solutions accessible to those who can read only Russian text.
The report contains also the author's own contributions to
this field, which have beén published in more detall in separate
papers(93’ 9k, 99). Considering all these facts, the present article

has no more value than any summarizing review.

The investigation.by Chebotarev(93) (1951) on the application-

of periodic orbits to the study of the motion of minor planets is
relatively simple from the theoretical point.of view, because numerical
processes are used extensively. On the other hand, it represents a con-
siderable and interesting effort by the author and a successful appli-
cation of periodic solutions for a first-order theory of certain minor
planets. In this work, Chebotarev utilized some periodic orbits estab-
lished by K. Schwarzschild, Poincaré, and others as intermediary orbits
for certain minor planets which are moving in the neighborhood of the
ideal periodic solutions.

In the first chapter, the author starts with a short review
of the three types of periodic solutions investigated by Poincaré. He
gives a table listing possible cases as they would be of inﬁerest for
the motion of minor planets. Although Poincaré did not introduce secu-
lar perturbations of the line of apsid;s,‘Schwarzschildfs approach makes
use of a moving perihelion. Another table, therefore, classifies the
periodic solutions according to Schwarzschild., The aﬁthor étates that
the treatment by Poincaré and Schwarzschild is too specialized for

practical applications. He then considers the numerical investigations




Declassified in Part - Sanitized Copy Approved for Release 2013/05/24 . CIA-RDP81-01043R002000080002-5

by which periodic solutions have been found by Darwin and at the
Copenhagen Observatory. The author concludes that the most promising
approach for practical applications would be to find a Schwarzschild
solution which agrees approximately with the elements of the given
planet and then to compute first-order perturbations by numerical inte-
gration (Stracke's method for the variation of the elliptical elements).
Accordingly, he performs such an integration for the special case of the
2 : 3 commensurability with Jupiter's motion, and establishes the periodic
orbit by a method of interpolation. A similar method was used for the
periodic solutions that were found in the somewhat different studies
made at the Copenhagen Observatory. The results, in the form of the
elliptical elements a, e, ¥, and n for Jupiter's longitude Xl as the
argument, are listed in Table 7 of the paper.

In the second chapter, the author defines the perturbations
of the planet (153) Hilda as the changing deviations of the planet from
the basic Schwarzschild solution as established in Chapter I. The
secular terms in longitude and perihelion are incluéed in the basic
orbit and, in the disturbiné function, R, only the secular terms are
considered (including>those terms of long period which become secular
because of the rigorous commensurability 2 : 3). For the variations of
the elliptical elements, which are transferred into Lagrange's elements
h, 1, p, and g, 2 system of linear equations is established, the con--
stant coefficiehts of which are derived by numerical computations (cal-
culating the disturbing force or the derivatives of £he disturbing

function as they enter the various equations). The actual ellipticity
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of Jupiter's orbit is introduced by corresponding corrections to the
basic solution for the restricted problem. All the computations are
first made with the elements of the basic Schwarzschild solution; then,

the resulting perturbations are used for a rep£esentation of the obser-
vations of (153) Hilda from 1875 to 1949 (12 selected positions) and
improved elements are derived. The perturbations are then recomputed

in a second approximation, and, again, the elements are adjusted for

the final representation. The agreement between theory and observation
over these 74 years is of the order * 095 in a, with one exception which
is -0%8.

In 1951, Chebotarev(9#), with the assistance of others, applied
his method (cf. Reference 93) to the Hestia type or 1 : 3 commensurability;
in the earlier investigation, it was established for the 2 : 3
commensurability of the Hilda type.

After the determination of, the basic absolute orbit, the
variations from this basic orbit are determined for the planets (46)
Hestia and (495) Eulalia. For (46) Hestia, the obser;ations are finally
represented within * 0319 over an interval of 89 years. For (495)

. Eulalia, the corresponding residuals are within + 0217 over a period of
L6 years.

Although considerable nuﬁerical work was done for this publi-
cation, the paper is only a more or less mechanical application of the
method developed earlier by the author. The results démonstraté, how-
ever, that the ‘work has been done with all the skill of a competent,

able worker in celestial mechanics.

62.
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- In a later paper(?e) (1953), Chebotarev's goal was the repre-
sentation of the disturbed orbit of the minor planet Hilda as a variation

of the nearest periodic orbit. Again, he uses as a basis the results

presented in his 1951 paper(93).‘ He does not attempt to use the results

for ephemeris purposes, but, rakher, to obtain a general picture of the
long-range orbital variations. after he finds the closest periodic solu-
tion on the basis of the given initial elements of the planet Hilda, the
changing osculating elements of this orbit are established by numerical
integration, using the variation-of-constants method according to
Stgrmer. The results of this integration are presented in his Table 1.
Then, the deviations of the actual orbit from the periodic orbit are
introduced in their general form, including terms of the second order
which had been neglected in the author's earlier paper(93). The coef-
ficients of the differential equations for these variations of the
Lyapunov-type depend on the derivatives of the disturbing function; and
the "averaged" values of these derivatives, and consequently of the co-
efficients of the linear differential equations for the orbital varia-
tions, are finally computed on the basis of mean elements. The equations
(23) of his paper represent the integrated.expressions for the disturbed.
motion of thé true planet in the form of trigonometric terms multiplied
by expanential functions of time., The resulting osculating elements of
Hilda are then computed from these results for three dates in the years
1925, 1938, and 1950, and a comparisﬁn is made with the more rigorous
numerical integrations obtained by Hirayama and Akiyama for the period

from 1875 to 1956." The resulting differences in the various elliptical
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elements at the three chosen dates are listed in his Table 7. The devia-
tions are quite substantial. Then, Chebotarev drops the terms of higher
order in the coefficients of his differential equations for the varia-
tions, except in the absolute terms, and repeats the comparison with
Hirayama's and Akiyama's results. The deviations are of the same order
as before, thus inéicating the relative unimportance of the corresponding
higher order terms in the-coefficients.

In the next paragraph, he reduces the problem to the restricted
three-body case, i.e., he assumes a circular orbit for Jupiter. The
period of the solution is 8,620.0 days, or approximately two revolutions
of Jupiter in its orbit. The basic periodic orbit plus the analytical
expressions for the variations of the true, osculating orbit from the
basic solution are used now to compute the disturged values of the
elements a, e, andn (it is assumed here that the inclination and the
line of the nodes remain essentially undisturbed, as far as their mean
values are concerned) in intervals of 100 years, over a total interval
of 1,000 years., The Jacobi cons%ant, c, is computeq for each set of

these disturbed elements, and the relatively small deviations of the

values of (C from constancy, which is theoretically required, indicate

the reasonable soundness of these results.‘ The figures given by the
author, which reveal rather large changes in the elements a, €, an&:t,
represent a time interval exteﬁding 1,000 years into the future. The
author performed the same computations.for 1,000 yéars backward in time,
but he mentions that, from the corresponding results, it follows that

Hilda in this interval approached Jupiter so closely in a cometary type
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of orbit as to make the numerical results very uncertain. The test of
the results by means of the Jacobi constant, C, becanme unsatisfactory,
and the '"backward" results are not listed. In the final paragraph, the
‘author goes back to the more rigorous expressions of the nonrestricted
problem and computes the disturbed elements of the planet Hilda for 900
years forward and 700 years backward. The results confirm the general
trend of the previous, more approximate results. On the basis of the
author's results, the orbit of Hilda has suffered very considerable de-
formations in a relatively very short interval of time, leading from a
cometary orbit toward increasingly 'normal' minor planet orbits.

It is believed that the above results should be received rather
skeptically. First, many higher order teras are still neglected in the
study and, second, the basic assumption of a constant node and incli-
nation might have seriously affected the results. It is well known that
most minor planets have considerable secular pérturbations of their
modes, and the close approach to Jupiter would most likely have affected
the inclination very seriously, too. It is not indicated how the
criterion of the Jacobi constant is satisfied by the various sets of
elements in the iiﬂil results, and it seems that a serious lack of rigor
pervades the results, o@ing to noncémpliénce with this strict theoreti-
cal requirement., Still, éhe'inﬁestigation, as such, is ag ihteresting‘
attempt at practical use of periodic orbits in copnection with the motion
of minor planets; final acceptance of the quantitative }esults, however,.

should await further progress in this direction.
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In another paper(97) (1953), Chebotarev applied his basic
method for the general perturbations of the Hilda group to seven indi-
vidual planets: (153) Hilda, (190) Ismene, (361) Bononia, (499) Venusia,
(748) Simeisa, (958) Asplinda, and (1038) Tuckia. The perturbations are
obtained as deviations from the proper absolute orbits of the periodic
type according to Chebotarev. The author evaluates his resulting analyti-
cal expressions, in intervals of 100 years, for about 1,000 years forward
and backward in time., He finds very large orbital changes. Some planets,
according to these results, had almost cometary orbits about 100 years
ago; others would come close to Jupiter a few hundred years from now.

Some planets are approaching the Thule type and may thus remain in or-
bits of the planetary type. Considering the extremely large orbital
variations, the author thinks that even the possibility of capture by
Jupiter, or of transfer to the status of a Trojan, may not be excluded
for some planets of this group.

Certainly, the planets of this group seem to be exposed to
rather large perturbations by Jupiter. Considering, however, the
simplifications made in the author's basic theory, and the related lack
of rigor(96), it remains doubtful whether the preseanresults are suf-
ficiently accurate to represent the ¥eal orbital.evolution. It appears
not to be impossible that a more rigorous theory migHt redﬁce the author's
Ngecular'" variations to long-period large fluctuations. Although the
paper, notwithstanding these reservations, is an interésting contribu-

tion, one has to be cautious about final acceptance of these appfoximaté

results.
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The same analysis, which was applied to seven individual
planets of the Hilda group in his 1953 paper(97), is used by
Chebotarev(98) (1954) to derive the corresponding expressions for nine
more pianets: (1162) Larissa, (1180) Rita, (1202) Marina, (1212)
Francette, (1268) Libya, (1345) Potomac, (1439) Vogtia, (1512) 1939 FE,
and (1529) 1938 BC. Again, the analytical results are evaluated, in
intervals of 100 years, for about 1,000 years into the future as well as
into the past. In the case of (1202) Marina, this evaluation extends to
2,400 years into the past and 2,000 years into the future, because here
the author finds an especially interesting type of oscillating evolution
of the orbit. After presenting the individual results, the author re-
views them together with the results presented in the earlier paper(97)
to arrive at some general conclusions.

The orbits of all 16 planets appear to be very unstable, and
planets change from one commensurability ratio to another in relatively
short intervals of time. The commensurability 2 : 3, however, presents
a barrier, explaining, according to the author, the accumulation of
planets near the corresponding mean daily motion of about 450", The
form of the individual orbits may change so much that no barrier seems to
exist in this group between typical minor-planet orbits and those of a
cometary type. The author presents gfaphs.for the 16 individual planets,
giving the eccentricity, e, as a function of the mean motion, n, during
the intervals of time for which he had evaluated his results. It can be
seen that the trend of orbital evolution is individual and quite dif-

ferent for different planets. In one additional graph, the individual
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planets are summarized to indicate the difference between the e(n) dis-
tribution of the. 16 planets befone‘and after a timé interval of 2,000
years. This graph indicates a systematic, average trend towards smallgr
mean.motions and larger eccentricities, as time goes on.

As was remarked about the preceding paper(97), one should be
cautious about accepting these evolutional trends as definitely estab-
lished, because the theory used for the derivation of these results is
approximative, and terms are omitted which may become significant after
longer intervals of time., Otherwise, however, Chebotarev certainly ma@e
the best use of his basic theory in order to obtain some insight into
the orbital variations of the planets of a group which is so strongly
disturbed by Jupiter.} Insofar as the necessary theory was derived by
the author in his earlier paper(96), the present contribution is of
considerable interest, because these numerical evaluations reveal the
related features of the orbital changes in this group of planets.

A discussion of G. N, Duboshin's paper(16l) (1945) on periodic
motions in the system of Saturn's satellites is given in the section on

Planetary Satellites.

5. Klier(278) (1954), a Czechoslovakian, use@~vectors instead
of the classical method of scalar components for the dérivation of
Lagrange's well-known rigoroué solﬁtions of the three-body pfoblem. He
further considers the features of the relative motion of my and my

relative to mp by means of the necessary coordinate transformations (in

vectors), comparing the period of revolution with the corresponding value

in the two;body'problem.

s~ N
D LN
PR
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Although the author thinks that he is the first one to use
vectors for the derivation of the Lagrangean soiutions, this had actually
been done before by Milankovich. Furthermore, nothing essentially new
is gained by the use of vectors, except for a simplification of the ex-
pressions. The paper has the level of a good exercise in celestial
mechanics, but not of a research contribution leading to any advance in

knowledge.

Chapter I of a rather lengthy paper by G. A. Merman(393) (1952)

contains a discussion of the theory of periodic solutions depending on
a small parameter, as initiated by Poincaré and further developed by
Malkin. Difficulties were encountered by Poincaré when the Hessian of
the Hamilton function is equal to zero, which corresponds to the case
where the two-body solution is adopted as the generating solution of
the problem. A criterion is given for the existence of periodic solu-
tions for the case where the functional determinant of the resolving
equations vanishes equal to zero. The author proposes a method which,
in order to avoid the difficulty of Poincaré's method, makes use of a
generating solution that incorporates the effect of a properly averaged
perturbing function, instead of neglecting the perturbing function alto-
gether. Jacobi's method is used to reduce the averaged system to
quadratures, so that the variation-of-constants method can be applied

to the initial system. All the equations remain in their canonical

form.

In Chapter IT and III, the averaged system of equations is

studied in considerable detail, and proof is given for the existénce of
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periodic solutions in the restricted problem as well as in Hill's

problem of satellite orbits. A physical interpretation of the averaged
system leads to the concept of the sun's mass being distributed on a
circle in the case of Hill's problem. A very detailed investigation of
the system is made by means of the qualitative méthod of singular points.
It is shown that, for sufficiently small values of the parameter, the
Hessian mentioned above differs from zero. This proves the existence of
periodic solutions in Hill's problem. A corresponding investigation is
made for the restricted problem, where a simplified equation is used to
establish the generating solution. It is shown that, under quite liberal
conditions, the Hamilton function of the simplified problem has a Hessian
which differs from zero, thus establishing the existence of periodic
solutions. The simplified system, which takes into account only the
largest terms of the related developments, approximates the averaged
system of the problem.

Although the actual astronomical value of-the approximation
made by Merwan in the choice of the approximating system remains doubt-
ful, because the approximation is quite rough, the Qhole study is of
considerable theorétical interest and value. The author definitely

contributes a- new idea for dealing with certain difficulties in the theory

of pefiodic solutions and demonstrates his thorough familiarity with his

chosen subject.
Whittaker's criterion for the existence of periodic orbits, in
the modified and generalized form given to it by N. D. Moiseyev,.was

applied(quz) (1937) by the latter to prove the existence of periodic
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solutions about the Lagrangean libration center, Ll, in the special case

of the Copenhagen problem,i.e., for two equal finite masses my and mye
It is shown, in particular, that the theory based on whittaker's criterion
leads to the most simple method of proving the existence of these

periodic orbits around L In the Copenhagen problem, the point Ll co-

1
incides with the center of mass of my and mye )

Numerov(512) (1929), assuming a circular orbit for Jupiter,
made a preliminary investigation of periodic orbits of Schwarzschild's
type for the case of the 2 : 1 commensurability of the mean motions,
i.e., for asteroids with periods of revolution which are approximately
half as long as Jupiter's period of orbital revolution. The study is
limited to motion in Jupiter's own orbital plane. Considering four dif-
ferent starting conditions, representing the moments of opposition and
conjunction at the perihelion or aphelion of the asteroid with respect to
Jupiter, Numerov makes use of Hill's method of general perturbations
(which he presents also in considerable detail) for the analytical de-
termination of the proper relation between the eccentfiéity,and the
starting mean motion, so as to assure periodicity of the asteroid's
motion, |

\ In the second half of the paper, Numerov uses his own numerical
method of special perturbations, characterized by -his well-known process
of extrapolation, for an actual determination of one periodic orbit for
which the approximate starting.conditions had been taken from the pre-

ceding analytical study. For an adopted eccentricity angle.

® = arc sin e = 1°, and a related starting value of 62OU46>for the mean

t
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motion of the minor planet, the computations are carried out over one

complete orbital revolution ‘of Jupiter. It is found that the starting
e

mean motion has to be changed to 62093l in order to obtain a true

periodic orbit. °

This paper contains no new theory, but the author's applica-
tion of Schwarzschild's basic theory to such a specific and practical
problem has definite merits. It seems, indeed, that bhebotarev's later
contributions to the problem of perioéic orbits were inspired by this
paper of Numerov. .

A, A. Orlov's(526) (1945) investigation of the problem of the
existence of periodic orbits for fixed and constant values of the orbital
inclination, i, is based essentially on Poincare's theory, but the para-
meter, A , of the solutions is chosen according to Hopf and Perron. The
assumption of a fixed inclination gnables Orlov to introduce this orbital
plane as the fundamental coordinate plane, and a rotating coordinate
system is introduced in this plane so as to follow the mean or average
motion of the disturbed planet. The true position of the disturbed body
oscillates about’the fixed mean p051t10n, and the exlstence of periodic
solutions is proved. It is found, however, that periodic orbits are
possible only for i = 0° and i = 90°, In the first of these two cases,
the periodic orbit is 01rcu1ar, relatlve to the nonrotatlng, fixed, co-
ordinate system. °In the second case, where the orbital plane is.rectangu-
lar to the orbit of the distu;bing planet, as represented b& Fatou's |

ring ln the present problem,the true position of the disturbed planet

descrlbes a small ellipse about the body's mean 1ocatlon,_at least as

3
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far as the terms up to the sixth order of A are concerned. The period
of the orbit depends on the value of the parameter, N, which, at the
same time, represents one of the constants of integration. The remain-
ing arbitrary constants are the longitude of the node and the time pas-
sage through the node,
This is an interesting analysis of a very special problem, the
peculiar features of which are determined by the adoption of Fatou's
ring for the disturbing planet and by the assumption of a constant in-
clination. Great theoretical competence and ability are undoubtedly
demonstrated by this thorough analysis of the chosen problem, even
though the methods employed by the author are not new in themselves.
Orlov(527) (1950) made an extensive study of periodic solutions
in space of the restricted three-body problem; the analysis is simpli-
fied by the application of Moiseyev's process of '"averaging'. First,
the mean anomaly of the disturbed planet may be eliminated by averaging
this planet's position as far as it enters the dist&rbing function; in
the first part of the paper, the author makes use of this "inner variant"
for the determination of periodic solutions. Alternatively, the mean
anomaly of the disturbing planet may be averaged for its effect on the
perturbations; this "exterior-variant' procedure is the basis for the
developments in the second part of the paper. The fundamental theory
of the periodic solutions of tﬁis investigation is essentially Poincére's,
but it is modified insofar as the significant parameter for the-develop-
ment is not Poincare's mass of the disturbing planet, but a proper coef-

ficient, A\ , which is defined in connection with a convenient
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transformation of the coordinates, that of Hopf and Perron. The first
chapter of the first part is dedicated to a representation of Poincaré's
method of finding the periodic solutions.

Chapter 2 then deals with the proof of the existence of periodic
solutions for the case of the inner variant of the averaged problem.
Here, twé integrgls, corresponding to the energy and area integrals, are
fdupd to exist. The author determines the starting conditions for which
the solutions of the differential equations become periodic. Two es- -
sentially different classes of orbits are found. The first class con-
sists of periodic orbits of small osculating eccentricity, but of unre-
stricted orbital inclination, i; the second class is comprised of orbits
with finite eccentricities, e, and inclinations, i, but with a conditional
relation between ¢ and i.

Chapter 3 contains the actual determination of the main terms
of the developments, up to a certain order and degreeLof approximation.

Part II of the paper treats, in an analogous manner, the case
of the exterior variant of the averagéd éroblem. Chapter 1 gives the
proof for the existence of periodic solutions; in Cﬁapter 2, the actual
determination and evaluation are presented. It is of interest that, in
the case of the exterior variant, only one class of periodic orbits
exists, namely, for small eccentriciéies but finite inclinations.

This is a very good contribution of considerable interest. The
mathematiéal analysislof the problem is very well done, and the author's
competence and ability in theoretical work are demonstrated beyond any
doubt. Altogether, it is a solid and substantial addition to knowledge

in the field of periodic orbits.

e e e
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This work was continued by Orlpv(528) in 1952, when he con-
sidered the more flexible case of a variable inclination with an
arbitrary starting value. Otherwise, the analysis essentially follows
the lines of the earlier paper, The osculating orbital plane at the
time to serves as the basic or reference plane, relative to which‘the
rectangular coordinates & ,1m, and ¥ are defined. These coordinates are
referred to this inclined fundamental plane, and, at the same time, the
coordinate system rotates about an axis which goes through the central
mass and which is rectangular to the plane of Fatou's ring, representing °
the disturbing planet (Jupiter). The author proves the existence of
nearly circular periodic orbits and determines the larger terms of the
corresponding power series depending on the ascending powers of the
Hopf-Perron parameter, A\ . The integration constants and, thus, the
necessary starting conditions are found by means of the conditional
equations for the occurrence of periodicity., In the periodic orbits
found by the author, the small mass describes a librational motion with
respect to a '"mean'" planet which, in turn, moves uniformly in a circular
orbit located in the fundamental plane and centered ;n the principal
mass of the problem. The motion is periodic only relative to the ro~
tating coordinate system.

This paper is of definite value with regard not only to the
interesting new reéults, but also to its excellent mathematical form and
elegance. -Because of the adoption-of Fatou's schewme, this paper deals

with an idealized concept as far as astronomical problems are concerned,
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but the periodic solutions obtained may be suitab’e as variational or-
bits in concrete problems of the solar system. The author appears to be
far above the average in competence and ability.

Reyn(63%) (1937) points out that one of Whittaker's equations
for his double integrals, extended over the region which is enclosed by
a periodic trajectory, contains an error and-also is vélid in the given
form only for direct periodic motion. The author re-establishes these
interesting integrals, with emphasis on their different form for direct
and retrograde orbits.

The author certainly deserves credit for correcting and com-
pleting whittaker's results, and for finding the source of the error in
Whittaker's original note (1902).

If the inner branch of Moiseyev's so-called osculatrice does
not intersect the exterior branch as well as the curve of zero velocity,
then, according to the theorem of Whittaker-Moiseyev, a ring-shaped zone
can be constructed inside of which retrograde periodic trajectories
(referred to the rotating coordinéte system) exist., As the required
topographic systém of curves, Reyn(635) (1938) ‘adopts a certain family
of ellipses about the libration center, L2, and then, by means of the
method of contact characteristics, she proves the existence of simplé,
closed trajectories between two given ellipses of the topographic‘
family. Making use of the apparent shape of the countergiow, as de-
termined by Fesenkov's isophots, and comparing the corresponding region

in space about the point L2 with the results of the preceding gualitative
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analysis, she arrives at the approximate limits of the range of the
Jacobi constant h* which would be compatible with the observed features
of the counterglow,

This is a constructive contribution of .ioderate importance, be-
cause it explores, by methods already available, some of the dynamic
characteristics which should apply if the counterglow is actually pro-
duced by a cloud of particles near the liﬁration center, Lp. The results
of this study have to be considered in making any final decision“about
the admissibility of the Gyldén—Moulton hypothesis on the origin of the

counterglow.

c. Criteria of Stability

(1). A. M., Lyapunov's
Method

The Russian period of activity on the problem of the

stability of motion dates from 1892, when Lyapunov's classical paper,

The General Problem of the Stability of Motion, appeared. It reached

the West in 1907; when it was published in French inh Annales de Toulouse.

There is some overlapping between the paper of Lyapunov and foincaré's
work, It is not too much to say that through his careful treatment, Wﬂich
is indeed wholly modern, Lyapunov laid down thg basis for the general
theory of stability. Before considering his work, it should be said that
after Poincare and Lyapunov, the chapter of mathematics which the&

opened lay dormant until it was revived‘by_Van der Pol and the modern

Soviet school.
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Since Soviet work is based mainly upon Lyapunov's. efforts,
a brief discussion of his work is presented.
The problem taken up by Lyapunov is the followiné. Con-

sider a dynamic system represented by:
x = X(x,t), (1)

where the dot indicates the differentiation with respect to time, x and

{ are n-dimensional vectors, and X(0,t) = O for all t. Thus, x = 0 is a

solution, the steady-state solution. It is supposed that X is such that
the existence and uniqueness of solutions of System 1 hold in a suitable
neighborhood of the origin. What is to be said regarding the solutions
which start at time t  from any point sufficiently close to the origin?
In particular, do all or only some of them leave the origin (absolute or
conditional instability), or remain quite close (stability), or perhaps
actually tend to the origin (asymptotic stability)? The same problems
may be considered for a periodic motion, as well as }or the origin, but
such problems can be reduced to the preceding one.

A special case of System 1 is autonomous systems, iJe.,'pf

the form:
x = X(x). (2)

A large part of Lyapunov's original paper is -devoted to
such systems under the additional restriction that X is an analytic

function. More explicitly, the system has the form:

x = Ax + f£(x),

Declassified in Part - Sanitized Copy Approved for Release 2013/05/24 : CIA-RDP81-01043R002000080002-5




Declassified in Part - Sanitized Copy Approved for Release 2013/05/24 : CIA-RDP81-01043R002000080002-5

where A is a constant n + n matrix and the components fi of £ are power
series of degree at least two in the components xj of x. Basically,
Lyapunov compares the solutions of (3) with those of the "first approxi-

mation':
y = Ay. (%)

(This is usually referred to as Lyapunov's method or his "first method",
to distinguish it from his so-called '"'second method", which involves a
positive function known as the "Lyapunov function".)

Let kl‘ Xa, e Ay be the characteristic roots of the

matrix A; that is to say, the roots of the polynomial {A - A1 = 0,

where I is the unit matrix of order n. Suppose, for simplicity, that
the n roots X’n are distinct; this is indeed the general case. Lyapunov
showed that if the‘xn all have negative real parts, then x will go to
zero as t goes to infinity, and the system is asymptotically stable.
If only k of the roots have ﬁegative real parts, there is a k-dimensional
family of stable solutions and their stability is asymptotic; if all‘have
positive real parts, the system is unstable. Actually, the same‘stabiiity
properties hold even when there are repeated characteristic roots.
Lyapunov also gave a complete treatment of the case when
one of the characterlstlc réots is zero or when there is a pair, i\,
of pure imaginary roots. In the latter case, with a certain addltlonal
condition, he showed that the system admits a one-parameter family of’
periodic solutions. In 1937, Malkin, an outstanding Soviet mathematician
and follower of Lyapunov, treated at length the case of two char;cteris-

tic roots equal to zero.
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Lyapunov also dealt rather fully with System 3 in which
the terms of A and the coefficients of the power series f are bounded
functions of the time, t. Finally, he made a full study of the stability
of periodic solutions of autonomous System 2.

The results described are based on the explicit repre-~
sentation of the solutions by certain series obtained as follows. In-
troduce a dummy parameter, &, and look for a solution of System 3

represented by:
N (5)

To obtain the various terms, one substitutes in (3) and
identifies like powers of ¢ . There results a sequence of linear equa-
tions for xl, x2, « « +, which may be solved one at a time. The system
for xl is actually System 4. Under reasonable conditions, the series
solution with g = 1 is shown to be convergent.

Whatever Lyapunov obtained by the above-described method
of solution is referred to by him and his successors as his "first
method". He also introduced a ''second method" which is in high favor
in the Soviet Union, but which has not received much attention in
Western Burope or in the U. S. Thié method involves the utilization of
a certain function, V(x,t), known as Lyapunov's function. The first
step in the application of this method to a given problem consists of the
construction of the appropriate Lyapunov function for the given system.
If V(x,t) is such a function with continuous first partial derivatives

near the origin, then along a trajectory of System 1:
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;}fi . 2L (6)
If one can find a V such that, for small x, V > 0 while
V<0 for t > t, then the origin is stable for System l. If ﬁ >0
under the same conditions, the origin is unstable. Roughly speaking,
V = constant represents a family of ovals surrounding the origin that

shrink along the trajectories in the case of stability and expand when

the system is unstable. Other criteria of this nature were developed

by Lyapunov and later by I. G. Malkin(382’ 383) and Persidskiy. They
were all inspired by the classical condition of stability of equilibrium,
according to which the potential energy must be a minimum.

Regarding the second method of Lyapunov, it is important
]

to observe that it does not impose analyticity of the Xi, and thus it
®

has a much larger range of application than his first method. It is

true, nevertheless, that in all the applications made by Lyapunov and by
most of his successors, analyticity is assumed. Excéptions to this are

the works of N. D. Moiseyev(43q' 435) (1936)., -In these works, Moiseyev

extends the class of functions which can play the role of Lyapunov o

functions. He shows that dV does not need.to be continuous, but only

dt .
integrable, o

It is interesting to'compare the contributions of °Poincaré
L

and Lyapunov to differential equations and the theory of motion, o0
Lyapunov is the analyst who treats the problem in detail; Poincaré is
-]

much more universal., Lyapunov dealt strictly with the local problem -

stability around a given solution = and, in this respect, gave much
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more precise results and went a great deal further than Poincaré. How-
ever, Poincare, in one of his papers, laid down the basis for the treat-
ment of differential equations in the large. He also made very many
appiications to celestial mechanics. Such applications of Lyapunov's
theory were introduced into the literature oh celestial mechanics much

later, especially by G. N. Duboshin and N. D. Moiseyev.

(2). General Concepts

The papers on the criteria of stability could notrbe
readily arranged in terms of subproblems. The situation is, rather, that
each problem depends upon the assumptions, definitions, and criteria
which are adopted. For purposes of presentation, however, the papers to
be discussed have been divided into two groups: (1) general concepts and
(2) astronomical concepts. In general, the discussion of the papers is
given chronologically by author.

. G. Chetayev(lll), as early as l93i, proved his ability
in dynamics. Making use of the caponical form of the differential
equations of notion for a system of n degrees of freedom, and of the

_related equations by Poincaré for the perturbdtional variations, and
introducing the concept of the local density of a bundle of trajectories
with—given starting conditions, as well as a certain "function of den-
sity', the author finally obtains for the function of density a partial
differential equation quite analogous to Schroedinger's wave equation
of quantuA mechanics. Solutions are possible only for a certain dis-

crete "spectrum'" of the constants'ai. From the way the force function,
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W, and the function of density are involved in his 'measure of influence
of the perturbations", it is found that the stable trajectories (which
are least likely to be deflected because a certain maximum condition

is fulfilled) are the ones which are determined by the discrete values

of the constants a,. The stable trajectories themselves, therefore, will
i

be distributed as discrete curves in general, and only for a continuous
spectrum of a, could the (phase) space be filled compactly. - In further
analogy to quantum mechanics, the deviations and possible oscillations
of the neighboring trajectories around the stable ones may be inter-
preted as the waves'" associated with the equation.

Three years later, Chetayev(lla) demonstrated his mathe-
matical ingenuity in stating and proving a general theory of nonsta-
bility, making use of Lyapunov's basic ideas. If the differential
equations of the disturbed motion are of such a form that: (1) for a
certain function, V, with an infinitesimally small upper limitt a region
exists where V v o> 0, and (2) if, in an arbitrarily'small part of this
region, a subregion around X, = O exists with the prqperty that for a
certain function, W, Qne has W >.0 inside this subregion and W = Q on
its boundary, where g¥ is also definite within the same subregion,
then the undisturbed motion is nét stable. Proof ofvthis theorem can .
be based on geoietrical evidence, making use of Poincaré's related con-
éepts and procedures, or it can be obtained analytically by means of
Lyapunov's function. Lyapunov's theorems on nonstability are special

cases of the more general theorem presented and proved in this paper.
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Chetayev has to his credit a textbook(105) (1946; second
edition 1955) which is on a considerably higher level than Duboshin's.
book(172) yhich is a text for fourth- or fifth-year students. Although
Duboshin more or less restricted his work to the presentation of
Lyapunov's fundamental theory, Chetayev gives a more comprehensive
treatment, and also seéms to be more critical as well as creative than
was Duboshin. Chetayev's seems to be the finest and most complete and
competent textbook on the stability of motion available today.

Chapter I deals with the formulation of the stability
problem in general, and with its historical development up to the time
of publication. Chapter II treats the general theorems of Lyapunov's
tdirect" method, involving his so-called V-function. Considered are
various aspects of the theory, including, also, the more recent develop~-
ments. An interesting application is the author's own treatment of the

motion of a rigid and heavy body, one point of which is held fixed.

Lyapunov's function of this problem is determined here for the first

time. Chapter III deals with the stability of.equilibpium, with the act-

ing forces possessing a .force functiﬁn. Again, the author éontributés
some results of his own. This chapter, too, is illustrated by some ap-
plications, one of which deals with the stability of equilibrium of a
material el}ipsoid resting on a plane surface. Some ballistic applica-
tions are given, too. Classical theorems, such as those of Kronecker and
Poincaré: are contained in this chapter.

Chapter IV, on the basis of matrices, treats the linear

differential equations with constant coefficients. The relevant
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classical results are presented, and the author makes use of Hurwitz's
theorem concerning the roots of the characteristic equation for the
stability of a rigid body. Chapter V contains the classical results con-
cerning the effect of a disturbing force on the status of equilibrium.
This chapter is distinguished by Chetayev's presentation of rigorous
proofs by means of Lyapunov's theory; most of the earlier authors were
satisfied with proofs to the degree of a first approximation. The
chapter further deals with binding conditions, with the effect of dis-
sipative forces, with gyroscopic forces, with the stability of a ballis-
tic missile, and with forced oscillations. Chapter VI is devoted to the
stability of the first approximation, and the fact is stressed that
stability found from the first approximation may turn out to be invalid
when a rigorous treatment according to Lyapunov's theory is made.
Lyapunov's pertinent theorems are given.,
Chapter VII deals with the singular case of one zero
root of the characteristic equation (of the first apéroximation). Here,
" the rigorous treatment is more difficult, even by Lyapunov's theory, and
the author apparently has contributed to progress in this special case. ‘
In this chapter, the conditions are investigated under which a stable
solution is obtained for the motion of an airplane. Chapter VIII con-
tains Lyapunov{s results for the case of two imaginary, conjugate roots
of the characteristic equation of the fi?st approximétion. In Chap-
ter IX, the author proceeds to the treatment of so-called unsettled
motion, i.e., to the case where the coefficients of the differential

eqﬁations according'to Lyapunov are not constant. Most of the results
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for this more complicated problem had been found by Lyapunov. The
problem is treated with the aid of exponential functions, and the im-
portant role of the so-called characteristic number with respect to the
exponents of these functions is properly demonstrated.

The final chapter, Chapter X, is devoted to periodic mo-
tion, and it is made clear that the stability problems related to periodic
"motions have not been completely solved as yet. Lyapunov's approximate
method for the determination of the characteristic equation in this

problem is presented in detail.

G. N. Duboshin(lug) (1935) gives several methods for the
construction of Lyapunov's function, V, for the case where the system of
differential equations is of the canonical form. Lyapunov had already
pointed out that the trivial solution (xl = 0, X, = Oy « »

0, Y, = Oy ¢ oo ' ¥, = 0) is stable if the characteristic function, H,

is a definite function (dxi/dt = a1/ 3y, i dyi/dt = - JH/ axi). The

author gives additional theorems on the occurrence of stability or non-

stability, depending on the definiteness of a new function, W + H, and
on the behavior of the related Poisson brackets, (W,H), with respect to
gz . The problem is thus reduced to the determination of a

suitable definite function, W + H, or of a corresponding function, W

(W,H) +

The five theorems presented increase and facilitate the
actual possibilities for the construction of a function which, in the
case of canonical differential equations, takes the proper place of
Lyapunov's function, V. Since, on the basis of the new theorems, it is

possible to decide on stability or nonstability in cases where the
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function H is of variable sign, while Lyapunov considered only a de-
finite function, H, these theorems represent an addition to the theory
of stability.

An interesting exhibition of the actual application of
Lyapunov's second method was given by Duboshin in 1935(149). Otherwise,
the paper is of no importance, since no theoretical advance is involved
in the investigation., The stability or nonstability of the trivial
solution x = O, with respect to x and i, depends on the behavior and
limitations of the function p(t). For four already known theorems con-
cerning the stability or nonstability in this problem, the author gives
a new demonstration of proof based on Lyapunov's general theorems. In
each case, he introduces a convenient Lyapunov function, V, for the pur-
pose of this demonstration,

The classical theory of stability by Lyapunov considers
only the effects of momentary and random variations or perturbations on
the basis of the related perturbation equations —%%5-“= Xs (t, xi, Xsyenn,
xn). In 1940, DubOShin(l57), without much difficulty, extended the theory
by introducing a.continuously acting-pérturbing~influepce, such as the
actual planetary perturﬁations in celestial mechanics., 'This additionail
influence is introduce§~by a corfesponding functibn, Rs, in the form:

dx
_—s .
it =X (t, x

ceey xn) + Ry (t, X1 Koy eeey xn).

ll xa’

Duboshin found that the new terms can be rather easily combined with the
original terms of Lyapunov, leading to no essential modifications of

the ba§ic method,
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The trivial solution x = O, i = 0 of the differential
equation X = X(t, x, x) was considered by Duboshin(158) (1940). He in-
vestigated the conditions under which this trivial solution can be either
stable or unstable, in the sense of Lyapunov. Eight theorems are pre-
sented for various assumptions concerning the character of the function
X, and especially concerning the partial derivatives *x (t, 0, 0) and
Xy (t, 0, 0).

In 1952, Duboshin(172) published a textbook on stability
of motion for fourth- or fifth-year students in celestial mechanics.
Nothing quite like this book is known to exist in the VWestern literature.
The text is devoted mainly to the presentation and explanation of
Lyapunov's methods, which had been insufficiently publicized before.

The author also extended some of the results by Lyapunov. B

The first chapter contains the basic concepts and defini-
tions of stability according to Lyapunov. Chapter 2 deals with the in-
tegration of the differential equations of the distufbed motion, using
Lyapunov's method. Especially treated a?e linear differential equations
with periodic coefficients, Chapter 3 gives the fundamentals of
Lyapunov's so-called second or V-method; where the problem of stability
is reduced to the determination of acertain function, V(t, Xy Xy e
xn). This chapter contaips four important theorems by Lyapunov, the
first of which may be considered as a typical examplé for Lyapunov's

methods., If, for the 'perturbations" x_, the differential equations are
' s q

of the form 3: = X (t, Xy Koy eve xn), and if a function, V (t, Xq

X vee xn), can be found so that é]ways (after a given 'moment, to)

2!
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V > 0 (or always, V < 0), and:

T_av .
oz X_ <0 (or always V 2 0),

then the motion is stable.

Chapter 4 deals with the case where the Xs are linear
forms of the X s with constant coefficients; Chapter ? is devoted to
singular cases. Lyapunov's conditions for the existence of periodic
solutions for the disturbed motion are given in Chapter 6, with applica-
tions to the motion of the neighborhood of the straight-line 1ibr;tion
points in the restricted problem of three bodies. The seventh and last
chapter considers proﬁlems where the coefficients of the X in the ex- -
pressions for the Xs are functions of the time, t. In this case, no
systematic procedures for the determination of Lyapunov's function, V,
exists, but, in most cases, one tries to use quadratic forms. Under
certain conditions, it becomes possible to find the function, V.

L. G. Malkin(383) (1951) considered the case where the
differential equations of the disturbed potion, in tHe—sense of Lyapunov,
have sﬁch ; form that the characteristic e@uation has one pair of purely
imaginary roots. In this case, as Lyapunbv has shown, one can transform
the variables in such a manner that two variables, x and y, can be ob=- .
tained from two equations involving only the second and higher powers of
the additional variables Xq eee X The problem is reduced.to the de-
termination of the solution of a system of n partial differential equa-
tions, in order to find the solutions for Xy esee X, in the form of

power series depending on the first two variables, x and y. The
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resulting developments, in turn, can be inserted into the differential
equations .for x and y, in order to study the stab.lity (including the
higher order terms) of the whole original system. Although all this
had been shown by Lyapunov, the actual integration of the partial dif-
ferential equations is a very complex and elaborate task., In the present
paper, the author presents a method by which the process of successive
solutions for the various terms depending on the ascending p6wers of

X and y is reduced to one‘basic integration, the analytical structure
of which repeats itself for the terms of ascending higher order. This
striking simplification of the int gration procedures is reached by the
simple transformation x = cos $, y = sin &, This reduces the system of
partial differential equatipns to a system of ordinary linear differen-
tial equations, the individual terms of which can now be integrated
separately. The analytical structure of the coefficients of the higher

order is the same as the one of the first-order coefficient,

Malkin élearly nas made a rather substantial contribution

in this paper; it is surprising only that this simple but significant
transformation had not been found before. This is a paper of permanent
value, and the author evidently is highly competent in the field of

stability problems.

In Lyapunov's second method, it is assumed that the well-
known V-function-must have a continuous derivative, —%%—. -Moiseyev(“34)
(1936) finds, from a thorough study of Lyapunov's work, that continuity

is required only insofar as to guarantee the existence of the integral:
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This leads Moiseyev to the conclusion that all the theorems of Lyapunov's

second method remain valid if it is adinitted that the derivative:

L 20
ot

S
5

may have finite instantaneous changes without a change of sign in such
points whose measure, in the point set for which the function V(xl,
Xyy ees X t) = C is defined, is equal to zero. The importance of the
result lies in the possibility that a larger variety of problems may be-
come accessible to Lyapunov's second method because of this conclusion.

The author's finding proves his thorough familiarity with
Lyapunov's ideas, and illustrates his own vision and independent think-
ing in dealing with such theoretical subjects,

Moiseyev(435) (1936) showed, in an in;eresting and in-
genious manner, how Lyapunov's concept of stability appears as just a
special case of an even more abstract s&stem of mathematical concepts
which makes use of the theory of point sets. He seems to have mastered
the basic mathematical field which he needed for his generallzatlon of
the stability problem.

~Moiseyév points out that Lyapunov's theory of stability

can be generalized and completed in various respects, and Reference 435

_contains one example; it considers a set of points within a given sphere

in connection with the possible starting conditions of a set of

Declassified in Part - Sanitized Copy Approved for Release 2013/05/24 : CIA-RDP81-01043R002000080002-5



Declassified in Part - Sanitized Copy Approved for Release 2013/05/24 : CIA-RDP81-01043R002000080002-5

trajectories, which leads to the concept of the probability of stability.
In the generalized theory, Lyapunov's class of stable motions appears

as a partial set within the class of motions with a probability of
stability equal to unity. For Lyapunov's definition of stability, the
related or coordinated class of nonstable motions comprises a zero set;
from the extended point of view, the corresponding class of nonstability
is a set of the measure zero, and the probability is equal to unity for
the stability, under its generalized definition.

Reference 445 contains the detailed description and defi-
nition of the new concept presented in Reference 425 and of its various
aspects, and also a method for the actual computation of probabilities
of stability. The investigation is 1imited to those cases where the -
right-hand side of the differential equations does not explicitly depend
on the time, t. The terminology and the basic elements are those of the
theory of point sets. The genéral theory is illustrated by some selected
examplés of second-order differential equations. The whole analysis

appears as a mathematical generalization of Lyapunov's basic -theory of

stability.

Reference 445 is a mathematical investigation_rather re-
mote from the practical problems of celestial mechanics, and it was _
published in a mathematical journal, not in an astronomical one., Never-
theless, these generalizeé aspects of the stability problem contain,
in themselves, the special methods normally apﬁlied to problems of
celestial mechanics, and they are of as much interest to the field as

are other mathematical fields (theory of differential equations, theory

. . m_”-,,_;“,kwuw . P .
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of functions, etc). Obviously, the writer's mathematical background
is impressively strong, even in fields which are not closely related to
most problems in celestial mechanics. |

Hoiseyev(4¥3) (1937) established stability definitions of
a generalized kind for a given set of trajectories, the starting points
of which afe first classified into two point sets with respect to a
given one-parameter system of surfaces,® (xl, Xyy ees xn) = e. The con-
cepts of stabilify and nonstability are defined by means of certain
limiting inequalities between the original and the final deviations of
the given set of orbital points and a "maximum" limiting surface; the
concepts fcounterstability" and fnoncounterstability" are introduced on
the basis of similar conditions involving a "minimum" limiting surface.
The applicability of the one or the other set of definitions depends on
the relative size of the final deviations of the set of given orbital
points as coumpared with the variations of the surfaces which are in-
volved. On the basis of these definitions, the associated probabilities
of stability are then established.

These are highly theoretical considerations,’consisting
as they do only in setting up very general definitions, rather than any
theorems or other conclusions. The author's "third" type of stability
differs f?om Lyapunov's concepts mainly by a greater simplicity, inso-
far as no analytical passage to the limit is involved here, Although
the new concepfs are certainly interesting from a systematic and general
point of view, and although they also reflect the mathematical ingenuity

of the author, it remains to be seen how far they are actually useful

for the solution of dynamic problems.
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After referring to a 1938 paper (448) in which he
established the algorithm for the construction of regions of stability
and nonstability in phase space, Moiseyev(449) (1938) makes some
additional remarks concerning the importance of such regions of stability
and nonstability for the qualitative analysis of dynamic problems; he
is also concerned with the possibility of certain generalizations of
the method fo¥ the construction of the regions. Finally, Moiseyev
refers to a paper by Stepanov(728) and says that it is based on the
same principles as his investigations(448’449), even though the methods
and results do not duplicate each other. The common basic principle
is the formulation of the conditions of stability in dependence on the

phase coordinates, rather than on the time.

This addition to Reference 448 is not too substantial by
itself; the considerations contained in Reference 449, however, comple-
ment the whole system of concepts and conclusions developed by the author

in a series of contributions. Taken as a whole, these are contributions

of substantial and real interest, because they expand a field of

knowledge in a certain direction.

In 1939, Moiseyev<455) was concerned with the construc-
tion or the finding of compact regions (in the abstract phase space’ of
a generalized systen of coordinates) where the trajectories represented
by a given system of differential equations for the perturbations, in
the sense of Lyapunov, afe either stable or unstable., The mathematical
treatment of the problem is rather deep; it makes use of so-called

Wpatural coordinates" referred to a frame which is intimately connected
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with the motion of the particle on the nmundisturbed" trajectory. The
axes of this natural-coordinate system are determined by the tangent
and the two normals of the undisturbed curve, everything being referred
to an abstract and generalized basic system of coordinates. Operating
with quadratic forms for the function which takes the place of Lyapunov's
V-function, Moiseyev arrives at a generalization of Lyapunov's classi-
cal method for dealing.with the stability problem. The actual, disturbed
location of the moving particle is referred to the system of naturél
coordinates, which is woving with the "undisturbed" particle., Consider-
ing the properties of the quadratic form for the V-function, the author
finds it possible, in certain cases, to locate certain regions, cut out
by a system of surfaces in the generalized phase space, where the motion
is either stable or unstable, depending on the analytical criteria.

He expresses the opinion that these results will lend
themselves to applications in actual problems of celestial mechanics,
and it seems, indeed, that this quite general investigation may>be

valuable and useful for further progress in this field. The paper defi-

nitely is ‘a profound mathematical study of high interest froi the

"methodical' point of view.

Moiseyev continued and generalized this work in ‘Reference
461. Although Reference 455 dealt with stability of motion in
ordinary three-dimensional space, Reference 461 leads to certain theorems
which are valid for motion in phase space of n dimensions. ‘Sfili, it is
assumed that the time, %, shall not appear explicitly in the right-hand

sides of the differential equations for the perturbations in Lyapunov's
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sense. DEssential in the present study is the introduction of natural

or accompanying coordinates, i.e., of coordinates which are intimately
connected with the moving point and its trajectory. One of the n co-
ordinates, g , is taken as an arc on the trajectory itself, and designates
the curvilinear distance between the nmundisturbed particle and the

rectangular projection of the "disturbed' position of the particle onto

the undisturbed trajectory. The remaining (n - 1) coordinates refer to

directions which are normal to the trajectory, and these coordinates are

not curved.

The new generalized coordinates have the important property
that the longitudinal perturbation (in the coordinate g ) can easily be
separated from the perturbations in the directions of the (n - 1) ortho-
gonal coordinates. The differential equations of the perturbations in
Lyapunov's sense (as the corresponding differences between the undis~-
turbed solution and the disturbed true motion) are transformed from their

. original form to the systea of new coordinates. Actually, two different
systems of new generalizéd coordinates are employed in this investigation.
System I has its origin at“the location, Po,hof the undisturbed particle,
and.the (n - 1) coordinates which are normal to the first coordinate, o,
lie in the plane by which the trajectory is orthogonally intersected in
Po' System II is centered in the point Pé, where the disturbed point
or position P has its orthogonal projection onto the undisturbed tra-
jectory. System I is used for the discussion of the characferistics of

_the so-called longitudinal asymptotic stability and of the longitudinal

absolute nonstability, and a general criterion concerning the occurrence
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of one or the other property is given with proof. This criterion de-
pends essentially on the sign of the coefficient IIOo of the o term in
the differential equations., The expression for IIOo as the characterig-
tic for longitudinal stability or ponstability is then considered in its
dependence on the coordinates (neglecting the dependence of all these
coordinates on the time 3), in order to study the regions of compact
longitudinal asymptotic stability and of longitudinal absolute nonsta-
bility. These regions are separated by the surface IIoo (xl, Xyy eves

xn) = Oo

The second system of coordinates is then used for a
similar study of stability and nonstability with respect to the system
of (n - 1) normal coordinates. This leads to a general theorem concern-
ing transverse nonstability or asymptotic stability. Geometrically,
these possibilities correspond to the divergence or asymptotic conver-
gence of neighboring trajectories. The construction of compact regions

of transverse asymptotic stability and of transverse absolute nonsta-

bility depends essentially on the mutual intersections of (n - 1) sur-

faces in n-dimensional space. The author then goes back to an ordinéry

rectangular system of accompanying coordinates and derives the corres-
ponding expressions for the characteristic of transverse nonstability.

Up to this point, the paper has dealt with the trajec-
tories as curves in space, but not with moving points in these trajec-
tories. The author now states and proves the theorem that the siﬁul-
taneous existence of transverse and longitudinal asymptotic stability is
a sufficient condition for orbital stability ip Lyapunov's sense. A

similar theorem is true for nonstability.
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The main significance of this investigation lies in the
establishment of definitions of stability and nonstability which are in-
dependent of Lyapunov's function (in Lyapunov's second method), but
which are in agreement with respect to the results derived. The author
hés presented new theoretical concepts which are very interesting, at
least from the mathematical point of view. The author said that this

paper is of a preliminary character, that these studies would be

continued, and that applications to celestial mechanics would be given
(perhaps by somebody else now, since the author has died). The value

of the theory in the present publication seems to be considerable.
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(3). Astronomical Concepts

Previous work of members of the Shternberg Institute
on the problem of the Gegenschein phenomenon led Agrest(7) (1945)
to the consideration of thé mutual interaction of the Gegenschein
particles and, thus, to the introduction of a resistant medium into
the differential equations of motion for the individual particle.

The main result is that the mutual interaction of the particle may
actually increase the tendency of the particles to form a Gegenschein
cloud in the case of the collinear libration centers. Altogether,
however, the results are not conclusive enough.

Agrest investigated the roots of the characteristic
equation of the small variations, first, for trajectories in the
immediate neighborhood of the straight-liﬁe libration centers, and,
second, for those in the neighborhood of the triangular libration points.
In each case, the motion is nonstable in the sense of Lyapunov, because
roots with a positive real part always occur in the,present problen;
but this resulé does not exclude the possibility of a conditional
stability in a more narrow sense, inasfar as a curve of a certain
family or type may be disturbed in such a manner as to remain in the
same class of librational or asymptotic motion relative to the cor-
responding libration center. Comparing the results of the present
analysis with the classical ones where no resistapt medium is con-~

sidered, the author finds, for the case of the collinear libration

centers, that one two-parameter group of solutions, which is periodic

in the classical problem,develops into a class of asyuptotic motions

P
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(approaching the corresponding 1libration center with t= o )
under the effect of the pesistant medium. In this particular group
of solutions, a tendency of increasing conditional stability under
the effect of the resistant medium seems to be indicated, while in
other groups or classes of solutions, the probability of stability
seems to decrease. )
In a paper on the origin of Gegenschein, Duboshin(155>
(1938) defines the problem of motion in the neighborhood of the
collinear libration points, for which the point L2 serves as a
representative, and develops the force function in powers of the
rectangular coordinates for which Lz is the center point. Uhereas
formerly the stability or nonstability of periodic orbits was in-
vestigated by finding out about the periodicity or nonperiodicity
of the '"disturbed' motion (as produced by a small initial deviation
from the basic periodic orbit), Duboshin obtains his proof for the
nonstability of the periodic orbits under considergfion by means of
an important theorem by Lyapunov concerning the existence of periodic
solutions of differegtial equations in general., He a156 suééeeds
in the actual determination of the various aséendiﬁg terms of the

analytical developments for the periodic solution. The new proof -

of nonstability is of importance, first, because it has been established

on the basis of a quite general me thod and, second, because all'
earlier discussions of the nonstability of these periodic orbits
were based on approximate analytical expressions. “The new prqof is
rigorous, and the convergence of the series which are involved is

proved.
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This is a really good and substantial contribution,
because it makes use of Lyapunov's elegant method for the first
rigorous proof of nonstability of the periodic motions near the
collinear points.

A good and critical study of the problem of the
stability of the ring of Saturn was made by Duboshln( 159) (1940).

He sfarts with a short review of previous investigations of the
stability of Saturn's ring. The problem was first solved in an
approximate manner by Maxwell, who arrived at the result that the
rings are stable configurations of small particles or meteoritic
dust. Although it is most likely that the rings are formed by small
dust particles, Maxwell's proof of stability is not sufficient, be-
cause Lyapunov has shown that some type of motion may be found to

be stable from a first-order analysis, but that the inclusion of

the second-order terms may lead to nonstability in Lyapunov's sense.

Bucerius studied the stability problem of Saturn's rings on the basis

of a model of two thrée-dimensional rings, A and B, assuning uniform

circular mo£ion for the bulk of the ndisturbing" ring particles. He
investigated the motion of a single "disturbed" particle under the
gravitational action of a flattened Saturn and of the bulk of the ring
parficles, neglecting the action of tﬂe disturbed particle on all the
Aothers. In Duboshin's opinion; Bucerius' approach is incomplet;
because of this neglec£, and, furthermore, Bucerius solved the

problem with approximating equations. In the present paper, Duboshin

uses Bucerius' scheme, but he attacks the problem by means of Lyapunov's
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first method, including terms of higher order. He also introduces

the gravitational action of seven satellites (onitting Japetus and
Phoebe because of their great distance), by replacing them with
"averaging" rings of matter according to Gauss' scheme‘for secular
perturbations. Otherwise, the author's scheme has the same limita-
tions as the one of Bucerius and, for this reason, the author himself
states that the problem still is not solved in a rigorous way.
Neglected is not only the direct gravitational interaction of the

ring particles, but also the effect of any continuous perturbations in
Lyapunov's sense. The effect of friction between the ring particles,
on the other hand, has been included. Duboshin finds that under
certain conditions, which are satisfied in the present model, stable
circular motion of the particles is possible in the -equatorial plane
of Saturn. The actual particles may oscillate about such ideal
circular orbits, but they will not tend to deviate permanently from
their original orbits, as long as the disturbing ac%ion has the
character of momentary impulses and not of a steady force. The

author considérs three parts, A, B, and g; of the ring, while Bucerius
considered only two. Although the general results of this paper
“confirm the stability of Saturn's rings, the author emphasizes the
facés that certain factors still have been neglected and that no

final proof of actual stability has been obtained.

In a rather popuiar summary report, DubOShin(léo)

(1941) gives the historical development and present status of the

question of the stability of the solar system. The variation-of-constants
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method of planetary perturbations is presented with a discussion of
the contributions of Laplace and Lagrange to the stability problem.
The author then goes on to the later contributions of Poisson,
Poincare, and others, leading to the conclusion that the problem

has not been solved yet in a general or unlimited way. Stressing

the point that all investigationg have been made for fictitious
nmathematical systems of point masces moving in empty space, rather
than for the more complicated, real, solar system, the author finally
defines the problem as one which has to include the effect of the true
figures of the planets, the presence of many small masses and possibly
of a resisting medium, etc. 1In this form, the problem was stated

by Chetayev, but, apparently, not even an attempt has been made to
attack this complex 'true" problem of stability in the solar system.

Duboshin certainly makes it clear that no mathematical
proof of the long-range stability of the solar system has been given
yet; he points out, however, that this failure of methods does not
prove the instability of the solar system either. Altogether, this
is é fair accouﬁt of the development and status of a fascinating
problem.

The Roche criterion for the stabilitf of a satellite,.
in dependence on the distance from the planet, is based on the
assumptions of circular'motion and’of a bound rotation of the satellite
with the period of its orbitél revolution. Fesenkov(lgs) (1951)'
considered a satellite'rotating with an angular velocity five times

as great as the angular velocity of its orbital motion., From the
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proper modification of Roche's formula, it is seen that the critical
distance from the planet becomes more than twice the classical value.
In other words, a satellite with fast rotation tends to disintegrate
at a larger distance from the planet than a satellite with bound
rotation.

Ivanenko, et al.5238) (1951) make use of the formal
analogy between the linear approximation of Einstein's theory of
general relativity, on the one hand, and the field of electro-
magnetic radiation, on the other, for an application to the stability
of certain types of astronomical systems. Distinguishing between the
Newtonian" part of the field energy and the radiated gravitational
energy which leaves the system, it is found that the radius, R, of
the material system under consideration should equal or exceed &
certain function of the total mass, M, and of the related temperature,

T, of the radiation; the "critical' temperature, T, is obtained if the

2 M
=

interpreted as an expression of nonstability. For the case of the

.

equal sign is used. In general, this relation, R > cm, is
equal sign, the critical temperature, T, is computed for typical
representatives of galactic systems of planetary and of diffuse

nebulae and, in spite of the very different masses and dimensions of
such different systems, T is always found to be only slightly above
absolute zero, or of the order of the temperature of interstellar dust.
Finally, the critical T-values are computed for the solar systems, as.
well as for the various satellite systems in the solar system, and,

here, much higher temperatures, of the order of the electron temperatures
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in gaseous nebulae, are obtained. It is also found that the
individual T-values of the various satellite systems (always in-
cluding the mass of the central planet) depend almost monotonicly

on the size of the system, with the exception of the Uranus system
where an additional satellite at a larger distance from the planet
would be required in order to make this system fit the general trend.
By the elimination of T from the theoretical relation R(M,T) and the
new empirical relation R(T) in the solar system, the authors arrive
at a law, R(M), which is interpreted as a cosmogonic characteristic
related to the origin of the solar system.

Although this paper is speculative in many respects,
the basic assumptions and the various conclusions form a rather
consistent physical picture. From the results of the concrete appli~-
cations, one may indeed tentatively conclude that the basic concepts
are of some significance, il.e., that the theoretical expressions which
have been used do actually represent certain systématic empirical
trends. Altogether, this is an interesting and perhaps inspiring
paper.

After defining a generalized concept of stability

according to Jacobi, by relating the trajectories to certain ring-

shaped topological regions, Moiseyev(45o) (1938) proceeds to the

consideration of certain properties of simple periodic orbits. He
also illustrates the concepts of simple as well as of generalized
stability, in the sense of Jacobi, by related applications'to the

trivial Kepler ellipse.
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This is another paper by Moiséyev that deals with
fundamental definitions, and with rather general and elementary
conclusions derived on the basis of such definitions; as in the case
of most of the related papers by the same author, the subject is of
interest from a systematic and general point of view. It is possible
that the further elaboration and use of these concepts may prove
fruitful in connection with special dynamic problems.

The same comments can be made about another of
Moiseyev's papers(465) (1945) in a series on certain properties of
the trajectories in the restricted problem of three bodies. He
first makes a survey of the various ways in which the characteristic,
Jd, of orbital stability according to Jacobi-Stepanov may be used for
explorations of the behavior of trajectories, or of regions in the
Xx,y-plane, with regard to stability or nonstability. Such investi-
gations may be made using the ordinary coordinates or in Birkhoff's
phase space. Several of the possible approaches have been made;
others are still unexplored. The special procedure is thé evaluation
of 'J in all the points of é given-curve; for all the‘trajeCtories
which intersect this given curve under a certain given angle.

The present paper is devoted to the corresponding

study of the orthogonal intersections of trajectories with the x-

and y-axes in the case of the Copenhagen problem (the two finite

masses are equal) by means of the related auxiliary curves
J(x,h) = 0 and J(y,h) = O; h is the Jacobi constant of the individual

trajectory. The resulting curves, h(x) and h{y), are representéd .
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and compared with the related curves of zero velocity and with the
asymptotes to both curves. The results, in their tabular or graphic
form, indicate the points on the coordinate axes where J = O for a
given value of h and, accordingly, where between these points the
intersecting trajectories are stable or nonstable in the sense of
Jacobi. Separate branches of the curves h(x) and h(y) are obtained
for direct and retrograde motion of the small particle, acco;ding

to the occurrence of two signs in the basic analytic expressions.

In another paper in the series On Certain Properties

of the Trajectories in the Restricted Problem of Three Bodies,

Moiseyev(466) (1945) presents the results of his numerical and
graphical exploration of the regions of stability, of nonstability,
and of indefinite characteristic with respect to the criteria of the
"Anti-Coriolis' or Moiseyev type of stability. The boundaries of
the regions of compact stability and of compact nonstability are
determined by means of the equations (ACl) = O and (AC2) = 0, i.e.,
by means of the equations which represent the limiting curves of the
regions where the two essential functions, (AC1) and (AC2),- are
either positive or negativer Since, in the special case of the
Copenhagen problen (where m) = m, = 1 for the two finite masees),
real motion is possible for a certain rangé of values of the Jacobi
constant, h, depending on the sta;ting conditions, the various types
of‘stability, etc., vary in function of the coordinates, x and ¥,
and of h. Since the conditional equations for the determination of

the boundaries of the regions are too complicated for an analytical

Declassified in Part - Sanitized Copy Approved for Release 2013/05/24 : CIA-RDP81-01043R002000080002-5



Declassified in Part - Sanitized Copy Approved for Release 2013/05/24 . CIA-RDP81-01043R002000080002-5

determination, the author proceeds by numerical evaluation of the
two functions which eventually determine these boundaries. After
considering the much simpler expressions for the special cases

x.==0 and y:==:0, and after arriving in this manner at relations

h(y) and h(x), from which the intersections of the regions of com-
pact stability or nonstability with the coordinate axes can be ob-
tained, he makes a detailed numerical study of the families of curves
(AC1) = O and (AC2) = O. The regions of compact stability or non-
stability are then obtained by the superimposition of the results
obtained for the two families of curves. Six theorems are then pre-
sented, expressing the occurrence of stability or nonstability (in
the Anti-Coriolis or Moiseyev sense) in certain regions of the
X,y-plane, depending on the value of h., The essential results are
represented in tabular form, as well as by numerous graphs. After
having explored the x,y-plane in this manner for the occurrence of
regions of compact stability or nonstability, the author finally

applies his numerical results to the periodic orbits of three classes

of the Copenhagen problem. First, he considers.the classes f and g,

representing retrograde and direct orbits around the mass msy and
finds the range of h-values for which these orbits are stable.
Second, he studies the orbits of the l-class, which are described
around both finité masses together. The author's results for the
three classes of orbits are in agreement with the corresponding

results by N. F. Reyn(shh) on the basis of Jacobi-Stepanov's stability

criterion, and also with those by A. I. Rybakov(658) on the basis of
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the Zhukovskiy criterion. These orbits are stable, therefore, accord-
ing to all three criteria of stability. The present method of in-
vestigation is more general <han tﬁe methods of Reyn and Rybakov

(who computed the value of she stability coefficient for selected
points on the few periodic orbits selected from the qhole range of
these classes), and it can be used for the study of selected orbits,
as well.as for the establishment of whole regions of stability for

given values of h. ¢

This paper(qss) is one of the most valuable contribu-

tions by the author; it not only outlines a method of investigation,
but also successfully applies this method toward obtaining a deeper
insight into the stabildity problem for periodic orbits of the
Copenhagen type. The results are of permanent interest and, as they
are augmented by later con}ributions, they will always be appreciated
as the pioneer work in &his field of celestial mechanics.,

Lindblad's work on the evolution of a rotating system

of material particleé is of cosmogonical interest, because the re-
L

sults were supposed to be applicable to Saturn's rings, to the
planetary system, and even to the galaxy. In 1937, Reyn(632) re~
viewed this work critically.

Lindblad is criticized by Reyn first for defects in
his basic scheme, wherein he neglects the gravitational interaction
ofvthe particles, inasfar as the action of the individual moving

particles on all the remaining particles is concerned. Lindblad dis-

tinguished '"passive" and "active! particles with resﬁect to gravitational
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action; however, the force of resistance of the medium is introduced
considering all particles as ''passive" paricles whose total attraction
is equated to zero..

Second, Reyn criticizes Lindblad for his method.
She points out that the theorem by Routh, which was used by Lindblad
to prove the stability of the particular case of strictly circular
motion in the nonresistant case (where the forcé of resistance is
neglected), is only a particular case of Lyapunov's first theorem
in his so-called second method. She proceeds to show that the
stability found by Lindblad for this case is not absolute but con-
ditional, in Lyapunov's sense. Further, it is shown that Lindblad
did not sufficiently or rigorously prove his results concerning the
stability of circular motion in the more general case of a resistant
force, and that this problem, in the sense of Lyapunov's strict
definition, appears to be unsolvable by Lindblad's method. Finally,
the author refers to the work of Duboshin, who actually arrived at
strict proofs for Lindblad's most important theorems, using
Lyapunov's basic theor&.

Reyn's criticism of some'work by the well-known

Swedish astronomer appears to be justified. Not only did Lindblad

b ‘ :
commit inconsistencies in his scheme and conclusions, but apparently, he was

also unaware of Lyapunov's work on such stability problems.

Taking three orbits of the class 1 of the Copenhagen
problem and three of the class m (the necessary data were obtained

from the Copenhagen Observatory), Reyn(656) (1940) computed the values
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of the coefficient of stability according to Jacobi-Stepanov for about
20 points on each of these orbitse. Since the stability coefficient,
Jdy has symmetrical values with respect to the x- and y-axes, it was
necessary to complete the computations only for one quarter of the
'whole periodic orbit. All the individual J-values found 5y Reyn

came out positive, and this means that the orbits under consideration
are stable according to the criterion of Jacobi-Stepanov. Tﬁe re-
sults are conclusive, of course, only for the range of Jacobi con-
stants, K, covered by the oribts of this investigation. Since
Moiseyev, in his qualitative investigations on orbits in the restricted
three-body problem, had found two groups of periodic orbits which he
pelieved to be related to the 1l- and m-class orbits of the Copenhagen
problem, and since he also found stability according to Jacobi for

the orbits of his two groups, the author of the present paper con-
cludes that her results lend heavy support to the suspected relation
between Moiseyev's groups and the classes 1 and m of the Copenhagen
studies.

This is a really intefesfing application of the

stability criterion of Jacobi-Stepanov to six selected periodic orbits.:

Although all these criteria of stability have no "absolute" signifi-
cance, it can nevertheless be seen, from studies such as this one,
that they have a definite dynamic meaning. The author profited from °
the availability of the basic data from Copenhaéen; still, she
deserves credit for the éxecution of the further computationé without

the help of automatic equiphentu
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Although the nonstability of the Lagrangean straight-
1ine_solutions has been proved before for the case of circular relative
motion of three finite masses (Lyapunov and Zhukovskiy), as well as
for the restricted three - body problem (Duboshin), the case of
elliptical motion had not been dealt with. Also, the results by
Lyapunov and Zhukovskiy for the circular problem of three finite
masses were based on only the first-order terms of Lyapunov's theory.
Ryabov(sss) (1954) investigated the more general case of elliptical
relative motion of three finite bodies. Using Lyapunov's second
method in successive approximations, the author.proves that the
straight-line solutions are strictly nonstable as long as the
eccentricity does not exceed a certain limit. The exact value of
this limit, which depends on the relative values of the three masses,
is estimated.

These results are of purely theoretical value,
because, for example, in the solar system, the presence of more than
three finite masses makes the strict existence of the Lagrangean
solutions impossible. Nevefthelgss, all these stability or non-
stability properties are of considerable fundamental interest,
especially for a comparison with the corresponding behavior of the
triangular solutions. Although the preseht paper con£ains no funda-
mental advances of any kind, the author deserves credit for a
systematic investigation of the nonstability features of the particular

problem,
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Ruprekht and Vanysek(654) (1955) (Czechoslovakians)
criticize the work of Radziyevskiy(616) on the problem of the dis-
persion of scattered clusters as applied to a general solution of an
unrestricted problem of three bodies with Newton-Hook mutual attrac-
tion. Radziyevskiy derived his cosmogonical conclusions from a
combination of his (correct) mathematical expressions for the com-
bined gravitational action of neighboring stars and of the galaxy
as a whole with the related surface of zero velocity. The authors
point out that, at such large distances (as assumed) from the
galactic center,Hill's surface of zero velocity loses all practical
significance for motions near the galactic plane, because the branches
of these surfaces are then located far outside this plane. The
maximum separations of neighboring stars, as comfuted by Radziyevskiy,
make sense only with respect to the g-coordinate, which is rectangular
to the galactic plane, and one is actually not ;orced to conclude
that the dispersion of clusters near the periphery of the.galactic

system is impossible. The related conclusion by Radziyevskiy, that,

in the neighborhood of the sun, dispersion of groups of stars must

be much slower than previously thought, does not hold for the same
reasonss

The six periodic orbits, selected from the classes 1
and m of the so-called Copenhagen problem (where the two finite
masses of the restricted three-body problem are equal), which had
previously been studied by N. F. Reyn(644) with respect to stability

in the sense of .Jacobi, are taken up again by Rybakov(658) (1950) for
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the application of the different criterion of stability established’
by Zhukovskiy. As Reyn did, the necessary computations were made
for about 20 points on each orbit, on the basis of orbital data
supplied by the Copenhagen Observatory. Since Zhukovskiy's
definition of the stability coefficient incorporates the opposite
sign, as in the case of the Jacobi-Stepanov criterion, stable orbits
in the sense of Zhukovskiy must show a negative sign for the related
coefficient everywhere on the respective orbit. Indeed, all the
computations for the selected three orbits of the Copenhagen l-class,
as well as those for the three orbits of the m-class, lead to negative
stability coefficients and, therefore, to stability in the sense of
Zhukovskiy. Therefore, the results are in agreement with those
obtained by N. F. Reyn using the Jacobi-Stepanov criterion of
stability, and the various conclusions are quite analogous to those
by Reyn. In addition to the results of the computations, Rybakov
gives the necessary equations for the application of the Zhukovskiy
criterion, in the form established by Moiseyev. T

As was remarked about Reyn's earlier investigation,
this work is an interesting application of stability criteria to
individual periodic orbits. Of course, this is only a4numgrica1‘
evaluation of existing theoretical expressions,’ and it does not

represent any fundamental progress.

Severnyi's paper(683) (1940) on the theory of ‘gravi=-

tational instability deals with a problem of theoretical astrophysics,

rather than celestial mechanics. Although his paper treats only a’
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very special case of the complex problem of the gravitational
instability of a gaseous sphere, it also demonstrates in an ;nteresting
manner the universal importance of the theory of stability, in
Lyapunov's general sense, for celestial mechanics, as well as for
certain astrophysical problems. From this point of view, the paper

is of more than special interest.

The gravitational stébility, in the sense first intro-
duced by Jeans, of a gaseous sphere is considered for the very special
case where the deviations,8p ,6p, from the undisturbed values, Po
and Py of density and pressure (in hydrostatic equilibrium) follow
the relation 6 logp/ log p = 4 log po/d log p . The theory is
carried out rigorously, involving the proper boundary conditions and
the theory of the '"Eigenwerte". The results are used to arrive at
some conclusions concerning the maximum size of stable nebulae and
stars. The author admits that these conclusions are very qualitative
only. A final section on the definition of gravitational instability
indicates the importance of Jacobi's and Lyapunov's basic definitions
and theories, even for these astroﬁh&sical probleﬁs, and reference

is made to N. F. Reyn's rigorous definition of gravitational insta-

bility as an instability of the undistﬁrbed distribution of densities,

in terms of Lyapunov's theory.
(728) . v s
Stepanov (1936), in a paper on stability in the
sense of Jacobi, first describes Birkhoff's method of dealing with
the conceptvqf stability according to Jacobi and with the related

orbital variations. Using Birkhoff's results for the variation
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8n of the normal to the orbit, he then transforms the coefficient,

I, of the related differential equation back into a function of the
phase coordinates, X, y, and & (where ® is the direction angle of the
tangent to the orbit in the given point, 5,1). It follows that,
depending on the sign of I, the whole X, ¥, $-phase space may be
divided into regions of stability or instability, in Jacobi's sense.

Although earlier papers by various authors had already
dealt with the more limited problems of transverse or longitudinal
stability according to Jacobi, Stepanov deserves credit for proceeding
to an explicity "absolute' criterion of stability with respect to
X, ¥, and ®, This is a good and interesting contribution, the results
of which are suited for further use in various problems of celestial
mechanics.

Tomson(762>, in 1955, applied three different character-
istics of orbital stability, as developed by Zhukovskiy, Jacobi=-
Stepanov, and Moiseyev, to the various cases of Hill's well-known
periodic satellite solutions. The values of the characteristics are
computed for a.number of points along each of Hill's sélecféd periodic
orbits, and it is seen that almost all of these.ofbits are stable
according to all the characteristics. - Only for the two outermost
orbits do any of these characteristics fail to give a conclusive
answer with respe;t to orbital stability. The author then considers
the case of isocenergetic orbits and the existence of a kinetic focus.
Using the theorem by Sturm-Liouville, he succeeds in finding, on a

given orbital curve, certain locations for the kinetic focus in the
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neighboorhood of which a system of isoenergetic curves will interéect
again, after emerging first from a given original intersection point.
The various isoenergetic curves may represent the disturbed trajectories
resulting from small displacements of the given fyndisturbed! trajectory,
and it is shown tpat the disturbed and the undisturbed trajectories will
intersect each other repeatedly, as long as the orbits are stable accord-
iné to the various characteristics of orbital stability.

This is a well-worked-out mathematical research paper.
The principles uszd are aot new, for Tomson makes a direct application
of a well-known theoreu to a particular differential equation; but, since
Hill's periodic solutions may be used as intermediate orbits in lunar
theory or in the theory of satellite motion, it is interesting and im-
portant to know that these orbits are stable, as far as the three criteria
of stability are concerned.

Although a detailed analysis of the stability features of

Hill's periodic orbits appears in Investigation of a Case of Orbital

(762)

Stability of the Solutions of a System of Differential Equations

Tomson(76l) (1955) considers the whole region in a qualitative way, de-
termining regions of compact stability, of compact nonstability, and of
;ondit;onal stability for each of the three Aifferent criteria of sta-
bility. An essential part of the paéer is the comparison of theAresuIts.
from the different criteria of stability. Although the finding of re-

gions of compact stability, of compact nonstability, or of conditional

stability is relatively simple for the criteria of Moiseyev and

Zhukovskiy, because the broblem is redu;ed in these cases to the behavior
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of the signs of two essential quantities‘in the expression for the co-
efficient of stability, the problem is very complex in the case of sta-
bility according to Jacobi, and only a partial investigation has been
made of this case. In all cases, a region of compact stability for a
given class of isoenergetic trajectories, starting from one common point,
is deflined as the region in which the stability coefficient, D*, is
nsgative ia all yeifnts of all the possible (isoenergetic) trajectories
within such a region, Similarly, compact nonstability is associated with
D* © $& al} peints of the region. In the case of conditional stability,
however, the sign of D* can be positive or negative within the related
;egion. In the casis of the criteria of Moiseyev and Zhukovskiy, the
borderlines of the different regions are found by solving the proper
equations for D* = 0; for stability according to Jacobi, the author limits
his study to the intersections of the various regions with the x- and
y-axes, and to a qualitative consideration of the immediate neighborhood
of the origin of the coordinate system (or of the planet), as well as

of the points at very‘large distances from this origin. The various
fiﬁdings are illustrated by numerous figures and drawings, as well as in
the form of numerical tables.

As to the essential results, it is interesting that certain
regions may be stable according to one criterion, but nonstable according
to one or two of the others. 'Nevertheless, the following substantial
results emerge: (1) If h is the energy constant of the Jacobi integral,
then for - < h < hL (where hL is the Jacobi constant of a particle rest-

ing in the nearest Lagrangean point), a ring-shaped region exists around

Declassified in Part - Sanitized Copy Approved for Release 2013/05/24 : CIA-RDP81-01043R002000080002-5



Declassified in Part - Sanitized Copy Approved for Release 2013/05/24 : CIA-RDP81-01043R002000080002-5

the planet where compact stability is found on the basis of all three
criteria of stability; (2) for all h < 0, a ring-shaped region around
the planet exists which is characterized by compact stability according
to Moiseyev, as well as according to Zhukovskiy (3) for all h > 0, a
region exists around the planet where no trajectory can have nondisap-
pearing négative D* values in all its points within this region; this
region of '"endangered stability®, or even nonstability, becomes smaller

as h = O. (4) For h > +1.,24, certain regions intersecting the y-axis

between y = +1.,000 and y = +1.710, as well as between y = -1.000 and

y = -1.710, are regions of fcontradictory'" status, i.e., regions where

the orbits are stable according to one, but unstable according to another,
criterion (in Hill's problem, the sun is jocated on the positive x-axis).

Although the results are quite interesting, the analysis
is rather technical, insofar as all the necessary equations had been
established by Moiseyev. The author, who seems to be a pupil of Moiseyev,
exbresses gratitude to Moiseyev for his help in the preparations for this
investigation.. Still, the author deserves amuch cre&it for presenting
many inﬁeresting facts, such as the stable behavior of close satellites
according to all three criteria of stability.

d. Restricted Three-
Body Problem

Agrest‘s(7) (1945) consideration of the mutual interaction of

Gegenschein particles, and his introduction of a resistant medium into
the differential equations of motion for the individual particle, were

discussed in the section om Criteria of Stability.

119
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Chebotarev(99) (1956), with Bozhkova, applied his method (cf.

Application of Periodic Orbits to the Study of the Motion of Minor

Planets(93)) to the special group of the Trojan planets. The absolute
orbit from which the individual perturbational variations are studied

is the rigorous triangular solution by Lagrange, where Jupiter and the
small body are moving in ellipses in the same orbital plane. For an
actual planet, (588) Achilles, the coefficients of the analytical expres-

sions for the variations of the true elliptical elements are computed.

The results are used to represent, in two successive approximations, six
positions of the planet from 1926 to 1951. The residuals are of the
order + 093.

For the short time interval of 25 years, the agreement between
the theory and the observations must be considered rather poor, even
though perfection could not be expected from a first-order theory. It
seems, also, that the well-known librational motion with a period of
about 150 years is not obtained; the analytical expressions evidently
do not produce this librational motion, but the authors dé not even men-
tion anything relating to this most significant feature of the motion of
the Trojan planets. The Trojans represent a very special and difficult
problem for any analytical theory; therefore, the poor results may have
no bearing on the general quality of the method by Chebotarev. Alto-
-gether, this paper appears to be a failure as far as tbe given theory for
the Trojans is concerned. The authors should have realized that such a

relatively simple theory must fail in the rather singular and complex

Trojan problem.
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The distribution of the minor planets in dependence on their
Jacobi constants, h, was investigated by A. N. Chibisov(113) (1936).
Although a similar study had been made previously by A. Klose, he neg-
lected the influence of the inclinations; also, Chibisov had 241 planets
more than Klose at his disposition. The individual h-values as computed
by the author from the elements 2 (mean distance), e (eccentricity), and
i (inclination) are still approximate, because the Jacobi integral has
additional terms of the order of Jupiter's mass. Furthermore, the ap-

plication of the restricted problem of three bodies itself is an approxi-

mation, because Jupiter's orbit actually is elliptical, not circular.

Nevertheless, the neglect of these factors is less important for the
"ayerage'" h-value of a ainor planet than the neglect of the planet's
inclination.

Chibisov's frequency distribution of the Jacobi constants of
1,264 planets shows five maxima, one of which is not so clearly pro-
nounced as the other four. Using various criteria for the "statistical
stability" or the reality of the five maxima (depending on the choice of
the intervals Ah on the time of discovery of the individual planets,
etc.), the author finds that all five maxima appear to Be statistically
stable, i.e., that their real existence seems to be assured. Chibisov
then says that Klose, in his earlier study, had a tendency to remove the
maxima by means of certain considerations concerning selective obser- .
vational effects, and that actually this is qualitatively confirmed by
the added nuamber of planets in the present investigation; mevertheless,
he asserts, the nonhomogeneous distribution with fife maxima remains in

existence.,
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CLibisov now uses his more complete material for an investiga-
tion of the validity of the following hypotheses: (1) the hypothesis by
Klose, namely, that the minor-planet orbits were oriéinally almost uni-
formly distributed with respect to their mean distances from the'sun, and
that they moved in nearly circular orbits; and (2) the hypotheses by
Olbers and Bobrovnikoff, namely, that the system of minor planets is the
result of the destruction or decay of one griginal planet (Olbers) or
of a comet (Bobrovnikoff). The author says that his investigation is
only of a preliminary nature. He finds, from a consideration of the pos-
sible changes in the elements e and a (for comstant h), that it is im-
possible to reduce the distribution of the mean distances, a, to anything
like a uniform arrangement, and that Klose's hypothesis therefore cannot
be confirmed. In making the necessary computations, he neglects the in-
clinations, i, just as Klose did. As to Olbers' hypothesis, a common
origin of the asteroids should be ipdicated by a corresponding concen-
tration of a,e-curves at a certain region, without violation of the
condition h = constant for each individual planet, but no possibility
of this kind is indicated either. Also, the o;igin from a common
cometary-type orbit is impossible according to the present distribution
of the numbered minor planets in the a,e-diagram.’ |

The author deserves credit for determining-the frequency dis-
tribution of the Jacobi constants for an increased number of planets,
and for the increased accuracy obtained as a result of the proper con-
sideration of the orbital inclinations relative to Jupiter's plane of

motion. He also has to be credited with making it quite clear that the
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Jacobi constants are not disturbed homogeneously, and that the various
hypotheses by Klose, Olbers, and Bobrovnikoff are not compatible with
the condition h = constant., This is a constructive but not outstanding
contribution which consists mainly in the continuation of earlier
studies on tﬁe basis of-increased empirical material. The author may be
criticized for neglecting the inclinations, i, in the last and most im-
portant part of his paper, especially after he had criticized Klose for
computing the h-values without including them.

For this paper, Chibisov needed the individual values of the
Jacobi constants for the 1,264 minor planets which were included in the

1934 Minor Planet Volume; he gives these in Catalog of the Values of the

Jacobi Conmstant for the Asteroids of the 1934 List(116) (1936).

T. V. Vodop'yanova(785) (1939) made an investigation of the
comets with periods under 100 years similar to the one by Chibisov for
the minor planets. The frequency distribution‘of the Jacobi constants,
h, of those comets, and the related distribution of the aphel distances,

Q, were studied. Although the data from not more than 70 comets with

periodic orbitsare small from the statistical point of view, the exis-

tence of two major maxima in the h-distribution, and thus of two comet
groups, F and G, is well indicated. A third grdup, H, which comprises
the remaining comets, spreads out over é rather wide range of h-values.
As to the distribution of the aphel distances, Q, most of the comets be-
long to the so-called Jupiter group and have Q-values between four and’

eight astronomical units; three additional groups are associated with
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the orbits of Saturn, Uranus, and Neptune in a similar manner. Only

the comets of the Jupiter group are studied in more detail, and it is
found that they include the groups F and G with respect to the distribu-
tion of the Jacobi constants, h. One interesting result is that all the
cometary orbits are unstable in the sense of Hill's characteristic of the
zero-velocity curve, although the vast majo;ity of the minor planets are
stable with regard to this criterion (cf. Reference 110). Further, it
is found that, with respect to the h-distribution, the system of minor
planets appears to be ncontinued" by the comets, with an overlap of both
systems in a certain interval of h-values. Accordingly, a small number
of minor planets have n"cometlike" orbits, and a small fraction of the
comets move in "minor-planet-like' orbits. Although for some comets in-
creases or decreases of their Jacobi constants are indicated from a
comparison of their elements in numerous apparitions, altogether, it
seems that the constancy of the h-values is well established for the
majority pf tﬁe objects.

No new methodology is céntained in this paper; nevertheleés,
it constitutes a very commendable contribution, becéuseiéhis statistical
study clearly reveals the essential features,of the known system of
periodic comets, as compafed with the corresponding characteristics of
the minor-planet system. The investigation was made under the
general supervision of Moiseyev.

N. D. Moiseyev's papers on the compatibility of osculating
orbits are not too impressive. In the first of these, Moiseyev(438)

(1936), considering the fact that an osculating orbit, which is rigorousl&
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valid only at a certain given moment, to' will deviate from the later
true motion of a small body more and more as time goes On, gives some
theorems concerning the compatibility of such a fixed elliptical orbit
with actual motion in certain possible or impossible regions, depending
on certain limiting distances from the sun. The main theorem says that
a given set of orbital elements determines, in connection with the curve
of zero velocity from the Jacobi integral, two limiting circles at the
distances Rm(h) and RM(h) from the sun. The regions inside the smaller
and outside the larger circle are regions of possible motion, but, in
the region between the two circles, the Jacobi integral (based on the
fixed, undisturbed elements) may lead to a negative V2 and, thus, to
incompatible motion. Accordingly, the author states that orbits which
are either completely inside the smaller circle or entirely outside the
larger circle are compatible with the system of osculating elements, but

that the orbits are incompatible if located partly or entirely in the

neritical region between the two circles.

Although.these theorems are of a certain qualitative interest,
Moiseyev does not give a clear proof for the firsf and basic theoren.
It appears as if the theorems are correct and, apparently, that the
author used numerical steps for verifying them, without saying so. Every-
thing should be presented in a cleérer and more convincing manner. Al-.
together, this is not one of the impressive contributions by this author.
In the second paper(u39) (1936), Moiseyev considers compati-
bility with the characteristics of the apsides. For this purpose, the

contact characteristicé with a heliocentric ramily of circles are

Declassified in Part - Sanitized Copy Approved for Release 2013/05/24 : CIA-RDP81-01043R002000080002-5



Declassified in Part - Sanitized Copy Approved for Release 2013/05/24 : CIA-RDP81-01043R002000080002-5

introduced for direct and for retrograde motion of the small body.
Moiseyev constructs the regions of pure perihelion contacts and the cor-
responding regions of pure aphelion contacts, as well as the regions of
"mixed" characteristics. He states certain rather evident theorems for
the compatibility or noncompatibility of an osculating orbit (i.e., of

a fixed orbit regresenting the true motion only at one certain moment,
to) with these regions and contact characteristics. For example, if at
any time, the perihelion of the fixed ellipse falls into the region of
pure aphelion contacts according to the related characteristic of the
restricted three-body problem, then the fixed elliptical orbit is not
compatible with the apsides characteristics. Noncompatibility is evident
also when a perihelion or aphelion falls into the "mixed!" zone of con-
tacts, and when the mean motion of the small body in its heliocentric
orbit is not commensurable with Jupiter's daily motion.

Although Moiseyev's definitions and §tatements indicate certain
possibilities in a correct manner, the conclusions are more Or less self-
evidgnt; It is hard to imagine that anything substantial will ever
emerge from considerations such as these. In other words, this subject
dOeé not seem to represent a problem worthy of much effort.

" Then, Moiseyev(hqo) (1936) returned to the contents of the
first communication, inasfar as he considers again the compatibility of
a certain elliptical orbit with Hill's characteristic of zero velocity.
This time, three dimensions of space instead of two are pefmitted for
the motion of the small body. Essentially, the investigation amounts

to the determination of those regions in the nonrotating, ordinary,
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coordinate system of planetary astronomy which will not coincide at any
time.with t&F regions of impossible motion in the rotating cpordinate
system, when the surfaces gf zero velocity rotate as a rigid structure
with respect to the resting coordinate system. Such regions are the so-
called regions of unconditional possible motion. Similarly, there are
regions of unconditional impossible motion which, at all times, coincide
with regions of impossible &otion in the rotating coordinate frame; and,
finally, regions of conditional orbital motion which, alternatively, coO-
incide with regions of possible and of impossible motion in the rotating
system. By a proper combination of the laws of elliptical motion for the
undisturbed (two-body) or osculating orbit with the three-dimensional
Jacobi integral of the restricted three-body problem, Moiseyev arrives at
the necessary expressions for the surface of zero velocity and of its
envelope (as the surface rotates in the inertial system) and, thus, at
the construction of the regions indicated above. The fixed elliptical
orbit, as determined by the osculating original elements, is compatible
with Hill's chapacteristic as long as the square of the relative velocity
(small body minus Jupiter) does not become negative.

Again, these considerations are correct and have a certain
illustrative interest, but they do not seem to lead to anythiné except

to rather trivial and self-evident statements.

Finally, Moiseyev(458) (1939) made a very detailed application

of the compatibility criteria, as developed in his earlier papers, to
the special case of circular osculating (or starting) orbits for minor

planets inside Jupiter's orbit and within Jupiter's plane of motidn.
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The isoenergetic trajectories of the plane, restricted, three-body
problem, which have the same value of the Jacobi constant, h, as a given

circular orbit, and the coupatibility of these disturbed trajectories

with Hill's characteristic of zero velocity, as well as with the author's

-own apsides characteristics, are considered. This leads to several con-
clusions concerning the compatibility of circular motion with these
characteristics of the rigorous restricted problem. One essential fact
is the existence of certain minimum values for the disturbed eccentricity,
so that the actual motion becomes compatible with the requirements which
are synonymous with those characteristics or criteria., The results of
pumerous computations concerning the various relations between the

values of h and the elliptical (disturbed) elements a and g are presented
in the form of graphs and tables.

Moiseyev mentions many times the preliminary and approximating
character of his investigation. Actually, many of his conclusions or
statements are rather trivial, and, in spite of the length of the paper,
nothing very concrete or substantial seems to emepge; In part, this is
an unnecessarily complicated treatment of rather simple circumstances, and
the complicated description wmakes certain trivialities look less trivial
than they really are. ~

Numerov's work(512) (1929) on the periodic solutions of the
plane problem assuming a circular orbit for Jupiter ‘is presented in the,

section on Absolute Orbits of Chebotorev.

The pressure of radiation and the corresponding repulsive force

were introduced by V. v. Radziyevskiy(605) (1950) into the otherwise
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classical concept of the restricted three-body problem. It is shown
that the radiation effects are significant not only for very small parti-
cles of the size lO-'5 cm, but that they may be noticeéble for particles
up to about 1 cm in diameter. If the ratio between the gravitational
force and the force of the radiation pressure is expressed by means of a
parameter, g, then the shape ‘and the location of the surfaces of zero
velocity may be studied in dependence on the Jacobi constant, C, as well
as on g. The author made some detailed computations for the Hill su;-
faces. 1In the neighborhood of the planetary mass and of the two libra-
tion centers, Ll and LZ’ he finds that, for small particles in this
region, the characteristic features of the zero-velocity curves (the
computations are limited to two-dimensional motion in the planet's orbital
plane) depend significantly on the value of g and,.thus, on the radiation
pressure.

This is a contribution of fundamental theoretical, as well as
of cosmological, interest. Although the mathematical deductions are
simple once the basic new idea has been introduced, the author certainly

deserves credit for conceiving and investigating such’'an idea, which may

prove to be important in certain cosmogonical applications.,

Later, Radziyevskiy(éll) (1953%) considered the motion in space
of a particle of very small mass in the gravitational and radiational
fields of two finite masses, which are moving in circles relative to fheir
center of mass. The investigation extends his earlier work to the more
general case of three dimensions. 1In this problem, it is possible that

the surfaces of zero velocity have seven double points, instead of the
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five in the regular restricted problem. The additional two points occur
when one of the two finite masses acts on the particle with a radiation
effect which exceeds the opposite gravitational force. The two neﬁ
points, L6 and L7, lie outside the orbital plane of the two finite masses;
they are called the coplanar libration points. Investigated in detail
are the so-called libration axes, which are the geométrical locus of the
libration centers for particles of vafying diameter. Some data are com-
puted concerning the passage of the earth through the libration axes of
the system sun-Jupiter-particle. Finally, utilizing the radiation ef-
fects discussed in this paper, some speculations are added concerning
the explanation of quasi-parabolic orbits of comets.

Although the analysis involved is correct, the entire idea of
the possible influence of radiation on the libration centers, etc., seems
to be somewhat exaggerated. The theoretical discussion of the combined
effects of gravitation and radiation is of definite interest, as long as
it is realized that, in general, the effect of radiation will be very
moderate, except for particies of the order of cosmic dust. As far as
the application of the theory to concrete astronomical problems'is con-
cerned, the author's.concluéions are rather unclear and nebulous.

A. I, Razdol’skiy(625) (1934) is confused as far as the proper
separation of the kinematic and dynamic aspects of the restricted three-
body problem is concerned. His main error lies in the interpretation of
his computations for the undistgrbed motion of some Trojans. After trans-

forming these ephemerides into the rotating coordinate system of the

restricted problem he deals with the transformed orbital curves as if they

represented the disturbed motion.

130
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The "results" of this paper have to be discarded. Among other
things, Razdol'skiy claims that a Trojan planet close to the libration
center Lq or L5 could not describe an orbit as represented by one of the
two classes of périodic solutions which exist in the neighborhood of
these points, but could move only in a spiral resulting from the compo-
sition of both periodic motions, according to Charlier. This is not
true, of course, and the paths which really cannot be described by the
actual particles are the ones corresponding to the erroneous resulte of
this paper.

Two of N. F. Reyn's papers(634’ 635) on this subject are dis-

cussed in the section on Periodic Orbits. She(636) (1938) uses Whittaker's

integral (see Reyn's own completion and correction of Whittaker's re-
sults(634)) for the derivation of certain inequalities, by means of
which the period of a simple, closed, and regular trajectory can be
found approximately without the integration of the equations of motion.
The method.localizes the trajectory between the two borders of an annu-
lar region.

This is an interesting and useful ;ontribution, which may well
bear fruit in connection with studies of periodic orbits. The author
apparently was thoroughly famlllar with her subject.

whittaker's double 1ntegral for the approximate determination
of the periods of simple‘periodic orbits, as correctgd and extended by
Reyn, was further investigated by her and.applied to concrete examples
of periodic orbits(640) (1939). sShe introduces the concept of the

tgseparante' as the curve separating the regions in which the integrand
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of the essential double integral is either positive or negative. The
system of separantes is studied in its dependence on the Jacobi constant,
h. It is shown how the introduction of the separante facilitates the
derivation of estimates for the orbital periods. The method is prac-
tically applied, not only to Hill's satellite problem and to the orbits
of the Copenhagen problem, but also to the case of one finite central
mass in a rotating coordinate system. Furthermore, the author shows that
the periods of cértain orbits established by Moiseyev in the case of the
Copenhagen problem agree closely with those of similar classes found by
Stroemgren, and that this agreement further strengthens the suspected
identity of Moiseyev's and Stroemgren's orbital classes.

This is a good and solid contribution from the theoretical, as
well as from the practical, point of. view. The results are interesting
and well presented. pefinitely, this is an above-average paper by a
competent investigator in this field.,

Reyn(637) (1938) introduced a uniformly rotating coordinate

system, as in the case of the circular restricted problem of three bodies,

but makes an allowance for the elliptical motion of the two true finite

masses, M, and m, by replacing their grévitational action on the small
body by the attraction of two material rings. The dimensions of these

rings are proportional to the eccentricity, €, of the elliptical orbits
of ml‘and m, and their centers move in circular’orbits re}ative to the
center of mass. The total mass of each ring equals the corresponding -

mass, m, OT M. The advantage of this scheme is the fact that it admits

1

an integral which corresponds to Jacobi's integral in the circular re--

stricted problem.
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The scheme proposed by Reyn may be useful for qualitative
studies in the restricted elliptical problem, following the lines of
Moiseyev's investigations in the circular restricted problem. The author
indicates this possibility and, indeed, it seems that, with such appli-
cations in mind, this is a good and constructive contribution.

The ordinary restricted problem of three bodies assumes a
circular orbit for the disturbing planet (Jupiter). Reyn(656) (1940)
wanted to improve on this approximating assumption by introducing, in-
stead of the '‘mean Jupiter" of the ordinary restricted problem, the
gravitational action of an elliptical distribution of Jupiter's mass
spread out on an epicyclic ellipse about the mean Jupiter with a major
axis (in the longitudinal direction) of roughly 0.5 astronomical units.
Although, in Fatou's scheme, the mass of a disturbing planet is spread
out along its heliocentric orbit, Reyn's scheme affects only a limited
region in the neighborhood of the mean position of Jupiter. This has the
advantage of reducing the range of singularities to a much smaller dis-
tance from Juplter than in Fatou's problem. The form of the elliptical
epicycle represents approximately the geometrlc posslbllltles for the
location of the true Jupiter.

She then studies the related Jacobi integral and the associated

curve  of zero velocity in Jupiter's orbital plane, especially the dif-

ferences whlch are found when comparing the results of the necessary
computations with the corresponding features of the regular restricted
problem. * The differences are most essential, of course, in the neighbor-

hood of Jupiter. The dimension and shape of the curves of zero ve1001ty
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for large negative values of Jacobi's constant, h, are illustrated for
this region in a number of graphs. As to orbital stability, according

to Hill, inside the larger oval which encloses the sun, Reyn finds a
small region where asteroid motion is stable on the basis of the regular
restricted problem, but nonstable according to her scheme.

This paper has a certain theoretical interest; however, with-
out any practical applications, which would actually show a better repre-
sentation of the motion of a small body than on the basis of the regular
restricted problem, it is not possible to say much about the practical
value of the author's scheme. The results may be useful, in certain
cases, for an estimate of the possible error or uncertainty introduced
by using the mean Jupiter instead of the author's version of the problem,
but it still remains to be seen how much this new scheme differs from
the true motion, when Jupiter's true gravitational action is considered.
Nevertheless, the paper shows good intuition and familiarity with the

subject.

K. N. Savchenko's(679) consideration of a special case of the

restricted three-body problem with variable masses is discussed in the

section on Variable Mass.

A comparison of the purely kinematic features of three dif-
ferent concepts or schemes of a three-body problem was made by
B. Shchigolev(695) (1940). The first scheme represents the rigorous
solution by Lagrange for three masses, M, o and m3, the three masses
being located in the three apices of an equilateral triangle of con-

stant dimensions. Assuming that the mass m3 is very small, and that the

134
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restricted probleam may be Gefined by considering decreasingly smaller
values of m3 with the limit m3 = 0, either one may deai with the actual
finite masses m, and m, and neglect the gravitational action of my
entirely, 6r one may make allowance for the small value of m3 by dealing
with two fictitious masses, ml" and ma", corresponding to the actual

ncenter of mass", M =m, + 1

1 5 * m3 (see subsequent paper(696) by the same

authors). In this way, two different schemes of a restricted problem aay '
be introduced. The author compares the Lagrangean equilateral solutions
of these restricted problems with the corresponding motion in the rigorous
problem (in which the gravitational action of m3 on the two finite masses
is included, too).

This paper is a simple comparison obtained by forming the dif-
ferences between the well-known equilateral soiutions of the different
schemes. One gains the impression that, with too many words and descrip-
tions of rather self-evident facts, Shchigolev tries to make his paper
look more substantial than it really is. Nothing of any significaﬁce is
contained in this publication.

Ten years later, Shchigolev's work on this subject was still
not impressive. Then, he(696)‘(1950) was concerned with the assumption,
in the sp—called restricted problem of three bodies, that the small body
has a '"vanishing' mass and produces no gravitational action on the two
finite masses. Two schemes are considered for the purposes of this
study: the first scheme deals with a restricted prdblem in which my
and m, aré the real masses of these two bodies, located mathematicaily

and physically in the same  positions; in the second scheme, some
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allowance is made for the existence of the third very small mass, m3, by

introducing, instead of my and m the fictitious finite masses

Mm1 Mm?
LU LU = 3 = .
m and m, - g with M my + m, + m3 In both schemes,

1 m, + o, 1t o
the gravitational action of m3 on the other two masses is neglected.

The author studied the difference between the true motion of
the three bodies, that satisfies the rigorous equations of the nonre-
stricted problem, and the motion resulting from either of the two re-
stricted schemes. The problem is attacked by forming the difference
between the complete and the restricted differential equations in each of

the two cases, assuming that at a given time, t the starting conditions

o'
are represented by all three schenes. Certain approximate conclusions
are made for the special cases of selected simple configurations of the
three bodies. The general treatment proceeds by developing the dif-

ferences between the three systems of differential equations in powers of
m

p)

the small parameter W = == Special attention is given to the cir-
1 2

cular restricted problem and to the configurations characterized by the
straight-line libration centers, Ll’ L21 and<L3, i.e.,. to the case of

“librational motion in the vicinity of these points.

Although Shchigole; makes some statements concerning the de-

pendence of the developments on the various powers of u, no integration

of the differential equations, which are obtained as the differences
between the eguations valid for the three schemes under consideration, is
actually obtained in this paper. The most substantial result is the

finding that, in the case of the librational motions in the neighborhood

5 —— -
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of the straight-line Lagrangean points, the actual determination of the
differences between the restricted and the nonrestricted motion is re-
duced to gquadratures. |

In spite of the rather elaborate analytical expressions, noth-
ing beyond the routine operations used in forming the differences of the
various sets of differential equations actually is involved in this
paper. The basic concepts do not seem to be too clearly understood by
Shchigolev, who indulges rather extensively in the ”philosophi;al" as-
pects of the problem. The reasoning appears to be somewhat confused or

nebﬁlous in the introduction, and in parts of the paper itself. No sub-

stantial results are obtained.

(1)s Analytical Treatment

V. M. Loseva(363) (1945) dealt with the problem of the
passage of a finite mass, m,, in a hyperbolic (or parabolic) orbit with
respect to a fixed mass, My, which is accompanged by a satellite of negli-
gible mass{ m3i The study is limited to the interval of tiame in -which
the motion of m3 with respect to my will be noticeably affected by the:
passing mass m,, or while m, is in the so-calied sphere of action with
respéct to my. During the approach of m,, a rotating coordinate system,

determined by the changing distance and variable angular velocity of m,

reiative to m, is used for the integration of the corresponding dif-

ferential equations of motion for the mass m3. This is facilitated by

Nechvil's transformations involving the scale of the coordinate system
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and a nonuniform "time". Loseva finds that the various particular solu-
tions and libration centers exist in close analogy to the ordinary re-
stricted problem of three bodies.

From here on, the steps taken by Loseva are somewhat
nebulous and hard to understand. Introducing average values for the co-
efficients on the right-hand sides of the differential equations of motion
for a small mass, m3, in the close neighborhood of the various libration
centers, she is then able to integrate these equations with constant co-
efficients and to arrive at periodic solutions, the stability of which is
quite analogous to the corresponding cases in the regular restricted
problem. The author refers to stability in the sense of Lyapunov, but,
actually, by her process of ""averaging'" and approximation, she departs
immediately from any rigorous stability treatment. Her whole procedure,
in the discussion of periodic motion and its stability on the basis of a
scheme which is limited in time and involves doubtful and unclear approxi-
mations, does not make much sense at all. Thislis a rather poor paper.

G. A. Merman's paper(393) treating.geriodic solutions in
the restricted problem of three bodies and in Hill's problen is discussed

in the section on Periodic Orbits.

In one of the first papers of the so-called '"Moscow
School', which is also a fundamental paper, because it gives the related
definitions.and develops a terminology, Moiseyev(429) (1935) considered

orbital trajectories from the viewpoint of differential geometry. He

had some predecessors in this field, but he goes essentially further than

they did.

Declassified i - iti : ;
classified in Part - Sanitized Copy Approved for Release 2013/05/24 : CIA-RDP81-01043R002000080002-5



Declassified in Part - Sanitized Copy Approved for Release 2013/05/24 : CIA-RDP81-01043R002000080002-5

The properties of the curve which is the geometrical
locus of the center of curvature are studied as they relate to the actual
trajectory. In the case of the restricted problem of three bodies, for
example, the cénter of curvature is located on a conic section relative
to the given point on the actual trajectory. The radius, p , of curvature
depends on the orbital velocity, ¥, the total force, F, the rate of
rotation, n, of the rotating coordinate system, and the angle,y , between

the normal to trajectory and the direction of F in the form p =
ve
-2nv + F cosY '

This expression can be positive, negative, or zero, de-
pending on the values of the various quantities. If one puts

D =F2 - 4 navz, then for D < 0, the above expression represents an
ellipse, and the center of curvature will be located somewhere on this
ellipse, the value of p depending on the given angle y between the normal
to v and F. In this case, one also has p < 0, which means that the real
point describes an orbit which is curved around the center of curvature

in the negative sense, or in a clockwise direction. This is true for all
possible values of ¥ in connection with D < 0. For D = 0, the geometrical
locus of the center of curvafure is a parabola, agéin with p < 0.
However, if the direction of F concides with the direction of the normal
to the orbit, or for vy = O, one gets p = . For D> O, finally,

~

the locus for the center of curvature is a hyperbola with p > O on one

branch and p < O on the other. p = « occurs, too, in the directions

which are normal to the asymptotes of the hyperbola. 1In this case,

.the actual trajectory has an inflection point at the given moment.

Declassified in Part - Sanitized Copy Approved for Release 2013/05/24 : CIA-RDP81-01043R002000080002-5



Declassified in Part Sanltlzd Copy Approved for Release 2013/05/24 : CIA-RDP81-01043R002000080002-5

From the properties of the curve which represents the
center of curvature, certain conclusions can be drawn concerning the
nature of the relaﬁed trajectory. The relation between the three vari-
ables,p , Vv, and v, aay be represented as a surface in three-dimensionai
space. These characteristic surfaces" can be associated with the in-
tegrals of the differential equations. If the differential equations
produce the same characteristic surface as certain given equations, then
these latter equations are the integrals of the problem.

After a review of some earlier work by the U. S. author
Kasner, Moiseyev proceeds to Darwin's characteristic curve. This is the
curve D = O in the case of the restricted problem of three bodies, where
D= F2 -4 nav2 is reduced to the form D = Ué + U& -8 n2 (U + h) by
means of the Jacobi integral; h 1s the Jacobi constant. Darwin did not
completely investigate the properties of this' curve, and the author
undertakes the task in the present paper. The curve D = O separates the

elliptical type of curve for the center of curvature from the hyperbolic

type. In the restricted problem,one has D < 0 at large distances from

the.cen£er of the coordinates, and D > 0 in those regions which are

close to either one of the finitermaéses. Darwin's curve, D = 0,.consists

of closed branches,and the only points where they may intersect with Hill's

curves of zero velocity are the five libration points. If the values of

h for particles resting in these points are designated by hl’ then, for

h # hl’ Hill's curve of zero velocity is always inside of Darwin's curve.
Next, Moiseyev proceeds to soite theorems concerning the

general properties of trajectoriés in the case of a rotating coordinate
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system. These theorems are concerned with the direction of the radius,
P, of curvature as compared with, or referred to, the direction of force
F, and with similar qualitative features. The author's geometrical re-
sults are in agreement with the behavior of the actual trajectories which
Darwin and E. Stroemgren determined by numerical integrations. It should
be emphasized, however, that Moiseyev's statements concerning the be-
havior of trajectories are essentially negative ones, telling mainly
what a certain trajectory cannot look like. The method enables MolseyevVv
to find certain errors in drawings of orbits published by Charlier in
his well-known work on celestial mechanics. The investigation is further
concerned with the possibilities of cusps and loops in a trajectory.
These results have been discussed in detail, because they
are typical of the contents of the whole paper, and because they form
the basis for further, more complicated orbital characteristics, the
introduction of which is illustrated in the paper by many drawings. The

author studies the behavior of the trajectories in the different regions

into which the plane is divided by the curves of Hill and Darwin. He

finas, for instance, that trajectories between these two characteristic
curves will be forced to leave tpis region as soon as they have exé
perienced a tangential qontact with one of the 'equipotential curves' on
which U = constant. With the investigation of the varioué possibilities
for the contact of a given trajectory with individual curves of given
famil& f(x,y) = ¢, the author has arrived at the main subject of the
paper. Ee gives criteria for the occurrence of interior and exterior

contacts with the curves of a given family of functions. Of special
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interest are the contacts with the curves U = constant. In this con-
nection, the so-called "inflection curve", as the geometrical locus of
the inflection points of a family of curves, is of interest, and is ap-
plied to the special family U = constant. The properties of this curve
are studied, especially as far as they are related to the properties of
a given trajectory. Similarly, the geometrical locus of those points
where the individual curves of a given family f(x,y) = c are tangential
to the direction of the force, F is called the "distributice". All these
concepts are used for the purpose of qualitative classification and for
the formulation of certain theorems concerning the properties of the
trajectories in certain specific probleas. The "contact characteristics"
are applied to the restricted problem of three bodies for the related
equipotential curves U = constant. The method makes it possible, for
instance, to decide whether the contacts of the trajectory with U = con-
stant are interior or exterior in a given region., The contacts with a
family of 01rcles are studied; this special application may be useful in
conneéction with the perlcenter and the apocenter of a given orbltal
trajectory. The "characteristics" may‘be used, also, for considering the
possibility or impossibility of motion in a certain region under certain
given conditions.

Finally, Moiseyev applies his methods to the generalized

coordinates of Poincaré and Birkhoff and arrives at a geometrical inter-

pretation of Lyapunov's definition of orbital stability. He claims that
Lyapunov's theory is only a special case of the general theory of contact
characteristics. It is hard to see, however, how one could have arrived

at Lyapunov's theory in this geometrical and rather complex way.

142
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The author's work is an ingenious and very interestiné
contribution and, certainly, it is thé result of a deep and highly com-
petent effort., Although the actual results generally take the form of
negative statements, they are undoubtedly valuable for checking on

trajectories which have been determined in some direct way. This paper

has already proved fruitful by inspiring many further applications and

investigations.

A series of corrections to the contents of the above
paper(429) is given in Reference 459, These errors were contained pri-
marily in the descriptions of the figures and in the description of cer-
tain features of Darwin's curve.

Reyn(638) (1939) extended the results of Moiseyev to the
case where the two finite masses of the restricted three-body problem
have an elliptical motion relative to each other. This is done with the
help of the special coordinates first introduced by Nechvil, The contact
character%stic-of a given trajectory with respect to a topographical

. system of curves 1is then reduced to a form which depends essentially on
the location of the so-called curve of Hadamard. fhe analyticél expres-
sion for this curve contains the coordinates and the. first and second
derivatives of the function f(x,y) = ¢, which determines the topographical
system of curves. In the present problem, Hadamard's curve depends also
on the angular variable, 8, which determines the ‘périodically chgnging
distance between the two finite masses. The results in the present in-
vestiéation are obtained from those of the circular restricted problem,

essentiaily by the proper consideration of the two extreme or limiting

143
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cases, where the distance between the finite masses is either a maximum

or a minimum. In this way, the influence of the eccentricity, e, of the
relative orbit of the two finite masses on Moiseyev's qualitative analysis
of the contact problem is found. The corresponding results are derived
in some detail for two different systems of topographical curves. One
section of the paper is concerned with the regions of exterior or interior
contact (as determined by Hadamard's curve) with respect to a family of
circles centered at the mass center of the whole system. Another section
is devoted to the corresponding contact characteristics with respect to a
system of "quasi-equipotential curves'.,

Although the essential tgpade work" for this investigation
could be taken from Moiseyev's and Nechvil's previous studies, it has to
be granted that the author has made an interesting extension to the
closely related properties of the elliptical case. Altogether, this work
by Reyn is a competent analytical contribution of good quality.

Whittaker intuitively formulated a theorem concerning the
existencé of periodic solutions for trajectories inside a region between
certain limiting curves, but he did not give a rigorous proof.
Moiseyev(hsu) (1939) not only furnishes this proof, but gives it for a -
more general kind of problem.

The limiting curves‘of such a "Whittaker region' afe de-
fined by the fact that the contact characteristics of’the'possible tra-
jectories of the given problem with respect to these limiting curves
have opposite (and unchanging) signg along these curves, SO that the con-

tact of the trajectory with the curve would always be exterior (or
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interior). Using the concepts and procedures of his general method of
contact characteristics (cf. Reference 429), the author makes a thorough
study of the problem. The main result of the paper is contained in the
proof of the following theorem: If there is considered such a family of
isoenergetic trajectories in the restricted problem of three bodies, thaf

no singular points occur within a certain region which is a "Whittaker

region" according to the above definition, and if no common points with

the curve of zero velocity, as well as with Hadamard's curve, occur, and
if the contact characteristic is of opposite sign at the two limiting
curves of the region, then there exists inside this region a trajectory
(going through the yertex" in the case where the region is of the cor-
responding type) which represents a periodic orbit in the case where the
region is a ring of finite width. The proof rests on the condition that
all the functions involved are analytical. The limiting curve of the
region may be composed by a sequence of different analytical functions
(curves), but, for a more general type of limits, the proof would not be
val;d any more.

Without any question, the present paper is a significant
contribution. It enriches theoretical knowledge about the qualitative
features and possibilities of trajectories in the restricted problem of
three bodies, and gives proof of a theorem which was formulated, but not
proven, by such .an authority as Whittaker.

Moiseyev's third paper(u55) in the series on certain general
methods of the qualitative analysis of forms of motion in problems of

celestial mechanics is discussed in the section on Criteria of Stability.

145
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Moiseyev's érevious papers(453‘4551 461) (1939 and 1940)
dealt mainly with questions of the existence of trajectories in certain
given regions with orbital stability in Lyapunov's sense, and with re-
lated problems. Moiseyev also devoted a paper(usa) (1940) in this series
to the characteristics of contact of a giyen trajectory with a given

topographical systenm of curves, including isoenergetic trajectories of

the same type. In Section 1, the general properties or features of con-

tact are studied by means of conform transformations leading to contacts
of the transformed trajectories with the straight lines f = constant
(z=x+iy, w=0 +1if, and 2z =¥ (w) is the analytical expression
for the transformation). The sign of f of the trajectory then decides
whether the contact is exterior or interior (concave or convex).

Section 2 deals with the contact characteristics with
respect to the curves f + & f = constant, which differ from the curves
f = constant by the‘small deformations & f, whepe 6§ f=6f (g) leads to
the simplest expressions 1in the case where o is the length of the arc
on the "nonvariationed' or original curve f '=.constant.

. Section 3 gives a method for the reduction of the so-called
variation-of the contact characteristic (or of 5t =f —.fo) to a binomial
form. -This reduced form depends on one arbitfary parameter, k. For
k = 0, one obtains’f in the form of Jacobi-Stepanov; for k ; 1, a form
in agreecment with theistability coefficient according to Zhukivskiy
emerges; and for k = 3, 'the form of Moiseyev;s or of the "anti-Coriolis"

2
case is found as something new.
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In S;ction L4, the special case of the trajectory where
f = fo is treated., Again, results are derived for k = O, %,and %.

In Section 5, the so-called nquasi curvature' and the re-
lated center of quasi curvaﬁure are introduced on the basis of the various
coefficients in the expression for.f (according to Jacobi-Stepanov,
Zhukovskiy, and Moiseyev).

Section 6 shows that the v;rious types of orbital sta-
bility can be considered as special cases of a more generally defined
stability.

Section 7 deals with the regions of the so-called compact
orbital stability, and, finally, Section 8 deals with the possibility of
the "localization" of trajectories, essentially by means of Whittaker's
zones,

As in most of his papers, Moiseyev's style and terminology
are somewhat awkward and sometimes unﬁecessarily complicated, but the
essential contents are quite interesting and a valuable contribution to
progress in the field of celestial mechanics. Undoubtedly, Moiseyev

was one of the wmost gifted Soviet astronomers in this field. There is

no flaw in his developments, even though they are sometimes made ''the

hard way" with respect to analytical simplicity.

A geometrical derivation of the first-order terms of the
differential relations, by which the relative curvature of twp dynamic
trajectories in the restricted three-body problem is détermined, was given

by Moiseyev(QBO) (1936). He also calls attention to the fact that some

Declassified in Part - Sanitized Copy Approved for Release 2013/05/24 : CIA-RDP81-01043R002000080002-5



Declassified in Part - Sanitized Copy Approved for Release 2013/05/24 : CIA-RDP81-01043R002000080002-5

authors have used a too-narrow concept of the ngtability according to
.Jacobi" when discussing stability questions, or a concept which‘actually
incorporates only the so-called "transverse'" stability, instead of the
necessary two-dimensional features.
| Although the author arrives at the correct analytical
relations, his way of arriving at them is unnecessarily complex and
elaborate. He made no use of certain rather obvious relations, whiqh
would tend to transform his final equations into a shorter and simpler
form. The well-known author demonstrates that he arrives at the right
answers, however, even when unnecessary hurdles are climbed; but as far
as mathematical elegance is concerned, this work is not too impressive.
He deserves some credit, however, for introducing a variation of the
Jacobi constant, h, in connection with the variation of the trajectory,
while Hill, Jacobi, and others considered only isoenergetic variations.
Certain characteristics in the restricted three-body
problem were the theme of another series of papers by Moiseyev. The
first(46o) (1936) of these céntains a relatively’simple applicatibn of
tﬁe characteristic curve of Darwin to the motion in the neighborhood of
the libration center L. Whereas Darwin had mentioned only certain prop-
erties of his curve, the author demonstrates that Darwin's curve in the
given case is approximately an ellipse which is concentric and coaxial
with the related ellipse representing aporoximately Hill's curve of zero
velocity. After a transformation of the equations to "normal' coordinates,
the author studies the contact characteristic with respect to a family

of circles which have their center at Lq’ and to trajectories which are
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a family of isoenergetic cufves. He finds that, in the case of an ex-
terior contact, the trajectory cannot remain within a certain region of
the plane. Finally, he considers the contact of the trajectories with a
family of ellipsoids which is enveloping LQ' Investigating the different
. regions into which the characteristic curves divide the orbital pos-

sibilities, certain orbits are found which are not stable according to
Lyapunov's theory of stability.

As is typical for the method of contact characteristics,
Moiseyev arrives at certain conclusions concerning what the orbits cannot
do or look like. The paper is a simple yet interesting application of
the general principles developed in his earlier paper(uag). Altogether,
this paper is a contribution of .ioderate yet positive value, illustrating
more than extending previous knowledge about the actual subject of motion
in the neighborhood of the libration center Lk'

Moiseyev(437) (1936) applied his method (cf. Reference

429) to the so-called Copenhagen problem. In this special case of the

restricted problem of three bodies, for which numerous periodic solutions

have been estabiished at the Copenhagen Observatory by the way of nuameri-
cal integrations, the two finite masses are equall Moiseyev's contact
" characteristics are systematically applied to the problem in the sections
of the paper concerned with: (1) the differential equations of motion

in the Copenhagen problem and Hill's curve of zero velocity; (2) charac-
‘teristics of the family of trajectories (Hill's and Darwin's curves);

(3) contact characteristics of the trajectories and of a family of circles:

around the center of the system; (4) auxiliary curves - the distributice
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‘i! and Hadamard!s curves; (5) the properties of the geometrical locus of
. the contacts with the family of circles; (6) the contact characteristic
as a function of the Jacobi constant, h; and (7) the characteristic of
the contacts_with the equipotential curves. Many illustrations are
given to help in understanding the sometimes complicated curves and re-
gions, which are of interest in connection with the qualitative proper-
ties of the trajectories.,

This paper, too, represents the result of a considerable
effort, even though the application to this special problem makes the
whole procedure somewhat mechanical. Although all these geometrical~
dynamic relations are certainly of some interest, the fact that the
method is limited to a compilation of negative statements concerning the
behavior of trajectories makes it hard to see how the method can be use-
.ful in the actual solution of given dynamic problems.

Moiseyev(hhl) (1936) continues with the contact charac-
teristic of an isoenergetic family of trajectories (Jacobi constant
h.= constant) with a family of heliocentric circles, ‘thus arriving at
certain qualitative conclusions ‘concerning thelregions of purely exterior

and purely interior contact. TFor the detailed study of the branches of

the curve f(h) = 0, in their dependence on-h, extensive computations for

seiected values -of thé solar distance, R, and of the polar angle, 08 , have
been made, and the resulting values of h(R, 6) have been tabulated. The
osculatrice and Hadamérd's curve (cf. Reference 4295 aré also used as
auxiliary curves in the present study. The results are discussed in de-~
tail and illustrated by numerous .graphs. Still, the author considered
this to be a preliminary investigation and mentions that the singular

!v,‘!

points, especially, require further study.
150 '
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As was remarked in connection with the author's earlier
papers, no direct progress in the analytical treatment of a dynamic prob-
lem is made by the author's contribution; it is also true, however, that
studies such as this enable one to arrive at a good general picture of
certain orbital possibilities or limitations. From this point of view,
this is a commendable centribution, even though everything is obtained
rather automatically by the proper application of the basic method as
previously outlined.

Moiseyev(456) (1939) then made extensive use of a modi~-
fication of a theorem that had been proved in his earlier paper (cf. Ref-
erence 454)., According to the modified theorem, one can prove the exis-
tence of a periodic orbit in the region between two curves of a given
topographic family by showing that one; and only one, closed osculatrice
(for an isoenergetic family of trajectories) is located within the same
region. The first paragraph introduces two new auxiliary curves which
are convenient for the application of the basic theorei to concrete cases.
_These curves are the so-called indicatrice of’osculations and the indica-
trice of the zero velocities. The first curve is the geometrical locus
of the contacts of the osculatrice with the curves of the topographic
system; the second represents the geometrica; locus of the contacts of .
the curves of the topographic family with the curve of zero velocity. By
means of the two curves, it is possible to construct the stripe~shaped
region which contains only one closed osculatrice. »

In the second paragraph, the method is used to study the

simple problem of periodic orbits in a rotating coordinate system in tﬁe
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field of only one gravitating mass in the center of the system. Two
classes of retrograde synodic motion and one of direct synodic motion are
found to exist as periodic orbits. The third paragraph deals with the
restricted three-body problem, in particular with orbits around the
planetary mass. The existence of retrograde, as well as of direcf, peri-
odic orbits is proved, but the author doubts that a complete identity
exists between his direct orbits and the corresponding orbits found by
Hill. Moiseyev shows that his classes of periodic orbits possess sta-
bility according to Jacobi; he remarks that Hill's solutions can be
identical to his orbits only insofar as they are stable in Jacobi's sense.
The fourth and last paragraph brings the application of the author's basic
theorem to the Copenhagen problea with equal finite masses. The existence
of periodic orbits of two classes, which, in their essential features, are
similar to the classes 1 and m of Stroemgren, is established. The various
results are illustrated by a number of drawings. The author stated his
intention of exploring the various problems further.

This is one of the .iore significant contributions from
this competent and gifted author. The further detailed studies promised
by the author were later uwade by Reyn and Tomson. Although the method
is essentially an application and further development of the concept of
Whittaker's zones, Moiseyev deserves much credit for devising and using
a practical method based on Whittaker's idea.

In the fifth paper, Moiseyev(457) (1939) begins by remark-

ing that Poincare's method or theory permits the establishment of the

existence of a periodic trajectory through a given starting position,
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but does not permit the localization of the whole orbit. The author's
method, on the other hand, which is based on Whittaker's zones and on the
author's theorem "B" in the preceding paper(456), makes it possible to
find a region, more or less narrow as the case may be, in which the whole
orbit is located. The method is applied to orbital motions around the
sun, using a family of concentric circles'(centered in the sun) as the
topographic system of curves, which permits the establishment or con-
struction of circular rings containing the various periodic orbits under
consideration. Paragraph 1 deals with the equations of motion and with
the osculatrice of a family of isoenergetic trajectories with respect
to the system of concentric circles. It is found that the osculatrice,
as the geometric locus of the contacts of higher order, has four closed
branches. These four branches correspond to the four classes of periodic
orbits, as discussed in the final Paragraph 4. Paragraph 2 introduces
the indicatrice of the osculations, and Paragraph 3 the indicatrice of
the curve of zero velocity, because these two curves serve as auxiliary
curves, as in Reference 456, The.form of these curves 1is illustrated by
means of some graphs.,
Paragraph 4 contains the determination and localization of
" four different classes of periodic orbits around the sun, characterized
by their range of values for Jacobi's constant, h, aqd by their various
other principal features. The first class of periodic orpits is retro-
grade in the rotating, as well as in the fixed, coordinate system. It is

related to parts of Stroemgren's classes £ and h and to Darwin's retro-

grade class of satellites. The second class of simple periodic orbits,
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which has direct motion, is located inside Jupiter's orbit and is of im-
portance for the system of asteroids. This class is related to a class of
Hill, to parts of Stroemgren's classes g and i, and to the class B of
Darwin. The third class comprises simple periodic orbits of retrograde
synodic motion outside Jupiter's orbit and thus, it is described aroﬁnd
both finite masses of the problem. Direct sidereal motion is possible in
this class for a certain range of h-values. This class is also of some
interest with regard to asteroids; it is analogous to Stroemgren's class
1. The fourth class is retrograde, too, and analogous to Stroemgren's
class m. Concluding, the author finds that the orbits in all four classes
are stable in the sense of the generalized criterion of Jacobi.

This is a good and constructive contribution to the litera-~
ture in celestial mechanics. It demonstrates, at the same time, the
fruitfulness of the author's basic ideas and methods.

The sixth part of this work Dby Moiseyev(465) (1945) is

discussed in the section on the Criteria of Stability. He arrives at
some interesting results using rather.elementary means. ‘

Two other papers(466'a67) by Moiseyev that deal with cer-
tain characteristics of the trajectories in the restricted problem of

three bodies were published in 19453 one(466) is discussed in the section

on the Criteria of Stability, and -the other(467) in the section on the

Disturbing Function.

Moiseyev(431) (1936) 'applied his method of contact charac-
teristics to the study of the contacts of a family of isoenergetic tra-

jectories with a system of surfaces,

e )
QZ (U +# h) (x sin & -~ y cos &) +n (x2 + y°) = £, in Birkhoff's phase
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space (x, y,® ). First, the condition £ = 0 leads to the result that
contacts are possible only on two planes, one of which is determined by
y = O, while the other goes through the Lagrangean libration centers L4
and L5. From the considerati?n of.f, it follows, then, that the
geometrical locus of the contacts of higher order degenerates to a
straight line parallel to the 0 ®-axis. In the x, y-plane, this

straight line is reduced by its projection to the point where the con-
nection of the points L4 and L5 intersects the x-axis. The essential
result of the whole study is contained in the theorem that certain regions
in the x, y-plane, characterized by the ratio of the distances of their
points from the two finite masses and by their location with regard

to the x-axis, are anepicyclic regions, i.e., 1O ordinary trajectories
can be contained completely in either one of these limited regions. This
leads to the additional theorem that no periodic orbit exists in the
restricted three-body problem which does not intersect at least one

of the two straight lines mentloned above.

This is one of the more substantial and 1nterest1ng papers
by Moiseyev. The qualitative results emerging from this study are of
theoretical s;gnificance ané should be helpful for any studies on the
subject of periodic orbits.

Moiseyev(433) (1936) extended hls earlier study (cf. Ref-
erence 431), thch deals with the ordinary restricted problem where
Jupiter's orbit is assumed to be circular, to the more general case of

elliptical motion of the two finite masses relative to their center of

Declassified in Part - Sanitized Copy Approved for Release 2013/05/24 : CIA-RDP81-01043R002000080002-5



~—

Declassified in Part - Sanitized Copy Approved for Release 2013/05/24 : CIA-RDP81-01043R002000080002-5

mass., Using Nechvil's coordinates and considering the small body's
motion with respect to Poincare's phase space (x,y,%.&), he arrives at
theorems quite analogous to those established in the éarlier‘paper. Cer-
tain anepicyclic regions exist in which no trajectories can be contained
in their entirety, and all regular trajectories, in Hadamard's sense, must
intefsect at least one of the two straight lines detefmined.by the
Lagrangeén points Ll’ LZ’ L3 or Lh' L5' respectively.~an infinite number
of times.

This study, too, is of definite theoretical interest, and
the results may also be useful for further studies on periodic orbits.
Certainly, this is a worth-while contribution.

In 1936, Moiseyev(436) considered the plane restricted
problem, using Birkhoff's phase space (x y,z@ ), He assumes that at a
given starting moment, to' this space is filled with phase points dis-
tributed with uniform density, Vv . TFrom the incompressibility condition,

it follows, then,.that this density distribution will remain invariant

at all later moments, t > to. . The investigation is concerned with a

cértain property of thé spream‘motion of Birkhoff's phase’fluid with
respect to a one-parameter tapographic family of cylindrical surfaces,
f(x, y) = c. A certain differential quantity is defined as the measure
of the difference between the number of passages through the pointé of
exterior and interior contact with respect to an infinitesimally narrow
cylindrical ring, as determined by the differential dc.

This is a purely theofetical and very abstract discussionj

it is hard to see how this may lend itself to concrete applications,
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although the author closes with some reference to the problem of the

distribution of the orbital elements of comets and meteorites.

Moiseyev's(uua) (1937) treatment of periodic trajectories
about the point of libration in the Copenhagen problem is discussed in

the section on Periodic Orbits.

In his consideration of the Gyldéh-Moulton hypothesis of
the origin of Ge@enschein, Moiseyev(QQG) (1938) starts with the differen-
tial equations of motion for an isoenergetic family of particles in the
three-dimensional restricted problem of three bodies. The form he uses
amounts to a generalization of Birkhoff's system. In the related phase
space, a fluid governed by these equations would be incompressible, and
the density in phase space would remain uniform at all times, if it were
uniform for t =,to' The author then determines the expression for the
corresponding density distribution, D (x, ¥y, 2), in ordinary coordinates
of the restricted problem, considering for the Jacobi constant, h, a
certain interval, hmf;_ h < hM' The resultingAdensity distribution,

D (x, y, 2) = conséant, is always identical to the proper surfaces where
the potential U (x, y, z) = constant. The adoption of a stationary and
uniform distribution of the particles in the phase space is synonymous
with the assumption that, in the ordinary rotating coordinate system

(x{ y, 2), all possible directions of the individual velocities have the
same probability. On the basis of these rather reasonable assumptions,
it is then shown that the theoretical surfaces of equal density cannot

be reconciled with the figure of Gegenschein which is indicated by photo-

metric observations. Without the introduction of additional forces, the
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Gyldén—Moulton hypqthesis concerning the origin of the Gegenschein is
incompatible with the dynamic hypothesis of a stationary distribution
considered in this paper.

This is a very interesting and substantial contribution,

and the results are important as further evidence against the correctness
of the Gyldén-Moulton hypothesis for Gegenschein,.

Working on the same subject, I. P. Tarasashvili(755)
(1938) adopted a coordinate systea which rotates with the (circular)
motion of the earth around the sun, but which has its origin in the
Lagrangean libration point, LZ’ near the earth. Developing the force
function, U, into a power series and retaining only terms of an order not
higher than the second, the author computes a certain number of points

on the elliptical curve which represents the intersection of Hill's sur-
face of zero velocity with a plane which is perpendicular to the direction
earth-sun, and which contains the point LZ' The surface of zero velocity
in these computations is the one which is associated with a certain

Jacobi constant, h*, which in turn, represents the largest individual
h-value of the particles in a given cluster. ‘From the size of the inter-
section of Hill's zero-velocity hyperboloid with the 7 , Y -plane through
X and from the distance of Lé from the earth, -the author then computed

the angle & for the related apparent diameter of the cluster of parti-

L

cles, as seen from the earth. Comparing the results with the observed -
isophotic curve of Gegenschein, the author finds the related range of
values for the Jacobi constant, h*, which must be associated with particle:

of the cluster.

Declassified in Part - Sanitized Copy Approved for Release 2013/05/24 : CIA-RDP81-01043R002000080002-5



Declassified in Part - Sanitized Copy Approved for Release 2013/05/24 : CIA-RDP81-01043R002000080002-5

This is a constructive paper; it relates the observed form
and size of Gegenschein with the required range of the h*-values for the

particles of the corresponding Gylden-Moulton cluster. Although the re-

sults do not solve the question of the validity of the hypothesis by
Gyldén and Moulton concerning the origin of Gegenschein, the numerical
data obtained may be useful in further investigations of the dynamic
possibilities.

In the introduction to a paper on the contemporary status
of qualitative mechanics, Moiseyev(453) (1939) mentioned the fact that
the qualitative method, developed by the "Moscow Schobl" and largely a
result of his own efforts, has begun to play an increasingly important
role in celestial mechanics. The method of contact characteristics has
been used for work on the problem of orbital stability.

. Section 1 of this paper deals with the mechanical prob-
lems which have been accessible to the new methods of qualitative analysis,
and to the proper classification of these probl;ms. In Section 2, a
histoéical review of the work related to Hill's characteristic curve of
zero Qelocity and to'the genefal problem of the possibility or impossi-
bility of motion in a given region is given. Among the Soviet\authors,
Moiseyev, Reyn, and Chibisov are mentioned as contributors, and a great
number of contributions, all‘us;ng the same methéd, have come from the
Moscow group. Section 3 reports on Moiseyev's extended study and use
of the characteristic curve of Darwin to investigate the propertiés of

the trajectories in the restricted problem of three bodies, especially

.in the neighborhood of the triangular points., Section L is devoted to
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the characteristic of Jacobi-Stepanov and deals with regions of stability
according to Jacobi, using Birkhoff's generalized coordinates. Three more
sections of the paper are concerned with the problems of stability. The
result is that stability according to Lyapunov guarantees sta-

bility according to various other concepts of stability, but not vice

versa. In Section 8, the work on contact characteristics is reviewed.

In Section 9; the speciél case of a time-dependent force function, U(t),
is considered; it is remarked that the related investigation by Wilkens on
the limiting curves and their envelopes in the restricted problem
(Seeliger-Festschrift, 1924) is in error.

Moiseyev(h63) (1940) considered, in the rotating coordinate
system of the three-dimensional restricted problem of three bodies, two
topographical systems of surfaces, the intersections of which represent
a system of curves in space depending on two parameters. The angle ¥ is
introduced as the angle between a given trajectory and the tangent of the
curve intersecting the trajectory in a given point. Going back now to

“the one given systen of surfaces, the author considers the multitude of
possible contacts between these surfaces~and the system of trajectéries
and, from this multitude, he selects the contacts which are related to a
certain given angle, Y , of the given trajectory with respect to the
tangenf of the curve which has been mentioned above. If £(x, &, z) = £
is the system of surfaces, then the selected group of contacts is associ-
ated with the contact characteristic.f (x, y, 2, h, ¥ ), where h is

Jacobi's constant. Depending on the sign of f, the contact will be in-

terior (f < 0), exterior (f » 0), or possibly of higher order (f = 0).
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This paper describes the general idea or definition of
these '"monotypical'" contacts bepween trajectories and a giveﬁ topographi-
cal system of surfaces; it contains nothing concrete or substantial that
would allow the actual utilization of the new concept. Although the
presentation of this general idea has some merits, the mathematical form
of the author's contribution could be simplified by the proper use of vec-
tors and matrices. The author makes use of the mathematical language of
the beginning of this century, rather than of its modern form.

Two papers by Moiseyev relating to this subject are dis-

cussed in the section on the Disturbing Function; one (#70) considers the

restricted elliptical problem, and the other(%71) the semirestricted
problem.
A series of papers by A. A. Orlov(526-528) that is dis-

cussed under Periodic Orbits, also relates to the topic at hand.

An error in whittaker's integral for periodic solutions
of the restricted three-body problem was pointed out by N. F. Reyn(634)

in 1937. Another error, this one by Nechvil in his paper On_a New Form

6f the Differential Equation for the Restricted Elliptic Problem (1926),

was also pointed out by Reyn(642) (1940).

Utilizing certain assumptions regarding the density dis-
tribution of the gravitating medium which has spherical symmetry with
respect to the one finite maés; My s Reyn(63l) (1936) investigated the
locatign of the five libration points and the value of the Jacobi constant
for material points resting in the various libration centers; as well as
the location and shape of the surfaces of zero velocity. Numerous

theorems are given concerning the relative location of the libration
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points, the related Jacobi cqnstants, and the dependence of these points
on the value of the second finite mass, B . The surfaces of zero velocity
are studied in their dependence on the Jacobi constant, C, and the mass,

L . Some of the theorems concerning the relative location of the

straight-line libration points‘are valid also (after proper modification)
for the ordinary restricted problem (without an additional gravitating
medium).

In spite of the correctness of the theorems and of the
analytical derivations, this paper is essentially technical; its major
content is a detailed transformation of certain well-secured implicit
truths into a more explicit form. Nothing basically new is involved in
this presentation.

Later, Reyn(639) (1939) dealt with a generalization of the

(631)

subject of her previous paper In the earlier paper, she assuamed
that the period of the orbital revolution and, thus, the rotational vel-
ocity of the basic coordinate system of the restricted problem were af-
fected by the presence of the gra&itating medium, as if the total mass,
M (r) = M° + m (r), were concentrated in Mo’ or as~if m (r) were_in—
+timately connected with Mo (as an atmosphere). The present investigation
is based on the assumption that the\angular velocity, n, of the two
finite masses, M and | , depends on the ratio ~E—%?l—
2 _ M (R) +ru

tion n~ = . Here, R is the constant distance between the

B>

masses M and W . It is shown that for values of A not too different

= A by the rela-

from unity ( A = 1 corresponds' to the more special case which the author

considered in her earlier paper), theAgeneral features and characteristics
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are not significantly different from those for A = 1, at least as far
as the existence and location of the straight-line libration points,
Ll’ LZ’ and LE' are concerned. The points Lh and L5, however, suffer
certain systematic shifts on the periphery of a circle with radius R

about the mass M. The location of the surfaces of zero velocity, as in-

dicated by their intersections with the x, y-plane, as well as with the
x, 2z- and y, z-planes, is determined in its dependence on the singular

points Ll to L The values of the Jacobi constants, C, of particles

5°
resting in these libration points are compared, as in the earlier paper.
All the results are quite analogous to the ones for the original problem,
as long as A is not very different from unity.

Essentially different features emerge for A <. 0.125,
but, since N = 0,125 means that n2 amounts to only one-eighth of the
value obtained from a straightforward application of Kepler's third law
on the basis of the two masses, M (R) and W, it seems that such A -values
are very remote from concrete astronomical problems. TFor the same reason,
values essentially iérger than X = 1 do not seem to make much sense
either, i
The author's study is of a certain interest, in that it is
a more flexible geﬁeralization of fhe problem presented in her eérlier
‘paper(631). Perhaps the introduction of the parameter N\ may prove use-
fui in connection with related cosmogonical problems.

Moiseyev and Vzorova uade use of the contact-characteris-
tics method in connection with Hill's satellite problem. The paper by

A, T, Vzorova(803) (1940) is an auxiliary investigation for an analytical

study by Reyn(643) (1940).
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Since Whittaker's circular zones for the localization of
periodic orbits are not practical in the case of the rather eccentric
inner orbits of Hill's satellite problem (for large values of the Jacobi

constant, h), Vzorova(8o3) made use of a family of ellipses instead of

circles for the investigation of the contact characteristics of the seven
innermost periodic orbits of the Hill problem. The author édopts the
value e = 0,2920 for the eccentricity of all the concentric and coaxial
ellipses which have their comamon center in the center of the planetary
mass; this value represents approximately the average of the ellipses by
which the seven individual orbits may be approximated. Actually, this
mean value of e was obtained by averaging the individual values of ea,
because the analytical equation for the family of ellipses depends on e2
rather than on e, Using Moiseyev's method of qualitative analysis, the
author makes the necessary computations for the construction of the
various characteristic curves, i.e., of the so-called osculatrice, the
distributice, and Hadamard's curve, in order to find the regions of in-
terior and .exterior contact of the possible periodic trajectories with
respect to the cbnqentric family of ellipses. The results, which have
been computed for equidistant values of the angular coordinéte, 6 , are
graphically represented in their dependence on h.

This is a rather technical paper, the results of which
have been obtained by the proper appiication of an existing method of

analysis to a well-known problem; it does not contain any theoretical
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advances., Nevertheless, this well-executed example is a useful demon-
stration of the practical application of the method of contact character-
istics.

Reyn(643) utilizes a topographical system of concentric

ellipses; here, the various branches of the so-called indicatrix, as the
geometrical location of the points of contact of the osculatrice (for

h constant) with the given family of ellipses (for an eccentricity

e constant), are finally derived in the form of analytical developments,
The third power of the planetocentric distance, p , is developed as a
function of the planetocentric longitude, 6 , with coefficients depending

3

on the ascending powers of e2. The reciprocal of p~ is introduced, in-

stead of 93

itself, for the application to large distances, in order to
avoid singularities in the fundamental equation by which the indicatrix
is determined. It is found that the indicatrix consists essentially of
three branches, two of which are reduced to circles if only terms of the
order e2 are retained in the coefficients. These two branches determine
the parameters of the two concentric ellipses of the given topographic

family between which the osculating orbits of the satellite, for‘the.

given value of h, should be located. The two branches of the indicatrix

are closed curves. After establishing analytically the existence of the

closed branches of the indicatrix in this manner, Reyn further shows that,

for retrograde motion, the third branch of the indicatrix may asymp-

totically go to infinity at © = 60°, The analytical study is then com-

2

plemented by a numerical application for e“ = 0,085262, which corresponds

Bl Declassified in Part - Sanitized Copy Approved for Release 2013/05/24 : CIA-RDP81-01043R002000080002-5



Declassified in Part - Sanitized Copy Approved for Release 2013/05/24 : CIA-RDP81-01043R002000080002-5

to Vzorova's computations (cf. Reference 803). The author's analytical
expressions are used to compute the p -values of the indicatrix for
equidistant values of the longitude, © , in intervals of 10°, These

computations give the final values by a process of iteration. The re-

sulting poiﬁts of the indicatrix confirm the previous analytical resﬁlts
concerning the'existence and the characteristic features of the two
branches.

This is a really interesting, mathematically clever, and
ingenious study of the subject. The author certainly proves her great
ability in this field of celestial mechanics.

The stability of six periodic orbits in the Copenhagen
problem, in the sense of Jacobi and in_the sense of Zhukovskiy, was in-
vestigated by Reyn(64u) (1940) and 5y A, I, Ryakov(658) (1950), respec-

tively. These papers are discussed in the section on Criteria of Sta-

bility.

Yu. A. Ryabov(656)(l952) used Lyapunov's method for the

integration of differential equations involving power series dépenqing
on a small parameter to prove the existence of periodic solutions for
the motion of a small body in the neighborhood of the libration centers

L4 and L The same method was used for the actual determination of the

5.
coefficients in the developments which represent the solution of .the
problem., It is shown that the developments are convergent for small

values of the parameter and, thus, for the neighborhood of the points

L4 and L the actual determination of a radius of convergence was left

5;

for future investigations.,
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The existence of the periodic solutions has been known and
proved for a considerable time; nevertheless, this paper  gives an indepen-
dent proof and determination based on an entirely different method than
had been used before, The investigation is mathematically elegant and
undoubtedly represents a copstructive contribution to celestial mechanics.

T, V. Vodop'yanova(784) (1936) applied two qualitative
characteristics, (1) the characteristic of Hill (V2‘>> 0 in the rotating
coordinate system of the restricted problem of three bodies), and (2) the
contact characteristic of Moiseyev with respect to a family of heliocen-
tric circles (for the perihelia and aphelia of minor-planet orbits), to
the system of minor planets, i.e., to the selected group of planets with
small inclinations for which the plane problem may be used. The fact that
Jupiter's orbit is not circular but elliptical is taken into account in an
ap;roximate manner. The author makes a survey of the actual orbits of
the minor planets and finds that most of the osculating orbits under con-

~ sideration are fully compatible with the two above-mentioned characteris-

tics, i.e., the corresponding minor planet would be able to move in such

an orbit at all times (taking into account the variation of Jupiter's

distance from the sun) without violating either the condition V2'2> 0 or

the limitations which a?e found for the perihelion and aphelion distance
from the sun. The author pays special attentioq to .the so-called criti-
cal planets, which have been cobserved in only one or two oppositions; in
this group, she finds quite a percentage of osculating orbits which @ould
not be compatible with the two characteristics at all times. The éuthop

states that, from this fact, one could have predicted, in many cases,
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that the planet would probably be "lost", The actual reason for this
incompatibility with the two characteristics probably lies in the fact
that the elements of these critical planets are very poorly determined
as a result of an insufficient material of observations.

This paper is of interest as a practical application of certain
qualitative methods developed by the '"Moscow School",

ee Regularization and
Collision

Although Sundman had proved, in the case of simple collisions
and of the nondisappearance of all constants of a real velocity, that in
the neighborhood of a collision the coordinates and relative distances
tl %, Markov(387) (1927) attempted the

numerical determination of the first coefficients in these convergent

can be developed in powers of (t -

series. For moments not very distant from the instant, tl, of the col-

lision, the author determines the distances of‘the third mass, which does
not participate in the collision, from the invariable plane of the three
bodies. It is found that, in the general case, the development for this

)10

distance begins with the power (t - ?;, i.e., with no powers lower

2
than this. The author also gives a complete classification of all the
‘possibility of deviations from the so-called "law of ten-thirds".

The author deserves credit for a thorough examination of the

subject chosen for this investigation; he has made an interesting con-

tribution to the theory of collisions.

Poroshin(566) (1945) considered one central mass, S, coinciding

with the origin of the coordinate system and a homogeneous circular

168
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distribution, J, of matter at the distaﬁce a from S, In Chapter I, the
author studies the trajectories of a third small mass, P, after its
radial ejection from the central mass,'§. The force function is developed
first with respect to ascending powers of r/a, where r is the increasing
distance of P from S. Although the two integrals of the problem,i.e.,
the energy integral and the integral of areas, permit the reduction of
the problem to quadratures, it is necessary to regularize the differen}ial
equations in order to eliminate the singularities which are associated
with r = 0. The regularization is possible by means of Moiseyev's so-
called parabolic coordinates, and by means of an additional transforma-
tion of the time., The regularized eguations of motion are then inte-
grated, and the transformed coordinates are obtained as power series with
respect to the transformed "time",T . It follows, as was to be expected,
that for motion in the plane of the circular mass distribution, J, the
trajectories are straight lines in radial directions.

In Chapter II, the investigation is extended from the plane
problem to trajectories in three dimensions, again beginning in the
central mass, S. It follows that the projections of the trajectories

onto the fundamental plane of J are straight lines, as in the plane prob-

lem; with respect to the z-coordinéte, however, the trajeqtories are

curved. In proper generalization of the methods employed in Chapter I,
the coordinates are tran;formed and determined in power series depending
on.the transformed "time", ¥ . The developments in both chapters are
valid only for a certain interval of time, or up to a limited central
distance, r, because the series will not converge at large vaiues of r-

or T
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Reversing the direction of the trajectories} Poroshin then
proceeds from ejection orbits to orbits of free fall, investigating,
especially, the conditions under which a trajecfory, starting at a given
position in three-dimensional space, will end (in a straightforward hit)
in S. 1In the last paragraph, the author goes back to regular coordinates
(x,y,2) aqd regular time, t, to obtain the normal coordinates as functions
of the time. The coordinates are found as power series with respect to

\3/2

and the author actually determines the first two coefficients in these
developments in their dependence on the constants of integrationm.

This is not an outstandingly important contribution. The
subject, as such, has been explored very thoroughly and competently, how-
ever, and the presentation has features of mathematical elegance. Alto-
gether, this is a well-done investigation of the characteristics of a
well-defined, not-too-difficult, problem.

For the computation of the general perturbations of a minor
planet, in a special case previously studied by Brendel, Samoylova-

P

Yakhontova(663) (1929) introduces an independent variable, W = %)—%}-,

‘which regularizes the problem for collisions with Jupiter. It is shown

that the convergence of the series is greatly improved by the adoption
of this new independent variable., The method is épplied, then, to the
Jupiter perturbations—of the planet Thule, to obtain a comparison y}th'
the corresponding results obtained by Brendel on the basis of his new
method, ‘

This is one of the really valuable and interesting recent con-

tributions to celestial mechanics. The results are of interest from the
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purely theoretical point of view, and they are also important for the
practical problem of obtaining improved convergence for the general per-
turbations of minor planets.

Samoylova-Yakhontova had shown that the introduction of the
dt
A
with Jupiter, improves the convergence of the developments for the per-

independent variable u = A,I , which regularizes the simple shocks
turbations (cf. Reference 663). Then, she (664) (1931) considered the
case of large eccentricities, which can lead to close approaches of the
minor planet to the sun, and introduced a new independent variable,

u = A,f—g§~' in order to regularize any simple shockg with the sun, as
well as with Jupiter. The new variable is introduced into Brendel's
new method of general perturbations by a process similar to the one used
in the previous paper. The investigﬁtion is limited by the assumption
that the minor planet moves in the orbital plane of Jupiter, but that
Jupiter's orbit (or the orbit of any other disturbing planet) is
elliptical.

This paper is a valuable addition to the previous one; the new
or extended amethod will improve the convergence for a widér panée of
conditions than before.

The earlier papers by Samoylova-Yakhontova were on the improve-
ment of the convergence of the series developments, in the theory of
plénetary perturbations, by means of a regularizing variable (cf.
References 662-664), Next, she(665) (1936) demonstrated, in a simple
example, the fact that the convergence of the developments depending on

the powers of the ratio, @ , of the mean distances, in the case of th%®
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group methods of planetary perturbations, is also strengthened by the
. . .. . ~dd :
introduction of the regularizing variable u = ya : -~-§ ST

8 V1 - K° sin“®
where & 1is an auxiliary variable depending on the longitude of the dis-

turbed and disturbing planets, or on the ratio, p , of the mean motions.
It is assumed that both planets move in circular orbits, as far as the
undisturbed motion of the minor planet is concerned, and within the

same orbital plane. The differential equations of motion according to
Hansen-Bohlin are integrated by Bohlin's method. It is found that
Hansen's function, W, and the perturbations nbz and v are represented
by fast-converging series depending on the variable u, with the coef-

n+ %

ficients decreasing as in (Zn)an or (2n + l)k a for increasing
values of n. Here, the parameter g is of the order of % ¢ and \ is a
positive integer. Bohlin's method of integration avoids developments
into trigonometrical series, which otherwise would be necessary in con-
nection with the introduction of the new variable. For ndz, a compari-
son with the corresponding results from Bohlin's tables is given.

This is another paper of real theoretical value and consider-

able interest., The author has contributed significantly to this special

problem,i.e., to the improvement of the convergence of the series

developments in celestial mechanics by means of regularizing

transformations,

- -—en 2N
f. Approximate Theory for

Minor Planets

The construction of exact theories of minor planets by the

standard methods of Hansen, Hill, Encke, etc., is extremely difficult,

172
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in view of the often large values of the eccentricities and inclinations.
It can be done only for a few planets. For the majority of the minor
planets, the main problem is to compute quickly the necessary perturba-
tions, so as to be able to identify the planets at subsequent appari-
tions. This is done either by numerical integration, or by some simpli-
fication of standard methods. The approximate methods of Bohlin and of

Brendel are used extensively in the U.S.S.R.

(1). Bohlin's Method

Bohlin (1896), starting with Hansen's differential equa-

tion, introduces a parameter, W = 1 - —iL~, where p is the ratio of the
o
mean daily motions of Jupiter and of the minor planet, and Lo is a

rational simple fraction not greatly ‘different from K. The fraction

u° defines the exact commensurability with respect to which many minor

planets can be assigned to 'groups'". For the planet Pomona, for in-
stance, thé mean daily motion is 852%83, and for Jupiter, it is 299V13.

Consequently, p = 0.351, or very close to 1. The fraction-
3

Hestia group, for which By is assumed to be exactly 1, and m for this
) ‘Po

i
3

defines the
i

case is 1.05225, and W = -0.05225.

- The perturbation function is expandeéd by Bohlin in terms
of W, eccentricity, and the mutual inclination between the orbits of
Jupiter and of the minor planet. Terms depending on W are the same for
the whole group of planets within certain limits on either sid; of-c;;:

mensurability, and they can be computed once and for all. Terms depending

on eccentricity and inclination differ from planet to planet.
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]
The problem, then, is to simplify calculations for each

individual planet by the use of tables, and to represent perturbations

as fractions of certain coefficients and of the difference between

multiples of E, the eccentric anomaly of the minor planet, and

A =g+ llp e sin E, where g is the mean anomaly of Jupiter.
Samoylova-Yakhontova(668) (1947) made an analysis of

Bohlin's method and found some errors in his expansion of power series in

terms of the second order of the parameter W. This error affects all

published tables, but it is not particularly serious. Furthermore,

she(665) (1936) proposed the introduction into the formulas of another

dt
rr' A

-

y where A is a constant, r and r' are radii

variable, u = A’J

vectors of Jupiter and the minor planet, and A is their mutual distance.
It is shown that, with the proper choice of the constant, the fraction
u can be expressed as an elliptical integral of the first kind, which
results in a more rapid convergence of the trigonometric series used by
Bohlin and, consequently, in greater precision of the computations with
less effort. ;

‘The perturbations of minor planets by Saturn'are‘small,
and the tables of perturbations are consequently simple. Tables for
the commensurability 1 (n 602") were published by Osten, and for the
commensurabilit& 1 (n5843") by Block. Komendantov(295) simplified these

7

tables and extended them to cover the ranges of n from L4on to 800",

and from 700" to 1100'".

In practice, the Soviets use Bohlin's method only for the

Flora and Minerva groups.
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(a). Hestia Group

Tables of general perturbations for the Hestia Group

( kg = 1) were published by Radynskiy(604) (1935) for the purpose of
>

simplifying Bohlin's tables. Radynskiy's tables, however, were still
considered to be too complicated, and a condensation of them'was pub-
lished by Zheverzheyev(shs) (1950). These tables are apparently not used
at all in the U.S.S.R., and perturbations for this group are not computed

by Brendel's method.

(b). Minerva Group

The Soviets nave done the most work on the Minerva
group with a commensurability of 2. It was found that Bohlin's method
éan be applied successfully for tie range in the mean daily motions
between 690" and 800", except in the region between 740" and 755" near
the exact resonance (4744821). At present, the limit of application
includes 55 planet§. ‘

Komendantov(294? published a collection of tables
for the Minerva group with detailed instructions for computations. The
original tables by Wilson for the Minerva group are supposed to be pre-
cise within 1", A_precision of représentation of only 1! is claimed by
Komendantov., The test of these tables was made by Komendantov(29l)
(1935) himself for the case of minor plane£ (308) Polyxo. It took only
26 hours to compute all periodic Jupiter terms with a precision of 1",
and the secular Jupiter and Saturn terms with a.precision.of OvOl. ‘“The

resulting departures of observed data from computed for the period 1891

to 1933, that is, for 42 years, do not exceed 31",
175
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An interesting case is the motion of minor planet (430)
Hybris, which has a daily motion of 739V5, that is, nearly exact com-
mensurability;. the coefficient of the term with the argument 2E-5A

(commensurability 2) is about 5°. The departures in the period 1922 to

1951 (Shmakova('ml3 (1755) are unusually large, but do not exceed 12'.)

Komendantov(296) (1936) also published a still more
condensed table of perturbation for this group, retaining only periodic
terms greater than 0!5 and secular terms greater than OV5., The precision
of representation is of the order of 091, and computation of perturba-

tion requires only a few hovrs.

(c). Flora Group

Tables based on Bohlin's method were computed by

Villemarque for commensurability 2 (n = 1047") and published in the

7
Annals of the Zo-Se Observatory. These tables are used in the U.S,S.R.

for 25 minor planets with the mean daily motion between 1,000' and 1,100,

The planets are: _113, 228, 281, 291, 296, 317, 326, 336, 341, 3&5, 364,

367, 370, 376, 391, ka2, kbo, 443, 453, 540, 641, 700, 711, 736, and 770
Tables of perturbations for planets (689). zita,

(853) Nansenia, (857) Glazenapia, (393) Isbega, and (1078) Mentha of'thg

Flora group were computed at the Institute of Theoretical Aétronomy

(Varzar(773) (1952) and Bozhkova(®*) (1951).
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(2). Brendel's Method

Brendel's method, which is based ultimately on the ideas
of the Pulkovo astronomer Gyldén, does not claim great precision. Per-
turbations are computed with the precision 0901, and the resulting pre-
cision of representation is of the order 20' to 30°'.

The greatest usefulness of this method is for minor planets
of the Hestia group (commensurability 1; resonance 897"). Brendel
published (1913) tables for perturbatizns from Jupiter for 100 planets
of this group; his collaborator, Boda (1921), published tables for 108
planets, splitting the group into two subgroups with the mean daily
motion more and less than 897" (range: 845" to 958"). The secular per-
turbations of the node and longitude of the perihelion for these two
subgroups are appreciably different. Further refinements in this prob-
lem were made by K. Schitte in 1936.

As far as Soviet work is concerned, there is no evidence
in the Soviet literature of any improvements or modifications of Brendel's
method. In fact, nbﬁ a single reference to.this method.has Been found
béyond the general'statement (in the Ephemerides for 1956) that pertur-
bations for 160 planets of the Hestia group are computed by Brendel's
method. Apparently, the Séviets have §imply taken over the work of
Brendel and his successors without making any changes.

According to Samoylova-Yakhontova(67O) (1950), for the
planets of the Juno group (mean daily notions of 800" to 850", that is,

adjoining and somewhat overlapping the Minerva and Hestia groups),
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S. G. Makover has computed an ephemeris with the precision of 0?2001.
. This work apparently has not been publishéd. On the face of it, Makover's
work seems to be a raéical departure of the Soviets from their practice
of merely adopting already well-developed methods either wholly, as in
the case of Brendel's method, or with soae modifications, as in the case

of Bohlin's method.

8+ Planetary Theory

Halphen's method for the computation of the secular perturba-
tions is mathematically elegant and very convenient for numerical ap-
plication, especially in connection with computing machines, but it has
not been used to any extent for a long time. The reason for this ap-
parently is to be found in the existence of quite a number of serious
errors in the original method by Halphen, which was but one chapter in
a three-volume work on elliptical functions. Any potential users of
Halphen's theory probably found that they could not arrive at satisfac-
tory results by using.his formulas.

. Goryachev(aal) (1937) has cafefully studied the method and
found several errors in Halphen's investigation. One of these probably
occurred more or less accidentally in the arguments of the hypergeo-
petricél series’; in certain integrations, however, Halphen went only
from O to 2 w , instead of from O to 4 o . The formula for the gravita-
tional potential of a ring was also in error in Halphen's presentation,

Goryachev has corrécted these and other minor errors and gives the final

formulas; he also presents convenient auxiliary tables for the practical

178
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applications of the method. In the first part of this publication, he
gives the related method by Callandreau, where an error of sign is also
corrected. Finally, Halphen's method is applied by Goryachev to the
secular perturbations of the minor planet Ceres, as produced by the
planets from Mercury to Neptune; he compares the results with the cor-
responding ones from Hill's and Callandreau's methods.

Nothing really original is contained in this representation of
Halphen's corrected method, but the autaor has performed a valuable ser-
vice to celestial mechanics by this work, which makes possible the
practical use of a basically good method.

Shkroyev(7oo) (1938) applied Halphen's method, as corrected by

(221), to the minor planet (624) Hector. This application is

Goryachev
limited, furthermore, to the perturbations produced by Saturn, which are
relatively small; the Jupiter perturbations are not computed by this
method. For a Trojan such as (624) Hector, moving close to Jupiter's
own orbit, Halphen's method, or any method of secular perturbations by
Jupiter, may, of course, be inadequate because of the librational motion
of the minor planet and the 1 : 1 commensurability‘of the mean motions of
the two planets involved.' The paper also contains a collection of all
the formulas which are needed for the application of Halphen's method.
Even tﬁough this paper is only a numerical evaluation of
Halphen's method in one particular caée, it apparently represents one of

the first actual applications of the method as revised by Goryachev. Be-

cause of the clear arrangement of all the resﬁlts and of the necessary
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equations, it may well serve as a guide for future users of Halphen's
method, For these reasons, this appears to be a quite useful and good
paper.

In a critical and interesting examination of an existing situg-
tion, Mikhal'skiy(417) (1933) considered the secular part of the longi-
tude perturbations. Here, in addition to the perturbations. Here, in
addition to the perturbation & &, = rt, he also introduces a term
6py = Tt = E 6n° dt, where 6n° denotes the constant part of the
perturbation of the mean daily amotion, n, for the epoch to. The author
gives an approximate expression for T and an equation relating the
values ay and a, of the mean distance or half major axis to each other
when n, is the observable average value of the true mean motion, and n_
the undisturbed motion for the epoch to. The term Tt does not appear
in the classical planetary theories; instead, a constant, g is used
which differs from the value ay = EJ_;?I-:n;;' by a constant perturba-
tion of the half major axis, a. ng

Mikhal 'skiy(*19) (1934) developed his idea that the constant
termé of the general perturbations, as obtained by the method of the
variation of the arbitrary constants, should be dealt with explicitly in
the expressions for the perturbations, instead of by absorblng them in the
constants of the basic orbit. If nt is replaced by )'n dt, then it is
unnecessary to introduce the element & and its perturbatlons ‘in place
of the perturbations in the longitude of the epoch. The numerical values

of the long-period(perturbations come out smaller if the constant terms

are introduced. : .
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Ailthough Mikhal'skiy can claim certain points in favor of his
proposed procedure, his related criticism of Tisserand and others cer-
tainly goes far beyond the actual facts. It is not necessary, as the
author claims, to deal with the constant terms in his way; actually, one
can proceed in either way. So far as the value of an individual theory
is coﬂcerned, nothing of real importance can be guined by '"splitting
hairs' about the treatment of the integration constants. The paper re-
mains of some interest, however, inasfar as it considers the various
possibilities as such.

Numerov's calculation(5l5) (1934) of first-order absolute per-
turbations in polar coordinates is essentially only a presentation of Hill's
well-known method of perturbations in Russian, perhaps in order to fa-
miliarize Soviet readers with Hill'é method. The author also mentions
his intention of publishing tables later, in order to facilitate the
application of the method., The notations differ from the original ones
by Hill.

If special perturbations of the rectangular coordinates of a
minor planet are computed by means of Numerov's extrapolation method, the
cpntributions produced by the inner planets Mercury, Venus, Earth, and
Mars are troublesome, because.of the small divisors, ri, in the corre-
sponding terms of the differential equations. In order to circumyent
.these difficulties, Numerov and Moshkoba‘szZ) (1936) proposed the c&m-
putation of general perturbations by the inner planets wiéh reference to
a transformed system of coordinatés,.which eliminates the indirect term.

in the disturbing function. After arriving at the new differential
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equations in the transformed coordinates, the integration follows the
principal lines of Hill's method; different notations are used, however,
and a modified disturbing force function is applied. The angular argu-
ments and the integration constants are also modified, so as to fit the
basic assumptions of the present application of Hill's method. The re-
sults, in the form of general tables, are given as functions of the es-
sential elements of the disturbing and disturbed planets, in order to’
facilitate application to individual problems. As an example, the
gene?al perturbations of (3) Juno by Mercury are tabulated.

Nothing essentially new from the theoretical viewpoint is con-
tained in this paper; however, from the viewpoint of orbit computers, the
preparation of such a detailed scheme for the determination of general
perturbations by the four inner planets was very much worthwhile. Even
today, with automatic computing equipment widely available, the rigorous
computation of special perturbations produced by the inner planets is a |
serious problem which requires smaller integration intervals than are
sometimes practicable; therefore, it will frequently be preferable to
use such‘general perturbations as are developed in this paper. This is
a good, solid contribution of permanent value,

The final results of the development of the general perturba-
tions by Hill's method are contained in Reference 523. This work was
carried out at the former Astronomical Institute. The purpose of this
paper obviously was to facilitate the application of Hill's mefhod of
general perturbations to minor planets inside the orbit of the disturbing

planet. The necessary formulas and developments are arranged and grouped
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in such a manner as to make the numerical computations as convenient as
possible. 1In Tableé I and II, the terms of the first order in thé three
polar coordinates are listed in their general form; in Table III, the
general expressions of the various coefficients are given., In order to
‘evaluate the tables for a given minor planet and a given disturbing
planet.Aone has to insert into these expressions the corresponding values
for the eccentricities, for the ratio, @ , of the mean distances, for °
the mass, m, of the disturbing planet, and for the relative inclination.
The theory is intended to be approximate and, therefore, the expressions
are limited to the third powers of the eccentricities and of the incli-
nation, and to the twelfth power of @ . The remark is made that these
rather general developments are intended to serve as the basis for tables
of the perturbations of planets in the group with mean motions between
800" and 850'".

Except for the special arrangements and details in the evalu-
ation, this is generally a technical application of Hill's basic theory.
A very useful purpose pas been served by the preparation of.these tabu-
lated expressions; in this way, the authors have considerably facilitated

the actual application of a mathematical theory to problems of

astronomical practice.

Orlbv(530), in 1953, wanted to obtain the.réctangular-coordinate

perturbations in the form of power series depending on a small parameter,
a, For @ = O, the coordinates of - the two-body motion would be obtained.
The problem is considered here in its generality, and it is shown how

everything can be reduced to a (considerable) number of quadratures. If

183
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n is the highest power of a to be considered, one actualiy has to deal
with 3n systems of differential equations which must be solved for con-
secutive values of the power of @. A part of the analysis closely re-
sembles the derivation of the conditional equations in the problea of
orbit correction, because, for the purposes of this paper, the same
variational relations between the coordinates and the constants of motion
are utilized.

This study has a certain theoretical interest, because the
fundamental principles of the general problem are well and clearly out-
lined by the author. In practical cases, a more direct and special ap-
proach to such a problem is usually preferred; nevertheless, a paper such
as the present one has its merits, because it contributes to a better
mathematical understanding of the developments.

Proskurin(573), in 1952, used Hill's method to establish an
accurate general theory of the first order for the motion of the minor
planet (1) Ceres. Special attention is given to the determination of
the constants of integration, which are referred to osculating elements,
as well as to mean elements. For the secular perturbations, the method
of Halphen, which is a modificatiop of Gauss' method, is used in order
to obtain a higher accuracy for these terms than is possible by Hill's

method.

An essential parf of this paber contains the detailed compari-

son of Proskurin's results with earlier theories established by various
authors. . Elaborate transformations are necessary; these are made by the

author in order to make the different theories comparable to each other
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in spite of their sometimes quite différent analytical structures.
Proskurin's theory for Ceres gives the perturbations by all the major
planets from Mercury to Neptune (for Mercury he gives the secular terms
only), and a comparison with the earlier theories is made separately for
each of the diéturbing planets,. as far as such earlier perturbations
were available. Apparently, the new theory is of high precision and
quality, but, so far, the terms of the first order only have been de-
rived. The computations were made partly on punched-card wachines.

This elaborate theory appears to have been worked out with
great skill and competence, and with considerable care, as demonstrated
by the numerous comparison and check operations. The work constitutes
a valuable contribution to the field of planetary perturbations.

With Mashinskaya, Proskurin(574) (1953) used his first-order
theory(573) for Ceres to represent normal places for the years from 1801
to 1946, The 19 positions are finally represented with mean errors of
Ag <cos & = +97" and AS = %36", This is slightly better than the
results of an earlier theory; for which mean residuals of the order of
Aa cos 5 = +112" and A5 = +52" had been reported by Komendantov;
nevertheless, these mean errors are considerable. The authors them-
selves say that they demonstrate the considerable size of the néglected
perturbations of the second order.

This paper contains nothing but a rather automatic application
of earlier results to the observations of Ceres; it cannot be classified

as being of any importance from the theoretical point of 'view. It is a
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paper which is of practical interest (demonstrating, in this case, the
linited accuracy of a first-order theory), but of no general significance.
These evaluations may have been made by a student under the supervision
of Proskurin,

In the introduction to his paper on the possibility of a theory
of motion of the Trojans, which is based on the assumption of nearness to
the centers of libration, Ryabov(657) (1956) made a survey of the various
theories (mainly those of Wilkens, Th:ring, and Brown) and of the prac-
tical applications which Brouwer and Eckert have made of Brown's theory.
He wants to show the need for better theories that are not based on the
assumption of a small librational deviation from the Lagrangean points
Lh and L5, and that consider the short-period terms on an equal basis
with the long-period ones.

In Section 1, Ryabov introduces the true elliptical orbit of
Jupiter (instead of the circular approximation which is used in most of
the present theories), using Nechvil's coordinates. The differential
equations of moéidn are formed, using Jupiter's»true anomaly, v', as
the independent variable, and, by a proper transformation, the corres-
pondiné triangular libration point is chqsen‘as the center of the co-
ordinate system. |

"In Section 2, a method of solution is proposed which develops
the coordinates into a power series depending on the powers of Jupiter's
orbital eccentficity, e'., The author presenﬁs some arguments support-

ing the assuimed convergence of the series for a long interval of time,-

but he does not give any actual proof for this convergence.
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In Section 3, the author derives the well-known typical features
of the different periodic solutions in the close neighborhood of the 1li-
bration centers, using Nechvil's coordinates as adopted in the preceding
sections,

In Section 4, the author criticizes the existing theories for
not properly representing the true combination of long-period and short-
period solutions or terms. Since in §ection 3% he had shown that the
amplitudes of the long-period and of the short-period solutions are com-
parable in size, he finds that this principal difficulty has not been
mastered by the existing theories. He admits, however, that the libra-
tions or oscillations obtained in the form of the various periodic solu-
tions form the basic elements of the true motion.

In Section 5, he finds the approach made by Heinrich and Linders,
using canonical variables, to be the most promising one. This represents
a return to the variation-of-constants method in a aodified form. In
this connection, he also finds that Lyapunov's method of solution is a
suitable one,

Section 6 once more emphasizes the point that the theories
which are based on the assumed nearness of.the Trojaps to the Lagrangean
libration centers are not well suited to represent the motion of the
actual Trojané.

Ryabov has reviewed, the theories of the Trojans critically.

The facts concerning the weaknesses of the present theories, which he

emphasizes, have generally been known befofe, and he does not replace the

the theories by something better. He says that certain investigations by
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Nechvil, Heinrich, and Linders contain results which should be utilized
for a better theory of the Trojans, but does not proceed to utilize then.
"Although this paper points out the main weaknesses and shortcomings of
the theories which are available, it contains little beyond this.

After a short review of previous work on the motion of Pluto,
especially of the investigations by Roure on the basis of the Hill-Brouwer
method, as modified by Andoyer, Sharaf(688) (1955) developed her own
first-order theory by means of Newcomb's method. The first chapter deals
with the development of the disturbing function, and the essential equa-
tions are a direct application of Newcomb's method of operators. Punched-
card machines were used for the computation of the coefficients of the
disturbing function and of its derivatives. The operators are given in
a form which was most convenient for the Soviet type of punched-card
machine. For the derivatives of the coefficients of Laplace, the method
of Innes was preferred to the one of Newcomb, because of higher accuracy.

In Chapter II, the coordinate perturbations and the related
constants of integration are given in their general ‘form; in Chapters 11T,
IV,-and V, these developments are applied to the computation of the first-
order perturbgtions by Jupiter, Saturn, and Uranus. The perturbations
produced by Neptune were obtained by numerical integratioﬁ, because of the
possible close approaches between Neptune and fluto; This numerical in-
tegration was done by Cowell's method in rectangular coordinates, but the
results were then transformed into perturbations of the elements and
then of the polar coordinates of Pluto, in order to obtain them in the

same form as the geheral perturbations by Jupiter, Saturn, and Uranus.
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The final Chapter VII contains the orbit correction for Pluto
on the basis of the new theory and of the original elements by Brouwer.
For this purpose, 24 normal positions from 1914 to 1951 were formed by
means of the various ephemerides which were available, The differential
correction was done by the method of Eckert and Brouwer, modified accord-
ing to Samoylova-Yakhontova.

An appendix contains the complete symbolical development of the
disturbing function according to Newcomb., The purpose of this appendix
apparently is to popuiarize Newcomb's method, as well as to serve as a
guide for future applications of this general method. The related coef-
ficients have been recomputed by the author and tabulated for convenience.
The author, in doing this work, found some errors in Newcomb's corre-
sponding expressions, and the corrected basic expressions are reprinted at
the end of this publication.

So far as theory is concerned, nothing new is contained in this
elaborate, but rather technical, investigation; the completion of such a

detailed theory, however, is always an intricate and demanding task.

Apparently, the author has done her work very carefully and rigorously, and

she deserves credit for the results, which can be expected to be useful
for further work on the motion of Pluto. The author appears to be
thoroughly familiar with the theoretical foundétions of her subject.
Vil'yev(775) (1916) computed the general perturbatioﬁs«of (55)
Fandora by Hansen's method, in order to familiarize himself with this

method, which he called the best one available for the absolute
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perturbations of minor planets. Accurate and also approximate general
perturbations of this minor planet had been computed previously by various
authors; the present author thus was able to check his own computations.
No comparison with observations is made.

after some historical remarks on the orbit of Ceres,
Vil'yev(776) (1916) again used Hansen's method to compute the general
perturbations of Ceres by Jupiter and Mars; for the perturbations by
Saturn, a somewhat modified and simplified version»of Hansen's method was
used. The results, as far as Saturn is concerned, were checked by means
of Block's tables (on the basis of Bohlin's method).

These results could have been useful at the time of their pub-
lication; today, they are only of historical interest. Nevertheless,
Proskurin(573), in his most recent analytical theory of Ceres, used
Vil'yev's results for the Mars perturbations as a check of his own
results.

Voronov(788) (1935) refers to Hansen's and Samter's previous
results for the general perturbations of the planet (13) Egeria. He says
that, élthough Samter improved the representation of the observations by
revising Hansen's theory and adding second-order terms, which Hansen had
neglected, there are still systematic differences between observation and

theory that might be reduced by computing the main terms of the third.

order, and by a revision of the terms of Hansen which had not been re-

N

computed by Samter. The author says that he has done all this work; up to
terms of the third order, he gives the tabulated coefficients produced by

Jupiter, Saturn, and Mars. Also tabulated is a comparison with the earlier
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results of Hansen and Samter, presentéd in the form of the-
differeﬁces between the corresponding coefficients.
Later in 1935, Voronov(790) claimed to present the
comparison of his previous accurate theory of (13) Egeria
(cf. Reference 788) with 27 normal places from 1850 until 191k,
He also included the results of a final orbit porrection, including
systematic corrections to the system éf Boss! (P.G.C.) star
catalogue and corrections for the masses of Jupiter and Saturn.
Although this work looks rather gooa, Reference 788 is

actually erroneous. In the Pulkovo Circular Nr 17 (1936),

Voronov stated:
",., my paper on the minor planet (13) Egeria, published
in Nr 16 of the Pulkovo Observatory Circular (the
improvements of the orbit and comparison with
observations) has begn written by me in a state of
great mental fatigue, approaching the state of a
nervous breakdown,band that all its results, as it

has been proved by my Pulkovo qolleagues} are

erroneous and should not be taken into consideration".

h., Planetary Satellites

(1), Satellites of Jupiter,

According to Proskﬁrin(576) (1955), the Institute of

Theoretical Astronomy is engaged in a study of the following

satellites of Jupitef: Jupiter VI ~ inequalities depending on
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the sun have been evaluated; Jupiter VII - inequalities depending on
the sun have been evaluated; Jupiter VIII - numerical theory has been

established; and Jupiter X - analytical theory has been started.

(a). Jupiter V

Apparently, there has been no recent work on Jupiter V
in the U.S.S.R. From 1928 to 1930, N. M. Mikhal'skiy published four
papers on Jupiter V(412‘415). In the last of these papers(415) (1930),
Mikhal'skiy applied the method of the variation of constants to the de-
termination of the perturbations of Jupiter V. The entire paper is
relatively simple and elementary, and it is of no importance for further
work on Jupiter V.

Use was made of a very much abbreviated expression
for the disturbing function, in order to study the perturbations of the
eccentricity and of the longitude of the perijovium (Bayev(38) (1938)).
Bayev reduced the problem to gquadratures and showed that the results are
in generél agreement with those of Mikhal'skiy(415). Considering the

very simple and inaccurate procedure, Bayev's work can at best be con-

sidered an illustrative example of Mikhal'skiy's work. The fact that
the perijovium and the eccentricity are oscillating between certain

1limits was known before; there was no need for such a roughly approxi-

mating determination of these variations.

The observational material treated by Mikhal'skiy's
theory is included in de Sitter's work, and there is no point in consider-

ing Jupiter V further in this report.
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(b). Jupiter VI

The only Soviet paper'noted that deals directly
with Jupiter VI is by Proskurin(576) (1955). Previous work of
F. E. Ross, based on observations from 1904 to 1906, is analyzed. Ross
applied Delaunay's lunar theory to Jupiter VI. Proskurin finds many
errors and inconsistencies in Ross' application of Delaunay's theory.
Bobone's later work, which was based on Ross' results, may be criticized
similarly.

Proskurin follows Ross in adapting Delaunay's theory
for Jupiter VI; he computes tables for the coefficients in Delaunay's
expansions for L -1 - n , U, and %. Tables for the expansion in longi-
tude (V=L -1 -1 ) and latitude (), and the ratio of the major
semiaxes, %, are constructed in several steps. The final form is
V=3 Asin (iD+ j 1+ j'1' +kF); U= 3 Bsin (iD + j 1 + j' 1°
+kF); and 2 = $7C cos (iD+ j 1+ j'1' + kF), where D, 1, 1',
and'g have the meaning usual in lunar theory.

Proskurin's tables then, with aréument 1; dy i'y and
k, contain:

208 terms for A

197 terms for B

96 terms for C.

Proskurin's tables contain 501 terms; only 65 terms had been used by

Ross and Bobone. This leads to considerable differences between the co-

ordinates as computed from Proskurin's theory, on the one hand, and the

Ross-Bobone theory, on the other; the differences exceed many times the

probable accuracy of *3" which Ross had claimed for his tables.
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The real precision of Proskurin's new results must
be judged on the basis of the actual representation of observations over
a longer period of time. Such an application has not been made yet, but,
in any event, Proskurin's work seems to be a valuable refinement of
earlier theories.

According to Proskurin, further Soviet work on
Jupiter VI will compare his theory with observations, improve the ele-
ments, and determine more exactly the motion of the perijove and the

node.

(¢). Jupiter VII

The only Soviet paper dealing directly with
Jupiter VII is by Tokmalayeva(760). This 160-page-long paper represents
the only known work by this author.

She first gives a short review of the discovery and
history of Jupiter VII, citing the previous work done by Ross and Bobone.
Influenced by.Pfoskurin's work on Jupiter VIII, the author undertook the
present theory for Jupiter VII, which was developed along the lines of

the lunar theory of Hill-Brown.

In Chapter I, all details of the general method are

presenﬁed, beginning with Buler's introduction of a rotating coordinate
.éystem and giving a complete description of the method of Hill and

Brown that Qas chosen. In Chapter II, the main terms are derived for
Jupiter VII, including all the solgr perturbations up to the third order.’
Only the planetar& perturbations by Saturn, etc., are omitted. Chaptgr ITI

contains the determination of the higher order terms. These have been
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derived by Delaunay's ﬁethod, because of the convenient availability of
literal developments for these perturbations. Chapter IV gives the

final results for Jupiter VII and the constants of integration; in
Chapter V, the disturbed coordinates and positions are computed for

just two single observations in 1935 and 1941. The differences (obser-
vation minus calculation) are about equal in size to those of Bobone's
theory. Without a more extensive comparison with observations, and with-
out a final orbit correction, however, no definite conclusions seem to

be possible concerning the actual inner accuracy of the new theory.

This new analytical theory should be better than the
previous ones by Ross and Bobone, because the earlier theories (developed
by Delaunay's method) were not so extensive. Final judgment about the
new theory must be postponed until after the necessary adjustment to the
observational material has been made. It seems, however, that the very
elaborate and complicated, more or less technical, task of a more rigo-

rous theory of Jupiter VII has been dealt with carefully and competently.

(d). Jupiter VIII

The eighth satellite of Jupiter represents a chal-
lenge to astronomers that has not yet been successfully met. The
variation- in its elements is so great that no general theory appears to
be possible. By numerical integration, it is possible to represent
. - R v
roughly the position of the satellite, but ephemerides calculated for
the future are invariably of very low precision. The Soviets are paying

a considerable amount of attention to Jupiter, VIII, much more than to any

other planetary satellite.
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Jupiter VIII was discovered by Melotte in 1908.

The efforts to construct an emphemeris precise enough to keep it under
observation resulted in the development of Cowell's method of numerical
ingegration. In a review paper by Proskurin(571) (1950), summarizing
the work done on Jupiter VIII up to about 1948, the author reviewed the
work of various workers in a thoréhgh manner.

The pioneer work of Cowell and Crommelin was con-
sidered in all details by Proskurin, and he points out two numerical
errors in this work, as well as the fact that the adopted coordinates of
Jupiter were not precise enough. Proskurin then reviewed the attempt by
Prousset to establish an analytical theory along the lines of Hill's
lunar theory, and the various wodifications introduced by Brown, Boyer,
and others. On the basis of m = —=— = -0.172 for the ratio of the
mean daily motions of the sun and of Jupiter VIII, Trousset established
the annual motion of the node to 495 and of the perijove to 0¢6; on the
whole, however, his theory failed to represent the observations
satisﬁaptorily.

The main difficulty with'the Trousset theory is the
ﬁaghitude of the parameter m. For the terrestrial moon it is only 0.08,
and yet the Hill-Brown lunar theory is extremély complex. For Jupi-
ter VIII, additional complications are the much greater values of the
eccentricity, e, and inclination, i, than for the terrestrial -moon,

Even though expansion in power series of ¢ and i does not present special

difficulties, the magnitude of m is such that the direct application of

the Hill-Brown theory to Jupiter VIII would seea to be rather difficult.
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Proskurin(569) (1950), in a paper which is one of
the most valuable recent contributions to the theory of the motion of
Jupiter VIII, applied the Hill-Brown method to the perturbations of
Jupiter VIII and established the rather complicated and elaborate analyti-~
cal developments up to terms of the third order with respect to ¢ and

i Proskurin deserves credit for proving in this way the practical ap-

plicability of the Hill-Brown method to Jupiter VIII, and for providing
a scheme for the actual computation of the various coefficients. So far
as is known, he has not used the results to represent the observations of
Jupiter VIII; therefore, final judgment must still be withheld as to the
actual precision of his theory. The so-called parallactic terms, and the
terms depending on the eccentricity of Jupiter's orbit, were not in-
cluded in Proskurin's investigation.

In 1877, Hill published his lunar theory with
m = 0.08084893, but he could not prove the convergence of the power series
in m. This was done by Lyapunov, in 1896, for m < %. Lyapunov's.result

remained unknown, however, and Wintner, in 1929, had to prove it again,

but only for m < —3;—. Merman(391) (1952) extended the investigations of
- 12

Lyapunov to prove convergence for m < 0.18, and this work includes the
case of Jupiter's eighth satellite.

Tﬁe work by Lyapunov represented remarkable progress'
compared with the treatment by Hill; the determination of the coeffi-
cients avoided the use of an infinite number of equations and was based
on a very ingenious new mathematical approach. Merman not only made the

original work of Lyapunov more accessible, which was highly desirable,
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but also established a wider range of convergence. Merman's publication
is a first-class contribution to celestial mechanics.

I. Jackson's effort (1912) to reconcile the computed
and observed positions of Jupiter VIII, which Proskurin(57l) states was
rather sloppy, did not go beyond the calculational aspect. of the prob—
lem. In 1917, Jackson's ephemeris already showed departures on the
order of 20' from the observed position of the satellite. Jupiter VIII
was observed for the last time at Yerkes in 1923, and was lost thereafter
until 1930.

Jupiter VIII was recovered in November, 1930, at
Mt. Wilson on the basis of numerical work by the Soviet astronomer
N, F. Boyeva(74' 75). In 1929, she applied Numerov's extrapolation
method to Jupiter VIII, using initial rectangular coordinates in 1915
as obtained by Cowell, Crommelin, and Davidson. The resulting ephemeris
for the end of 1930 was calculated and sent to U. S. observatories, which
led to the recovery of Jupiter VIII at Mt. Wiison. This was seemingly
a spectacular trlumph of Numerov's method, which, previous to Boyeva's
work, had been applied only to the motion of minor planets. The trlumph
of Numerov's method was rather short lived, however, By 1934, Boyeva's
extended ephemeris showed departures of the order of L4285 and 240". Heri
continued the integration, but the departures increasea to +2%0 gnd +23!
in July, 1938.

"Aﬁ.atfempt to develop an analytical theory of -

Jupiter VIII was made by E. W. Brown, and later by Brown and D. Brouwer.

The Brown-Brouwer theory was thoroughly analyzed by Proskurin(568), and
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the conclusions were repeated in another paper(s?l) (1950). Proskurin
found that the observations for 1908 to 1938 depart up to 2?5 in right
ascension and 32' in declination from the Brown-Brouwer theory; this is
partly explained, she says, by the wrong values of the constapts m, e,
and i adopted by Brouwer. With improved values for m, é, and i, Proskurin
finds that it is possible to reduce the departures to maximum values
0266 and 11!2 for the period 1908 to 1938. Even then, the difference
between observation and computation increases to 1?05 in right ascension
by 1942, and the departure increases rapidly with time. Therefore,
Proskurin concludes that the uncertainty in the adopted constants is not
the main reason for the unsatisfactory representation of the observa-
tions. The trouble seems to be in the slow convergence of the series by
Brown-Brouwer. He concludes that the Brown-Brouwer series is useless for
bractical purposes. Even with the present insufficient number of terms,
it is necessary, for instance, to solve an equation (equivalent to
Kepler's equation).containing 189 terms by at least three successive
approximations, in order to obtain the main argument, V (jovicentric loﬂgi-
tude).

Beginning in 1948, D. K. Kulikov(325) (1950), at the
Institute of Theoretical Astronomy, analyzed all work done by the methods

of numerical integration and finally adopted the method of quadratures

with a few modifications. New in Kulikov's paper is his treatment of

the problem of orbit improvement, which includes' the effect of the re-
lated differential changes in perturbations. This is done on the basis

of small variations in the starting data for the numerical integrations,
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leading to related variations in the integrated coordinates. A correc-
tion of Juﬁiter's mass is included among the unknowns for the différential
correction, but, on the basis of the observational material from 1930 to
1946, as used in Kulikov's éolution, this correction does not produce a
significant result for Jupiter's mass. Kulikov succeeded in represent-
ing observations of Jupiter VIII for the period 1908 to 1948 with
greater precision than was done by H. R. Grosch in 1948 (Grosch based his
orbit on observations for 1930 to 1946). Kulikov presented the observa-
tions with an accuracy of $15"; Grosch reached A = 471,

Following the investigation by Kulikov, an extensive
program toward the development of an analytical theory of Jupiter VIII
was evidently initiated at the Institute of Theoretical Astronomy. Very
little of this work has been published, as far as is known, except for
a summary by Proskurin(57l). The following methods have been considered
at the Institute of Theoretical Astronomy:

(1) The method of Hill-Brown, as used in lunar theory

(2) The method of Brown, as developed for Jupiter VIII

(3) Andoyer's modification of the Hill-Brown lunar
theory

(4) The method of Gyldén-Zhdanov for intermediary
orbits, '

Proskurin's paper(570) (1950) on the stability of
motion of Jupiter VIII is less significant than some of his other papers.
-t

He also reviewed the work of G. Kobb, Jackson, and Moulton(57l) (1950).,

Proskurin computed the average value of the Jacobi constant, C,
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of Jupiter VIII in the restricted three-body problen sun-Jupiter-
Jupiter VIII (neglecting the actual deviations from the idealizing as-
sumptions of this classical model) and found that the value of C is such
that no closed surface of zero velocity exists. Therefore, the Jacobi
constaht, C, of Jupiter VIII puts no limitation on the possible motion
of the satellite, and an escape from Jupiter's sphere of action, and even
from the solar system, would be compatible with the actual value of C.
Moulto: (1914), however, had found that the variational orbit of

Jupiter VIII is stable. Actually, Proskurin's work does not constitute
a contradiction of Moulton, because different definitions of the concept
of stability are involved. The Jacobi-Hill criterion is a sufficient,
but not a necessary, criterion for orbital stability, i.e., it assures
stability if Hill's surface of zero velocity is closed, but it does not

assure instability if such a closed surface does not exist.

(2). Satellites of Saturn

Whereas Soviet work on Jupiter's satellites is concen-

trated at the Institute of Theoretical Astronomy, their work on

Saturnian satellites is carried out méinly at the Shternberg State
Astronomical Institute by G. N. Duboshin and his collaborators. From
1940 until at least 1953, Duboshin spent considerable time on the analyti-
cal fheory of the satellites of Saturn. Previously, between 1932 and
1940, Duboshin spent most of his time studying the theory of motion of a

material point in a gravitational field and in a,resisting medium.
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The analytical theory of the Saturnian satellites dif-
fers from the classical theories in two respects. It is constructed on
the basis of Lyapunov's wethods, which, according to the Soviets, make
it possible to obtain convergent series representing the saturnocen-
tric coordinates of the satellites, considering the effect of the at-
traction of the ellipsoid planet and its rings, the perturbative effect
of other satellites, and the perturbative effect of the sun. Thé
second difference lies in Duboshin's rejection of the application of
Keplerian coordinates, and his preferred use of ordinary rectangular
or cylindrical coordinates.

Duboshin also treats certain problems from the theory
of potential, in order to obtain possibly better calculations of the
forces affecting a satellite of Saturn.

In a 1945 paper(161), Duboshin presented investigations
that are of considerable theoretical interest, even though the appli-
cation had not been completed to a degree whereby the results could be
useful for epheimeris purposes. He intended to represent the motion of
any given satellite of Saturn on the basié of certain periodic solu-

" tions of a simplified problem. This simplification is obtained by re-
placing each of the disturbing satellites by a homogeneous distribution
of matter along a circular orbit, assuming zero inclination relative to
the equatorial plane of Saturn for any one of the first seven satellites.
For Japetus and Phoebe, however, the inclinations are considered by a
special method of treatment. For each of the disturbed satellitgs,'the

gravitational action of the following bodies is taken into account:
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The homogeneous rotational ellipsoid of Saturn.

A homogeneous ring of matter in Saturn's equatorial
plane, representing the actual rings of Saturn.
This ring has a given finite width.

Eight circular rings of infinitely small width,
representing the disturbing satellites.

The sun, moving in a fixed elliptical orbit corre-
sponding to the mean orbital elements of Saturn's
orbit.
It has to be expected, of course, that the periodic solutions of the
problem will have periods not very different from the undisturbed period
of revolution of the individual satellite.

Analytical expressions for the various potentials are
derived in the first chapter(161), and the gravitational potential of
Saturn's rings is treated here in a rather original way. Proceeding to
rings of infinite width, the potentials for the seven inner disturbing
satellites are then obtained by the same method.‘ For the disturbing
action of the sun, only one term is retained in the disturbing function.
For each disturbing satellite, with the exception of Japetus and
Phoebe, fhe potential, U, is divided into two parfs, ﬁ' and U", so that
U = U' + U", where U' ( p,z) is an even function with respect to the co-
ordinate z, while U" contains the remainder of U. p is the projection
of the jovicentric diétance, r, of the disturbed satellite onto the
equatorial plane; 2z is the rectangular distance from this plane, so
thaﬁ r2 = p2 + 22.

In the second chapter, the first approiimation of the

problem is derived, i.e., periodic solutions are established for the
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motion as governed by U' along. Considering small deviations, X, of the
true value of p from a constant value, a, or p = a + X, the author
proves the stability of the solutions for z = O which are variations
superimposed on a basic circuiar orbit with a radius a. The solutions
are found by the method of Lyapunov, i.e., they have the form of power
series developed for ascending powers of a small arbitrary constant,
with coefficients which are trigonometric polynomials with respect to a
linear function of the time. Elliptical integrals are used extensively
in the determination of these trigonometric polynomials. The determina-
tion of the coefficients, from their relations with the consﬁant, o,

of integration, follows Lyapunov in a very ingenious way.

In the third chapter, the author presents the development
of the potential of Saturn's ellipsoidal figure, the corresponding
developments for the nonperiodic part of the solar action, and the
special methods for dealing with Japetus and Phoebe. The nonspherical
figure of Saturn is neglected for the action oﬁ Japetus and Phoebe.

The existence of stability, in the sense of Ljapunov's definition, is
then demonstrated for the basic circular solutions in the present prob-
lem. The analytical developments are completely elaborated for each

of the nine satellites. Numerical application of th;se developments,
however, is for z = 0 only, thus leading to expressions for the func-
tion p in the case of each satellite. It can be seen that the related
periods, I, are indeed only slightly different from the well-known

periods of revolution with respect to Saturn, and that the paraﬁeter,o '

of the power series is identical to the differences between the
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disturbed and the undisturbed values of a. This numerical application
is an approximative one, and the author states that improved basic
elements and a higher numerical accuracy would be necessary in order

to obtain expressions that would be adequate for ephemeris purposes.

He says that the main purpose of this paper(lél) is to demonstrate the
existence and usefulness of periodic solutiomns based on the simplifica-~
tions which have been mades

In the fourth chapter, the second approximation of the
theory is made by introducing the part U" which had been omitted be-
fore. So far as the action of the sun is concerned, no periodic solution
exists as long as the satellite distance from Saturn is not very small
compared with the distance from the sun, or as long as the relative
periods are not commensurable. Only a nonperiodic solution is found
here for the solar part, but,nevertheless, this result for the solar
perturbations is useful.

From the purely theoretical point of view, considerable
credit must be given to Duboshin for his analytical work in this paper,
and also for taking up again the earlier contributions of Lyapunov.
These contribuﬁions were made many decades ago, but, in spite of their
importance, they have never been sufficiently known fo other workers in
the field,

In a systematic way, G. N. Duboshin(léz) (1945)-~proceeded
from the potential of a disturbing point mass to a homogeneous distri-
bution of matter in a circular orbit (used later for the secular per-

turbations produced by the disturbing satellites); to the potential of
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a circular ring of finite width; and to cylindrical rings and other
configurations of matter. These may be use@ then to build up the ob-
late figure of Saturn and the actual rings of the planets The potential
of any body of rotational symmetry and comparably complex configurations
can be obtained in the same way. Although the results for the gravita-
tional potential of such bodies were known before, the author derives
them in a new and rather ingenious manner.

This paper differs from earlier ones by the same author
mainly in that it permits any given inclinations for the orbits of the
disturbing and of the disturbed satellites.

In the first section, the reciprocal of the distance be-
tween the disturbing and the disturbed bodies is developed. The author
makes use of Gegenbauer's polynomials, which may be considered to be
a generalization or extension of Legendre's well-known polynomials
to the case where the integer, , in the generating function
¢? (o) = 1 is different from zero. For his

L - 2o 1 g0 T E : :
present pur%oses, Yife auéﬁo% extends the original theory of Gegenbauer

for these polynomials and gives some new formulas for the determination
of the coefficients. In the present developnents, Gegenbauér‘s poly-
nomials appear multiplied with functions of the time; because the cor-
responding factors depend on the changing position of the disturbing
body.

In the second section, the more g;;érél results of the

first section are used for the development of the force functions of

the different configurations which nave been mentioned above. In the
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third section, the force function is developed for the action of a
material point which is moving in a circular or elliptical orbit. In
the fourth section, all the previous results are used to construct the
force functions for the actual problen of Saturn's satellites; the
author introduces the rotational ellipsoid of Saturn's body, rings of
three—dlmen51onal extensions for the actual rings of Saturn, one-
dimensional rings for the secular perturbations produced by the disturb-
ing satellites (for the action of Japetus and Phoebe, these rings have
an inclination relative to the equatorial plane; the other satellites,
as disturbing bodies, are assumed to move within the equatorial plane),
and a fixed ellipse for the motion of the sun.

Duboshin gives special attention to the question of the
convergence of his series; he proves that all the developments used in
%his investigation converge sufficiently within limits which are wider
than the actual variations of the corresponding parameters. 4 special
investigation of the‘convergence is made for the developments in the
case of the satellite Titan.

As in the case of quite a number of other papers by
Duboshin, this one is of considerable value and interest for its analy-
tical treatment of the motion of Saturn's satellites. Undoubtedly,
Duboshin is one of the foremost author}tles in this field at the
present time; his results have influenced the activities of other Soviet
astronomers working in celestlal mechanics.,

In a more recent investigation, Duboshln(ls?) (1950) con-

sidered motions which are not periodic; he also wanted to allow for the

-
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actual complexities of the problea by using four arbitrary parameters or
small constants in the power developments, instead of the one previously
employed by him. Again, the disturbing satellites are replaced by the
gravitational action of infinitely narrow, homogeneous, and circular
rings of matter, thus introducing only the main part of the secular
perturbations by the satellites. A part of the action of the sun, the
action of Saturn's rings, and the action of Saturn's ellipsoidal figure
are introduced, as in Reference 161 (1945). Following Lyapunov's

method of development, the decreasingly small terms X390 X5 x3, PN

are introduced in a rather ingenious manner by solving the differential
equations first for Xq then by introducing the result for Xy together
with the terms of the second power, into the following solution for X5
etc. DProof of the stability of the solutions is given then, following
Lyapunov's method. Interestingly enough, the author's method of solu-
tion involves the appearance of terms which are purely secular as soon
as he proceeds to Xy, . Since stability, however, has been proven before,
the author concludes that the existence of these terms does not actually
endanger the convergence of the solﬁtion, but that the various terms
multiplied by the time, %, will offset each other.

Duboshin then proceeds to consider the problem of con-
vergence in connection with small variations of the starting conditions
or constants of the problem. He finds that the developments permit

~—=~ -=analytical continuation with respect to the variations of the inte-
gration constants, and that they will converge Qithin a definite interval

of possible conditions.
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This paper, like the earlier one on periodic solutions
in connection with Saturn's satellites, is of considerable theoretical
interest. Thesé results will bear fruit in practical applications
sooner or later; they constitute, therefore, an appreciable contribution
to celestial mechanics. The methods, which may be new, focus attention
on certain much earlier ideas of Lyapunov, ideas which are important,
but which had been forgotten because of insufficient publication of
Lyapunov's work,

The latest paper by Duboshin(174) (1953) on this sub-
ject starts with a general discussion of the different disturbing forces
which have been considered in accurate analytical theories for the
motion of satellites. As to higher order terms, which have been
neglected in the existing theories of satellites, Duboshin is concerned
mainly with the indirect terms produced by the oblateness of the planet
which repfesents either Jupiter or Saturn. Hevfinds that the influence
of the planet's oblateness on the relative orbit of the sun, on the

other (disturbing) satellites, and on the planetary perturbations has

generally been neglected without an examination of the order of the

resulting effects on the motion of the disturbed satellite. The author's
discussion of these various effects reveals the fact that they may be
neglected, with the exception of the indirect perturbations which are
related to the effect of the oblateness on the orbits of the disturbing
satellites. He says that terms for the indirect perturbations are com-
parable to other small terms which are not neglected in the theories of

satellites; he derives the necessary equations for the inclusion of
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these terms in the analytical developments for the disturbed satellite.
He also claims that the lunar theory should include the effect of the
earth's oblateness on the orbit of the sun as & disturbing body in the
problem.

The effects discussed in this paper are Very small and
may be noticeable only after considerable intervals of time. Their
consideration and critical discussion, nevertheless,are very much worth
while and make this paper a contribution to the field of satellite

theories.

(3). Satellites of Mars

The Soviets have apparently begun to study the satellites
of Mars only recently. To date, they have oniy reviewed existing
theories.

Kosachevskiy(3o3) (1954) discussed the task which still
has to be undertaken in order to obtain satisfactory theories for these
cloée‘companions of Mars: He claims that the existing theories may
suffice for ephemeris purposes, but.that, even in this respect, improve-
ment is desirable. The difficulties are connected with the various
parameters which affect the motions of these satellites and which are
.not sufficiently known today. Also, the masses of the two satellites
have‘to be determined.

Kosachevskiy plans to attempt a more rigorous theory,
utilizing the various investigations which have been made at Moscow in

connection with related ?roblems of celestial mechanics. Evidently,
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the announcement of this intended work on the satellites of Mars is
one reason for the publication of this paper, which is nothing more
than a review. However, the announcement gives more evidence of the
vigor with which Soviet astronomers try to make scientific advances in
areas where a challenge or a promise seems to exist.

i, Numerical Integration -and
Special‘Perturbations

Nunmerov's paper(497) (1923) on A New Method of Determina-

tion of Orbits and Computation of Ephemerides Taking Into Account

Perturbations has become a classic. In it, he introduces his special

coordinates for convenient interpolation in the numerical integration
of the disturbed rectangular coordinates of a planet. The sixth-
order differences can be neglected if his method of interpolation is
used., The author presents his own method after discussing the cor-
responding procedures by Cowell and Stgrmer. The author's method,
which is well known today to all workers in the field of celestial
mechanics, is based on Gibbs' formulas and takes into account the
effect of Jupiter's perturbations. The method is applied to the
determination of the orbital elements, including the effect of per-
turbations, as well as the computation of ephemerides. The method
is illustrated by a detailed example, computed by N. Komendantov,
for the planet (1) Cefes. Some tables for—thes auxiliary quantities
involved in the method are included.

Without any quesfion, this has become one of the most

fruitful publications in the field. Today, the problem of convenient

211
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o
interpolation is not quite so essential as it was in 1923, becaﬁse
of the availability of high-speed computing machines, and Cowell's
method is preferred in many cases to Numerov's. One disadvantage of
Numerov's method is the fact that his special coordinates cannot be used
for the computation or recomputation of the disturbing forces, and that
one has to go back to the true coordinates for this purpose anywaye.
Nevertheless, Numerov's contribution will always be considered as
one of the more significant ones in the field of numerical methods
in celestial mechanics.

Numerov(%99:502) (1924) next presented a method for the
extrapolation of the perturbations, which are expressed as variations
of his now well-known special coordinates. The method of extrap-
olation is similar to the method of Encke. Auxiliary tables and
an application of the method to the planet (62) Erato are given, in
order to facilitate the use of the new procedures. Numerov(499)
(1924) reported results practically identical to those published in

‘the Monthly Notices of the Royal Astronomical Society(502),

Apparently, the Soviet version was intended to publicize hié method
in the U.S.8.R.

These contributions can be considered to be.auxiliary
papers for the practical utilization.of Numerov's special coordinates
in numerical integrations representing the disturbed motioniof a minor
planet or comet. At the time of their publication, these papers

certainly helped to accelerate the general trend towards modern

Declassified in Part - Sanitized Copy Approved for Release 2013/05/24 : CIA-RDP81-01043R002000080002-5



Declassified in Part - Sanitized Copy Approved for Release 2013/05/24 : CIA-RDP81-01043R002000080002-5

computing techniques, although the availability of automatic computing
equipment today has depreciated somewhat the value of Numerov's
special coordinates.

In Numerov's method of numerical integration using special
coordinates, the effect of the sixth- and higher order differences
is neglected in the process of extrapolationj in comparison,
Cowell's method neglects the fourth- and higher order differences.
Numerov(503) (1925) investigated the influence of these neglected
higher order differences, considering them to be produced by a
fictitious disturbing planet. For this study, he develops an
analytical theory of the related perturbations of the polar coordinates,
following Hill's method. The resulting expressions are converted into
perturbations of the rectangular coordinates, to facilitate their
application for the purpose of this study. It is found that the
influence of the neglected sixth-order differences may be considerable,
especially near perihelion, if the interval of the integrations is
too iarge. Although this influence of the sixth-order differences
can be rendered harmless by the proper choice of the interval, the
other possibility is to improve the integrations either by successive
approximations, or by using the analytical expressions derived in

this paper. For a given example, the differences between the

accurate orbit and the approximate one (which neglects the sixth

and higher differences) have been compufed in both ways, i.e.,
numerically and analytically, and a reasonable agreement is found. This
example, at the same time, provides a numerical test of the analytical

expressions.
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Since certain differences are neglected in the application
of the author's method of special perturbations, it was certainly
worth while and interesting to investigate the size of the possible
errors thus introduced. Therefore, this is a valuable contribution,
which makes it possible to estimate the ‘errors of the approximate
perturbations.

Since it was originally published in 1923, the Numerov
method of extrapolation has been altered considerably in some of
its parts. The modifications were made in order to meet the re-
gquirements of practical applications amore conveniently. Numerov(508)
presented the complete formulas of thé revised method in 1926, but
without giving their derivations. The main purpose of the later paper
was to have the final form of the method available in one place, to
aid further practical applications. A detailed example of such
application is given for the planet (319) Leona.

Insofar as the author's previous results are compiled here

merely to allow more convenient use of the method, this paper, by

itself, does not represent a new contribution. ‘Publication of this
compilation was very commendable, however, because the author's methéd
had become widely accepted and appreciated, and because, for orbit
computers, it was very inconvenient to use a number of successive
articles in order to find the equations in their latest and most
appropriate form.

By adding two additional terms, Komendantov(288) (1931) in-

creased the accuracy of an equation given by Numerov for the
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interpolation of the disturbed planetary coordinates. The new formula
. is illustrated by its application in two examples., This formula in-
creases the accuracy of Numerov's method of extrapolation énd avoids
the necessity of computing the higher differences (as did Numerov's
more approximate formula).
Komendantov, had used Numerov's extrapolation method for

the orbit of the minor'planet (1) Ceres, taking into account the
perturbations produced by Jupiéer. Then, he(283) (1924) utilized
additional observations, after recomputing the disturbed coordinates
as affected by Saturn, as well as by Jupiter, in order to derive
improved elements based on 16 normal places during three successive
oppositions from 1920 to 1923, The final representation of these
normals has the mean errors +0%10 and *0Y9 in ¢ and § , respectively.
The author concludes that, if the sixth derivatives are included

in the computations, the extrapolation method is adequate for a rigorous
ephemeris, and that three oppositions are required in order to obtain

elements which are sufficiently accurate~for this purpose.

This paper is only a routine application of an existing

method to an individual planet, but, from the final results it is
obvious that the computations were doune with great care and ability.
Komendantov(ass) (1930) made use of Numerov's method of
extrapolation for the»computation of the disturbed coordinates of
the Trojan planet (588) Achilles. The integration includes the dis-
turbing actions of Jupiter and Saturn, and the computations extend

over two heliocentric revolutions of the planet. The author found
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that, for the relatively slow orbital wmotion of a Trojan, the extrap-
olation method is particularly convenient and useful. Several cor-
rections of the orbital elements, and recomputation or proper revision
of the perturbations, are made, until the observations in nine opposi=
tions from 1906 to 1929 are represented with the high accuracy of
+3¢0, The author also presents some general considerations concerning
the computation of the disturbed asotion of a minor planet, about the
accumulation of errors in such numerical integrations, and about other
related questions.

This is a technical contribution insofar as it presents the
results of extensive computations; actually, the level of the paper is
rather high, because considerable attention is given to the discussion
of the practical problems which are iﬁportant for the successful
execution of such work, The computations, themselves, obviously have
been done with the utmost care and have been brought to the highest
possible level of perfection. From the discussion of the probable
errors of the results, it can be seen that the author thoroughly mastered
the theory and practice of perturbations and of orbit dete?mination.'

A method of orbit correction by Komendantov(29o) (1934) was

especially constructed for use in connection with. Numerov's extrapola-

tion method for the computation of special perturbations. The quantities

to be determined from the solution of the equation of conditions are
the six corrections to the rectangular heliocentric coordinates at two
successive times, tl and t2, as separated by the time interval, w, of

the numerical integrations. The corrections ( Axi, A X5 A Yqo
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A Yoo Azl, and Azz) can be utilized directly to obtain an improved
series of special coordinates for the whole interval covered by the
numerical integrations.

The method is useful for orbit corrections on the basis of
perturbations computed by Numerov's method, and the equations of condi-
tion appear to be of a relatively simple form. This is an original
contribution, but nothing extraordinary, and the results are of interest
only in connection with the special method developed by Numerov for the
computation of planetary perturbations by numerical integration.

Postoyev(567) (1926) gave a detailed presentation of Numerov's
new method, including all the improvements which had been made since
the method was first published in 1923, The computation of the elements
of the minor planet (283) Emma is given in considerable detail as an
illustration of the method. All the equations and schemes of computa-
tion are given in a form which assumes the use of desk computing
machines.

The paper, of coursey does not represent any scientific prog-
ress by itself. Nevertheless, at the time of ité publication, it
probably was useful to orbit computers as a manual on the practical ap-
plication of Numerov's method.

In a theoretical discussion of the errors which are committed
by omitting the differential quotiénts highef.than the fourth order,
in the extrapolation method for the rectangular coordinates, Tyakht(766)
(1937) treated the neglected effects Qs the disturbing effect of a

fictitious planet and integrated the related approximate differential
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equations. In this manner, he arrived at certain formulas for the
influence of the neglected derivatives up to the tenth order. Tables
are given in order to facilitate the application of the formulas. By
making use of these results, one can avoid the process of successive
approximations in connection with the extrapolation method.

This discussion is of some interest from the theoretical
point of view, insofar as the results are helpful in estimating the
size of the effects under consideration. It remains doubtful, though,
that the results will be of any practical value. If one wants to com-
pute approximate perturbations, one is inclined to discard such cor-
rections completely. To obtain accurate perturbations, computers are
not inclined to bother splitting the perturbations into two parts of
different order; they prefen instead, to improve the complete values
of the perturbations by a process of successive approximations, especially
since automatic computing equipment has become available. Nevertheless,
the investigation ‘remains of some interest from the theoretical viewpoint,
especially in connection with the basic principles of the extrapolation
method. |

Numerov(513) (1929) used his well-known method of extrapola-
tion computations for the disturbed orbital motion of the Trojan
planet (659) Nestor. The computations cover the time interval from
1908 to 1928, and the interval of the integrations is 320 days. In
the extrapolation process, the terms of the sixth and of the eighth
order are taken into account by means of the undisturbed elements.

The author also gives a convenient scheme for the interpolation of the

Declassified in Part - Sanitized Copy Approved for Release 2013/05/24 : CIA-RDP81-01043R00200080002-5



Declassified in Part - Sanitized Copy Approved for Release 2013/05/24 : CIA-RDP81-01043R002000080002-5

special coordinates for n = %. The ephemeris for 1928, computed on
the basis of the extrapolated coordinates, differs by amounts of the
order of 0?3 in a and 1' in § from a rigorous ephemeris by Struisky.
This is only a computational exercise, but it presents an
interesting application and test of Numerov's extrapolation method.
The results must be considered to be very satisfactory, since they
have been obtained by an approximate method, using an extremely large

interval. It is evident that the author's method is very economical

for planets such as the Trojans.

In his paper on the improvement of the initial six coordinates
in the method of extrapolation, Numerov(514> (1931) uses the differen-
tial relations between the dynamically consistent, small variations,
dE, d;, and dE, of the two initial positions and of a later position,

X, ;, ;, to form the equations of condition by means of which the two
initial positions may be improved, if the corrections for later positions
are known. The method has the advantages that no elements are in-
volved, and that the effect; of the perturbations are readily included.
In doing this, the author has proposed an interesting and convenient
method, which‘has been devised to meet the requirements of the extrap-
olation method for the computation of perturbations. The method is
elegant and has the features of modern methods of numerical computation.

Boyeva(74'75) (1933 and 1935) applied Numerov's extrapolation
method to Jupiter VIII. On the basis of her 1929 work using this method,

the satellite was recovered in 1930.
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The formulas which were ordinarily used at the Institute
of Theoretical Astronomy, Leningrad, in computing the osculating ele-
ments on the.basis of the disturbed rectangular coordinates, were given
by Komendantov(289) (1932). Although differential corrections to the
initial set of coordinates, instead of element corrections, can be de-
termined, and the use of elliptical elements actually can be avoided
when computing the disturbed orbit of a planet by Numerov's extrapola-
tion method, the final results, at least, are usually given and published
in the form of osculating elements. The formulas presented by the
author are convenient to use with machines and numerical tables. The
author does not claim that these equations are new; he merely wants to
provide orbit computers with the formulas which proved to be the most
practical and convenient ones in the wsrk at the Institute of Tueoreti-
cal Astronomy.

D. K. Kulikov's paper(325) (1950) on numerical methods of
celestial mechanics, which are used to study the motion of Jupiter VIII, is

discussed in the section on Planetary Satellites.

The principal purpose of an investigafion by Mikhal'skiy(416s418)

(1932 and 1933) was to derive and present the equations necessary for
the computation of the coefficients of the corrections to the masses of
Jupiter and Saturn in the equafions of condition. The authof mentions
that the necessary.equations had not béen given before in textbooks,’
even though they had been used before by individual workers in the

field.
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Every competent astronomer can arrive at the necessary
formulas without too much trouble, even without reference to such text-
books, but it‘is certainly worth while to have them derived and
printed some place in the literature, particularly for students ap-
proaching these problems for the first time. The author deserves credit
for providing the necessary equations, which are valid and needed in
the case where the planetary perturbations are those of the ellipti-

cal elements. In this case, it is possible to utilize the coefficients

of the element corrections directly in the equations of condition for
the computation of the mass coefficients; in the case of coordinate
perturbations, for instance, one would have to use a different method.
Altogether, this is a useful, although not extraordinary, contribution.
The motion of the minor planet (659) Nestor, a member of the
Trojan group, was determined by Mikhal'skiy(418) (1933) in the form
of accurate special perturbations by the eight major planets from ‘
Mgrcury to Neptune., Eighteen nofmal places from the years 1908 to
1931 were used for a final differential correction of the elements,
including two corrections to the masses of Jupiter and Saturn. As=-
signing weights of from one to three to the various‘normals, the author
obtained the final mean error of + 43 for the unit of weight; the
individual residuals (observation minus calculation) go up to about
+ 9" for certain normal places. For the reéiprocal‘of thé hass of
Jupiter, the author finds 1047 * 0.87, and for Saturn, 3534 £ 20.3.
This is a computational investigation involving det;rmina—

tions of two important planetary masses. The mean or probable errors
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of the results, however, are too large, and the results, therefore, are

L L St i e fh ARy 8 e a bt
.

of no significance. This is clear also from the rather poor represen-
tation of the normal places. The mean error of any satisfactory normal
places of minor planets should not exceed one or two seconds of arc,
unless the observations or the computations are poor, Although the
author evidently is theoretically competent and knew what he was doing,
it is doubtful that the numerical computations'had actually reached

the required stage of refinement and convergence.

Proskurin‘s(572) (1951) heliocentric orbital coordinates for

Jupiter are discussed in the section on the Construction of Tables.

Runge's method for the integration of differential equations
makes use of the Taylor series developments, discarding terms higher
than a certain order. The integral is obtained as a combination of
the values of the integrand for certain values of the argument. In
general, the evaluation of the (approximate) solution is rather elabo-
rate and, therefore, Runge's method did not find many applications in
celestial mechanics. Reznikévskiy.and Shchigolev(653) (1953) pointed
out, however, that the method may be used with advantage for'starting
a numerical integration, as well as in certain cases of largé per-
turbations. Their paper amounts to a presentation of Runge's method
for differential equations of tEi_first and of the second order, in a

e L S e

form which is most convenient for the problem of celestial mechanics.

The form of the solution depends on the highest power to be retained in

the developments with respect to the interval, h, of the numerical inte-

gration; the authors derive the proper expressions for the two cases where
either the third or the fourth'powef of h is the highest power to be

considered.
222
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In this paper, a well-known mathematical method is merely

adapted and presented for a proposed use in celestial mechanics. The

presentation is well done, but nothing basically new is given.

Subbotin(737) (1933) reviewed the methods of numerical in-
tegration, in order to compare their effectiveness as far as the rapid
convergence of the successive approximations is concerned. Starting
on the basis of the formulas of Cowell and Stgrmer, he separates the

main equation for the double summation into two parts. Thus, the main

part can be extrapolated with high accuracy, while any successive
corrections Qill have to be applied primarily to the separated second
part. He then praises highly the method of Tietjen-Oppolzer for polar
coordinates, because a second approximation is frequently unnecessary
in this method. Numerov's special-coordinates method is considered as
a modification of the method by Tietjen-Oppolzer; the author is in
favor of the original method by Tietjen-Oppolzer, because, here, the
typical features of a simple gquadrature prevail and guarante? a slow
accumulation of errors. .

' This is a good paper, not so much because of the new modifi-
.cations presented by the author, but because of the critical comparison
made of the essential features of the various methods. The author
demonstrates good judgment‘and high coumpetence.

Subbotin(738) wrote a.popular repCMe on the progress and
status of celestial mechanics in i933; the various methods for the
numerical integration of diffe;ential equations were given emphasis.

The methods of Darwin, Stroemgren, Cowell, Numerov, and Tietjen-Oppolzer
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receive special attention. The author says that the methods of
numerical integration are being used now (1933), more than in the
past, because their use has been facilitated by the availability of
modern equipment (desk calculators).

A popular article such as this one does not contribute any-

thing new; however, it serves a good purpose by making a wider circle

of people familiar with the basic features of numerical integrations
in celestial mechanics. Certainly, the author is a very competent
person for writing such an account.

j. Capture in the Three-Body
Problem

A pioneer paper in the field of the capture problem was
written by 0. Yu. Shmidt(708) in 1947. The paper is extremely important
because it opened an entirely new field of investigation and inspired
analytical investigations by other Soviets concerning the possibilities
of capture. Although Shmidt started on the basis of results by
Bpik, Lyttleton; and Chandrasekhaf, these Western authors had not

‘realized that the simple reversal of time would lead éo significant'
progress in the proble@ of capture. They had different purposes in
mind. Credit éor the considerable recent progress in the capture

.probleﬁ goes to the Soviet authors, even though the present (and first)

e . - - ety - . g B
paper on this subject employed only well-known numerical techniques and

procedures. If it were not for the language barrier (no English
abstract is given), this paper might perhaps have inspired parallel

efforts in Western countries. The lack of the Western-language abstracts,
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although it Aelays world-wide recognition of new results by Soviet
authors, does, on the other hand, "protect" them from early Western
competition in a newly opened field.

In his introduction, Shmidt states that the idea of capture

has freéuently been considered in cosmogonical investigations (for

example, in his own work on the origin of visual double stars), but
that no proof for the possibility of capture had ever been given. On
the contrary, Chazy's papers (1929 and 1932) had concluded that capture
was impossible in the case of three bodies moving originally in hyper-
bolic orbits with respect to each other. The author then states that,
although Chazy's considerations are correct for the case where the
energy constant, h, fulfills the condition h < 0, Chazy's conclusions
were based on analogies with the case h > 0O, and no rigorous proof for
the impossibility of capture in the case of h > 0 had ever been given.
Actually, Shmidt says, the investigations by Bpik, Lyttleton, and
Chandrasekhar, on the instability and possible dissolution of certain
double stars, constitute evidence for the possibility of capture,‘bé-
cause the corresponding results follow automatically if the direction
of time is reversed.

The author then presents a numerical integration of the motion

of three equal masses, two of which are moving in elliptical orbits

relative to each-ewtes- while the third body -eswsoaches in a hyperbola --;

and closely passes one of the first two masses. The result, which is
presented graphically in the paper, is the separation of the double~

star pair and hyperbolic motion of each mass relative to each of the
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two others. For the reversed direction of time, then, this numerical
investigation established an actual case of capfure for the given,
very special, starting conditions. The rest of the paper is more or
less intuitive and includes considerations of the possibility of capture
for a variety of starting conditions, and the (small) probability of
capture.

J. Chazy, in his various papers published between 1918 and
1932, was concerned with the problem of capture; by topological
considerations, he thought he had proven that under no circumstances
could three bodies, originally moving in hyperbolic orbits relative to
each other, ever end up with elliptical motion of two of these bodies
relative to each other. Gazaryan(209) (1953) points out that there are
certain weaknesses in the topological érguments used by Chazy, and he
comes to the conclusion that, actually, Chazy did not prove the
impossibility of capture for the case that the energy constant, h,
is positive.

This is an important theoretical paper, the resu}t of which
removes the obvious contradiction between the theorem of Chazy and
the numerical verification of an actual case of capture by Shmidt.

‘ - After Shmidt's work appeared, Khil'mi began to publish a
series of papers on dépture in the n-body and three-body problenms. In
the first of these(265;?ﬁﬁT!PB48,‘KhLl‘mi gives four theorems. The
first of these says that the three relative distances will increase
beyond any finite 1limit .for t —= + = , provided that, at a given time,

tys the values of. the coordinates and velocities satisfy certain given

Declassified in Part - Sanitized Copy Approved for Release 2013/05/24 : CIA-RDP81-01043R002000080002-5



Declassified in Part - Sanitized Copy Approved for Release 2013/05/24 : CIA-RDP81-01043R002000080002-5

inequalities. The proof for this theorem is given in another

paper(267) (1950), but this proof is not rigorously correct, as the
author later stated(272) (1951). Proof of the other three theorems also
was given in later investigations or by numerical results. According
to the second theorem, if certein inequalities are satisfied, the
distance between two of the three masses will remain smaller than a
certain upper limit, R, while the third mass will depart to unlimited

distance values relative to the other two for t == + » . The third

theorem states that capture is possible in the three-body problem.
This is the most important result in this paper, because it is contrary
to Chazy's earlier claims that capture is impossible. Chazy's reasoning
was not rigorous, however, as was shown by Gazaryan (cf. Reference 266).
Khil'mi then finds that his first two %heorems are satisfied when they
are applied to the numerical integrations which Shmidt had obtained
for an actual case of capture.

In the fourth theorem, Khil'mi says that the "measure' of
the possible starting FOnditions leading to capture is different from‘
zero, and that, ‘therefore, the related probability of capture has &
value different from zero.

Three years after his first paper appeared, Khil 'mi(272)
(1951) presented two more theorems. The first one states that, if the
congtanc of the energy integfal, H, is greater than zero, and if three
certain inequalities are satisfied by the relative positions and
velocities (using the coordinates of Jacobi) at a given time, to, then

one of the three bodies will monotonicly increase its distance from
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the center of gravity of the other two masses with t = + o, while

the distance between the other two masses will not increase beyond a
certain given limit, R. After proving this theorem, Khil'mi proceeds
to the second theorem, which he proves by reduction of the proof to

the proof of the first theorem, The second theorem states that, if .

H > 0 and if, at the time to, two certain inequalities involving the
starting positions and velocities and two constants, R* and ¢ , with

¢ < R*, are satisfied, then one of the three bodies will increase its
distance from the other two without limit, while the other two masses
will not depart from each other beyond the limit R*. Both theorems are
important and useful as criteria for the permanency of any case of
capture, such as the one established by Shmidt on the basis of numerical
integrations.

This paper replaces an earlier one by the same author. The
proof given in the earlier paper(267), which dealt with a more general
‘case of n-bodies, was not correct, as the author mentions in the present
paper. He had been inforﬁed by Merman about the lack of validity of .
his prodf. A valid proof now is presented’for the case of three bodies,
but no actual proof>exists so far for the more general theoreﬁ of
n-bodies.

The first critefia for the determination of the naturé of

the relative orbits of three beddes before and after a-desasmms nproach,

so as to decide about the occurrence of capture on the basis of
numerical integrations, as in the famous first example by Shmidt, Qere.

given by Khil'mi. The criteria of Khil'mi required the availability of

Declassified in Part - Sanitized Copy Approved for Release 2013/05/24 : CIA-RDP81-01043R002000080002-5



Declassified in Part - Sanitized Copy Approved for Release 2013/05/24 : CIA-RDP81-01043R002000080002-5

data for the numerical integration for a rather long interval of time.
Merman(394) (1953) presented new criteria, of a sufficient but not
necessary type, which, if fulfilled, establish the occurrence of capture.
These new criteria are more efficiént than the earlier ones of Khil'mi,
because they require data for the numerical integrations which become
available after a comparatively short interval of time.

This is a rather valuable contribution by a distinguished
writer. The new criteria should be of great benefit for many future
investigations which employ the tool of numerical integrations, one of
the most effective ones in the complicated capture problem.

Merman(396) (1.953), in his paper on the sufficient conditions
for capture in a restricted hyperbolic problem of three bodies, gives
the definition of capture according to Chazy for the case of a double
approach. Capture has occurred if, before the approach, all three
bodies had hyperbolic orbits relative to each other, but if, after the
common approach, the distaﬁce of the small mass from the one finite
mass, m}, remains under a certain upper 1imit for t—= + » while the
motion of the small mass and of my relative to my remain§ hyperbolie.
The author mentions the numerical verificétion by Shmidt of a case of
actual capture.

In the first section, Merman investigates the differential

" equations of the probleim &na certain simple, yet important, in-

equalities. If, for example, one of the masses describes a hyperbolic
orbit relative to a second mass, the absolute amount of the radius

vector, r (after the approach and for t—= + » ), always lies between
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two certain limits which themselves are linear functions of the time,
t, depending also on the given initial~’values of r and of the velocity
vector, %, at the time tg. Certain more complicated inequalities are
connected with the energy and area integrals.

In Section 2, Merman states and proves not less than 15
different criteria, in the form of inequalities; each of these, if
fulfilled, gives proof of the hyperbolic-elliptical cﬁaracter of the
given orbital motion. These are the sufficient criteria for hyperbolic-
elliptical motion, such as would be realized by the small body after
the approach to my and m, if capture took place. All these criteria
refer to the occurrence of hyperbolic-elliptical motion after the
approach (for t—> += ), whereas hyperbolic-hyperbolic motion is assumed
for t—> - w.

In Section 3, comparable criteria are given for the hyper-
bolic nature of the final motion for t—> + » . Capture has not occurred
if any of these criteria apply to the actual .aotion after the approach.
An estimation of error is ma@e in Section 4, considering certain
simplifications which have been made in the derivation ofvthe various
criteria. Section 5, finally, contains the resulting conditions for
the occurrence of capture; theserare divided into necessary and
sufficient conditions. |

This paper undoubtedly is a brilliant contribution;
significant progress has been made with relatively elementary means.
This work certainly supersedes the various papers by Chazy, who was

thought to have proved that capture is not possible at all under certain

-
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conditions. Merman's investigation now specifies the éctual require-
ments for capture.

Merman(397) (1953) next applied the criteria which he developed
in his previous paper (cf. Reference 396). The earlier relations are
modified for this purpose by introducing the nyperbolic eccentric
anomaly, g,.instead of the time, t, as the independent variable of the
problem. For equal finite masses, i.e.,for m; =m, = 1, and for a
given hyperbolic orbit of these two masses relative to each other,
the motion of the small body is found by numerical integration (Cowell's
method) over a certain length of time before and after the approach.

For two given moments, before and after the approach (or
before and after capture), the author applies his process of successive
approximations for the determination of the various quantities which
are characteristic and significant for his final and rigorous criteria.
For the given example (the starting conditions of which undoubtedly
had been found only after previous numerical expe;imenting with varying
initial data), the approximaée"criteria, as well as the rigorous ones,
confirm the occurrence of hyperbolic-elliptical motion after the ap-
proach, and capture, therefore, has éctuélly occurred.

Compared with the ‘author's previous basic paper(396), the

present one is a more technical presentation; still, the presentation

of actual exampies of capﬁurgffs a matter of great interest. There-
fore, this paper, too, has‘to be counted as one of the really important

contributions to celestial mechanics.
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Next, Merman extended(399) (1954) his earliest results
(cf. Reference 396) to the case where the two finite masses, o and
mo describe a parabolic orbit relative to each other, instead of a
hyperbola. According to the much earlier papers by Chazy, no capture
of the small mass should be possible in such a case, if the small body
moves hyperbolically with respect to both finite masses before the
common approach., It had been shown by Gazaryan (cf. Reference 209),
however, that Chazy's conclusions were wrong, because they were not
reached in a sufficiently rigorous way.

In the first section of the present paper(399), the basic
differential equations, as well as the important inequalities, are
given; this differs from the corresponding section in Merman's previous
paper(396) only insofar as the introduction of a parabola, instead of
a hyperbola, for the relative motion of my and m, is concerned.
Similarly, the other four sections of the paper.contain the correspond-
ing modifications of the same sections in the original paper and need
no further comment; The fingl results are the neceséary and sufficient
conditions for the occurrence of capture.

This investigation is a .iore or less technical extenéion of
previous work to a special and different case. After an important ad-

vance onto new ground has been made, however, full "occupation' of

this new ground has to be undertaken, too; therefore, this secondary

paper is also a valuable contribuﬁion, even though the essential efforts

were made in a previous paper.

3
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Merman(%01) (1955) thea treated the more general case where
all three bodies have finite masses. Assuming that two of the masses
have a relatively small velocity with respect to each other, and that
the third mass is at a larger distance or that its distance from the
first two masses increases fast enough, the author gives six certain
conditions (in the form of inequalities) which, if fulfilled by the
given starting data, establish proof for the hyperbolic nature of the
motion for t —=> +» .

The author's deductions are very clear and rigorous from the
mathematical point of view, making this an important as well as an
elegant contribution.

Shmidt's findings gave cause for the re-examination of Chazy's
derivations, and Merman(398) (1954) reinvestigated the principal
theorems. Making use of abstract'mathematical concepts, such as the
measure of a given set of points in 12-dimensional phase space, Merman

arrives at a certain refinement of the basic elements which are in-

volved in Chazy's theorems, but this does not help him much in arriving

at concrete results. Certain theorems, dealing with the probability of
the occurrence of certain developuments, are restated in éhe new and
more rigorous form, bgt nothing really concrete takes thg place of the
theorems of Chazy that was not actually proved in Chazy's papérs;

Some results in the presenb—paper;%tht the form "if the co&*eSponding'
‘theorem by Chazy is correct, then the following is also true...”, but,
apparently, even the refin;d mathematical approach is not sufficient

to clear the basic problems theoretically to any great extent.
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Obviously, the mathematical difficulties in the treatment
of the capture problem are enormous, and the author cannot be blamed
for the limited extent of his positive results. His investigation is
deep and competent, and the general level of this contribution is very
high.

In his Dynamic Systems, Birkhoff presented seven theorems

concerning the problem of three bodies. These theorems deal with the
existence of hyperbolic-elliptical motion under certain conditions,

and with problems such as have been studied by Merman. Birkhoff's work
has appeared in a Soviet translation, and Merman states that some of
the formulations and proofs by Birkhoff are not sufficiently precise and
clear. For two of the above-mentioned seven theorems of Birkhoff

(Nrs 6 and 7), Merman (404) (1955) presents a revised and refined
formulation, together with the necessary proof. He also gives a
corollary to Birkhoff's theorem Nr 2.

Merman is an authority on these problems and undoubtedly has
pointed out some weak points in the related work by Birkhoff; He does
not.mention thg word "error", but apparently, ‘Birkhoff's reasoning was
not rigorously correct in connection with these two theorems.

Proskurin was in charge of some numerical studies made at

the Institute of Theoretical Astronomy after Shaidt's first demonstra-

tion of the.possihility of.ggpture. He(57il_‘lg§3) Jave the results _ X

of the numerical integration, which essentially duplicates the oﬁe by
Shmidt., Shmidt did not publish his results in a detailed, step-by-

step integration. Also, it was found that Pariyskiy, who did some of

234
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the numerical work for Shmidt, had made a slight error at one place in
the integration. The present results reconfirm the essential result

by Shmidt, that capture occurs for the given starting conditions of the
three bodies involved. The fact of capture is not verified by means

of the theoretical criteria of Khil'mi and Merman in this paper, but,
evidently, this verification was taken for granted because of all the
studies which had already been made on this problem. The main purpose
of the paper was to publish the numerical data for each step of the
numerical integrations, at least for the time interval during which the
essential orbital changes take place.

This is a technical paper, because it presents the detailed
results of numerical integrations in the forw of tables and graphically,
but, in the rather new and unexplored field of capture, this numerical
approach is very important indeed. Therefore, this is an interesting
contribution which provides workers in this field with the detailed

features of capture in one special case.

In 1955, Proskurin(577) presented a numerical exaﬁple of a

case of orbital motion where a very small mass, m3, approaches the

elliptical two-body orbit of the finite masses, m, and my, in a

1
hyperbolic orbit, and where the close approach changes this hyperbolic
motion, relative to my and my into an elliptical one. Actually, it is
showlepnly that the ellipfgrity of the chggeed orbit segﬂg-go be ass?red
for about 1OL+ years, This result is obtained on the basis of the
assumption that m

1 and m, are the sun and Jupiter, and of the special

starting conditions for the motion of the zero mass, m These

3.
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conditions are such that the numerical integrations could be made
for an interval of 50 years.

This is an interesting numerical study, obviously inspired
by the earlier investigations of Shmidt and Merman. As in other
simi}ar examples, the margin between capture and noncapture apparently
is so narrow that, on the basis of the necessarily limited accuracy of
such an integration, the author caﬁnot conclude more than that capture
seems to be assured for a certain interval of time. The question of
permanent capture remains open.

At the suggestion of Proskurin, Khrapovitskaya(276) (1953)
carried out a capture study that essentially parallels the numerical
integrations carried out by Shmidt. Whereas Shmidt assumed
the masses of the three bodies involved to be equal, Khrapovitskaya
assumes that the one mass, which initially moves elliptically relative
to the second one, has the mass zero. The numerical integration shows
that the third, finite mass, approaching in a hyperbolic orbit, still

captures the first hass, as in the case of Shmidt's famous first

"example. Merman's criterion is used to verify the fact that capture

has occurred.l The most important result of the study is the finding
that, whereas capture is possible in-connection with an exchange of
energy between the masses involved, as was claiméd by Khil'mi, merely
a change iE-:Ef magnitude -of the relative velocities seem? to qifﬁer
also. ‘

This is a study which leads to certain results of éeneral

importance, even though the paper is technical, insofar as it gives
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nothing more than the results of certain numerical integrations. The
capture problem meets so many theoretical difficulties that numerical
studies, such as the one by Shmidt and the present one, are of real
significance. This is a contribution which deserves attention in con-
nection with further exploration of this field.

Sitnikov(714) (1952) considered a special case in the capture
problem where the starting positions and velocities of three equal
masses depend on only three parameters. He shows that Khil'mi's
theorem for capture applies if certain inequalities are fulfilled by

the three basic parameters. Using a system of three masses such that

these conditions for capture are met, and also an auxiliary mass
system with slightly different starting values, the author demonstrates
the possibility of capture for a finite variety of starting conditions.
Although the paper represented an original contribution at
the time of its publication, the subject is too specialized compared
with the actual problems, which depend on more than three parameters.
Therefore, these special results cannot be expected to bear fru;t in
connection with further investigations of the capture problem.
Fesenkov(191) (1946), in his paper on the possibility of
capture at close passages of attracting bodies, was not concerned with

the rather exceptional conditions under which captures might occur, for

example, in case studied by Shmidt. Righer, he considers astronomical

problems, such as dust particles moving close to the earth and more or
less parallel to the orbital motion of the earth, a comet passing close

to Jupiter, and similar situations. He assumes that the concepts of
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the restricted problem of three bodies are applicable and obtains a
certain relation between two different sets of orbital elements, a,

e, and i, of the small body: the one set of elements is referred to

the mass center of the two finite masses (or approximately to the sun);
the second one refers to the finite planetary mass. Making a reasonable,
but not very clearly defined, assumption about the value of the Jacobi
constant of the small body, the author demonstrates that, for example,
the half-major axis of the jovicentric elements (at the time when
Jupiter is passed by the small maés) is a great quantity compared with

the dimension of the system and, therefore, that capture is impossible.

A certain lack of rigor is connected with the rather loose
assumptions concerning the starting orbit of the small body. The
author has nevertheless shown that, uﬁder fairly reasonable assumptions
for the Jacobi constant, capture appears to be impossible for the kind
of problems considered in this study. The results are of interest for
cosmogonical problems, because they indicate that, without the intro-
duction of mass variations or other additional forces (friction in a
nebulous medium, etc.), the occurrence of capture-(qr of escape) cannot

be expected.

Kochina (280) (1954) presented a very interesting example,

obtained by numerical integration, of a case where a small body of mass
~mg = 0 at first«movesew llipticadey with+ospect to=s™Pinite mass; ma,"

but is separated from ma‘by the effect of the close passage of another

finite mass, m which has a parabolic motion with respec# to ﬁa. After

being released from the gravitational hold of ms the small mass,umo,-
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moves approximately parallel to the parabolic orbit of m, , if both
motions are referred to the mass my . She found that the osculating
elements of m with respect to m, are elliptical. The major axis of
this osculating ellipse evidently increases with t—» + » , so that

m, never actually crosses the orbit of ml (relative to m2), but remains
finite for all finite values of the time, t.

This &xample is of special interest with regard to the earlier
investigations by Chazy, according to which an orbital change of the
kind established here should have been impossible. No actual contradic-
tion exists any more, though, because it was shown that Chazy's
conclusions were partly erroneous (cf. Reference 209). The present
investigation is a very interesting and important numerical verification

of the analytical progress which has been made by Gazaryan and Merman.

3. Calculation Procedures

Yanzhul did some ploneer work on the appllcatlon of punched-card
equlpment to sclentlflc calculations, as did Comrie and Bckert in the
West. In a descrlptlve paper, Yanzhul (834) discussed in some detail
the punched-ca;d computing machines available in the U.S.8.R. in 1939.
In addition to the pibtures and déscriptions:of the various machines,
the priﬁcipal part of.the paper deals with the application of these
machinés to astronomical, problems. The author consideréa.gﬂgz*cations‘

that already had been made, as well as potential ones. Credit is

given to the fact that the first machines were imported from the U. S.,

but much emphasis is put on the development of similar machines in the
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U.S.S.R. The author claims that a new "tabulator", then under
construction in the U.S.3.R., would be better and uwore versatile than
the best U. S. tabulators. The new tabulator was to include a punching
unit, so that the results could be punched on cards at the same time
they were printed. The author stresses the use which Soviet astronomers
would not fail to make of the improved machines developed in the
U.S.S.R.

Much propaganda is contained in this technical report, of course,
but, at the same time, it contains an account of the computing machines
that were actually available and used in the U.S.8.R. in 1939. The

report praises Soviet work in the field of computing machinery mostly

in terms of plans and potential accomplishments, and not so much with
regard to accomplished facts. Nevertheless, it becomes clear that the
importance of these technical developments was fully realized in
Soviet scientific circles at this relatively early time.

In celestial mechanics, the mgltiplication of two trigonometric

series is a frequently occurring problem. Kulikov(325), in 1949,

described the proper use of the tabulator, multiplier, and reproducer,
in order fo make the most efficient use of punched-card equipment for
the solution of this probleﬁ. The product series includes the common

factor 2, which is a certain disadvantage, because, after n consecutive

multiplications, the resulting series has the factor 2",

This paper indicates a strong interest on the part of Soviet

astronomers in utilizing automatic computing machinery for the purposes

and problems of astronomy. This contribution would certainly have
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helped to advance the application of wodern computing machines to the
field of celestial mechanics in the U.S.8.R. It should be noted that,
here, the application of machines to theoretical developments is
pursued, in contrast to the more frequent use of guch equipment for
numericdl integrations.

A detailed description of the computation by Numerov's method of
the special perturbations of minor planets, as performed on punched-
card machines at the Institute of Theoretical Astronomy at Leningrad,
was published by Samoylova-Yakhontova in 1952(671). The integrations
by means of machines, which are evidently very similar to the IBM
Type 601 Multiplier, are discussed at length; tables are given contain-
ing Jupiter's rectangular coordinates and various gquantities which
are needed in the application of this method of perturbations. Many
of these quantities are available in various earlier publications or
books; such material is not normally reprinted in new publications in
the U. S, merely as a matter of convenience.

Evidently, the so-called reduction in Numerov's method 1is neglected
in thesé nachine computations, and the interval of the integrationé is
chosen in such a way as to permit this neglect for a certain degree of
accuracy. A special table gives the prbper interval for a given .
planet. For a considerable number of minor planets, the .residuals
(observation minus calculation) are takglated, thus indicating the’
quality of the perturbations which have been included in the representa-
tion of these observations.' Obviously, the results are satisfactbry

for a method of approximate perturbations, but a more rigorous method
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would be needed for an accurate representation of the actual motion
of a minor planet.

This publication is a technical description of an application of
a well-known method., It does not represent anything new or significant.

The existence of equipment similar to the IBM Type 601 Multiplier
at the Institute of Theoretical Astronomy was further verified by a
paper by Bokhan(83) (1952). The author gives the equations and the
computational scheme which are being used at the Institute of
Theoretical Astronomy in applying Numerov's method of special perturba-
tions to the performance of integrations on punched-cérd machines. The
procedure differs from the one described by P. Herget not only by the
use of Numerov's special coordinates, but also by the determination of
the "second sums" from the integration scheme in preference to the
direct summation of the A'"x, A"y, and A"z,

The paper is of a technical nature; it reports the adoption of
well-known methods to practical use in connection with punched-card
machines.

The most detailed and most recent account of equipmenﬁ at the

Institute of Theoretical Astronomy was published by Kulikov(330) in

1953. 1In the iﬁtroduction, he stresses the great significance of

mechanization for scientific computing, and gives a short review of the
develgpment of mechanical computing Egyipment, especially in'the
U.S.S.,R., It is emphasized that the first large-scale applications of
_suqh equipments were made in astronomy. The Institute of Theoretical

Astronomy in Leningrad began to experiment with punched-card equipment
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in 1937 in connection with the preparation of various ephemerides in
the Soviet Astronomical Almanac for the year 1941, The results of
this work were so satisfactory that the idea of a computational center
within the Institute of Theoretical Astronomy was advanced.

Of interest is the statement that the war interrupted the develop-
ment of such mechanical computing procedures in the U.S.5.R. In the
U. S., and perhaps in other Western countries also, such developments
were accelerated during the war. 1In 1947, the Institute of Theoretical
Astronomy took up mechanization again, doing computations for the Soviet
sstronomical Almanac, as well as for minor planet ephemerides. The
author says that this work progressed in close cooperation with a
factory in Leningrad.

In 1948, the Institute of Theoretical Astronomy definitely adopted
punched-card computing for the preparation of the annual coordinates
of the sun, of the major planets, of the moon, and of minor planets,
and also for the computation of star ephemerides. It is mentioned

also that individual large-scale investigations on the figure of the

earth, analytical theories of Pluto and Ceres, and numerical inte-

grations of the disturbed motion of minor planets have been performed
by means of punched-card equipment. A special computing laboratorj of
the Institute of Theoretical Astronomy is in charge of this type of
work.

In Part 1, which is the most extensive, the author gives a very
detailed description of the punched-card equipment at the Institute of
Pheoretical Astronomy. The principal features of the equipment are
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almost identical to those of corresponding machines in the U. S., as far as
tabulator, reproducer, sorter, and keypunch are-concerned. The setup
is completed by a multiplier, which clearly is of an antiquated type,
as far as it may be compared with standard calculators in the U. S.
Obviously, in 1953, the Institute of Theoretical Astronomy was using
oniy multipliers with left-hand and right-hand counters of the type
used in the U, 5. before the IBM 602-4 Cal;ulating Punch became standard
equipment., Except for the multipliers, the setup at the Iﬁstitute of
Theoretical Astronomy in 1953 was about equal to comparable installations
in minor computing centers of the West. No electronic computing equip-
ment is mentioned in this paper.
The detailed description is illustrated by the following pictures
and schematic figures:
(1) Keypunch
(2) Tabulator Type D 11 (Several types of tabulators, with
different capacities, etc., apparently were in existence
in the U,S.S.R. Only Types T 5 and D 11 are discussed in
the paper.)

Punched cards

Operation of the read brushes

Operation of the counters (of the tabulator)
Structure of the counter units
Structﬁre of the "impulsators!

Structure of the selectors (of the same type as on
U. S. tabulators) '

Scheme of selector-operation
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(10) Scheme of the printing mechanism

(11) Plugboards of the tabulator and multiplier
(12) Sorter

(13) Scheme of sorting operation

(14) Reproducer

(15) Scheme of reproducer operation

(16) Multiplier

(17) Scheme of counter arrangement in the multiplier.

The selectors are arranged in groups in the tabulator and are
used extensively to make the amachine flexible for many operations. For
subtraction, complements of 9 instead of 10 are used, just as on Uu. S.
machines of this type. Eight ll-position counters and seven printing
units are provided. The average speed of the tabulator is 120
operations per minute. Numbers are sometimes multiplied on the
tabulator by means of Yanzhul's method. The sorter, which is very
similar to U.»S.~types, is able to sort about 450 cards per minute. The
reproducer also corresponds to U. S. equipment in all its functions and
features. At the Institute of Theoretical Astronomy, this machine is
used extensively for the reproduction of the values of (trigonometric)
functions.from table cards, for further interpolation on the multiplier.
Tﬁe reproducer can be connected with the tabulator. The.speed of the
reproducer isAabout 100 cardé per minute.

The multiplier consists essentially of the same basic elements as

the tabulator, and its speed is the lowest of all the machines under

Declassified in Part - Sanitized Copy Approved for Release 2013/05/24 : CIA-RDP81-01043R002000080002-5



Declassified in Part - Sanitized Copy Approved for Release 2013/05/24 : CIA-RDP81-01043R002000080002-5

discussion. Depending on the number of significant figures, about

12 to 15 multiplications per minute are possible. The multiplier
normally has five counters, two of which are used for the two factofs
of a product and two for develdping results; one auxiliary counter
serves in the transfer from one counter to another one. Tables of
reciprocal values are used for division.

Of all the equipment mentioned, this amultiplier clearly is the one
machine which would have been an "antique" in 1953 in the U. S.

The second part of this paper describes the solution of certain
selected problems by aeans of the equipment described in Part 1. The
computation of the various terms of astronomical nutation serves as an
example. In order to deal .wore conveniently with the different
quadrants for the angular arguments of trigonometric functions, the
circle is divided into 400 parts, instead of 360 degrees. Since the
combination and summation of many products are rather slow, considering
the fact that the multiplier can deal only with one product at a tinme,
an ingenious but rather elaborate;reduction of the multiplicatioﬁ
process to a systeh of related summations was devised bi Yanzhul. This
increases the number of operations considerably, and it seeas doubtful
that much time can be saved, but the method permits a more-automatic
treatment of extended sums of products, such as in the formation of
normal equations from theagguations of condition. The actual formation
of such normal equations by means of the tabulator serves as another
example. Much time is also needed for the preparation of the given

material for Yénzhul's method, and the éize and order of the different
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quantities require careful arrangements. OSviously, such a method is
of value only in connection Qith rather primitive multiplication
techniques, and it is a aonstrosity since the advent of such flexible
multipliers as the IBM Type 602-A.

This paper.is of interest because it very clearly reveals the state
of automatic computing at a major Soviet scientific institution, the
Institute of Theoretical Astronomy at Leningrad. Obviously, in 1953,
the technical development of these iachines had not yet reached the
same level as in the West, or, at least, any progress in the U.3.3.R.
apparently had not yet led to the production of better standard
equipment. The other point of interest, however, is the extended and
intelligent use of the available equipment, which also led to the
development of special methods, such as Yanzhul's, in order to make
the most of the automatic equipment at hand. The fact that no
electronic equipment is described or .entioned does not wean, of course,
that nothing is being done in this dirqction~in the U,S.5.R. Obviously,
this report limits‘ifself deliberately to the routine application of
standard equipment over a series of years, up to 1953, and to completed

work, rather than to new ventures of any kind.

) Zagrebin(Sul) (1953) gave a detailed description of the manner in

which the lunar ephemeris has been compﬁted on punched cards at the
Institute of Theoretical Astronomy on the basis of Brown's tables. The
various terms were computed individually and then summed up. It was
found convenient to arrange the computations for intervals of three

years, because this cofresponds to about 2,000 half days, or to the
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approximately 2,000 cards contained in one drawer. The computations
were tested by means of difference checks involving differences up to
the sixth order. The half-day results were interpolated for an hourly
ephemeris with the help of Bessel's interpolation formula. In the
trigonometric functions, a circle divided into 400 parts, instead of
into 360 degrees, was used for greater convenience. Although the
computations reported here cover only a limited number of years, it is
planned to continue them into the future. Accofding to the author's
remarks, the corrections provided by Woolard to Brown's tables, as well
as the various recommendations of Clemence, Porter, and Sadler concern-
ing the lunar ephemeris, are going to be considered in this future work.
The new concept of ephemeris time is recognized, too.

This is another case of duplication of effort between the East and
the West. Although this Soviet paper came out somewhat earlier than

the recent ephemeris volume published jointly by the Nautical Almanac

Offices of the U. S. and of the U. K. (Improved Lunar Ephemeris 1952~
1959, Washington, 1954), the Institute of Theoretical Astronomy mﬁst
have been awarewthat this volume was beihg preparéd in the West. A4
comparigon of the efforts is favorable to the West, ﬁowever, because

_ the Western ephemeris was computed on electronic wachines, whereas the
Institute of Theoretical Astronomy used punched-card machines with

mechanical countersgi ~*®

4, Capture in the n-Body Problem

Khil'mi(266) (1950) criticized the classical form and derivation

of the so-called virial theorem, which is important for many problems

248
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in stellar dynamics. If, with respect to the center of gravity of a
system of n masses, the total moment of inertia is introduced by

2 R
Ic =

i:Ewl m; ria, then the assumption of statistical equilibrium is
- 212

usually expressed in the analytical form d ; = 0; this leads to the
important result that U = 2 W, where U is 2Ee force function and W the
kinetic energy.

4212 . T

Khil'mi stresses the point that ———E-— = 0 is only a statistical
relation, and that, actually, oscillathns will occur at least around
any average value, A, of 12, Therefore, the classical conclusion
U = 2W is not rigorous, but only approximate.

The author himself proves two theorems in this investigation. The
first says that if, for t == +«, all the individual distances, ri, from
the common center of gravity are limited by a given value R > 0, and
if no collisions occur, then, for any given value ¢ > O, and for any
special time T > O, another moment, t' > T, can be found for which

lU(t') + 2 H{ < g, where H is the constant from the energy integral

W = U + H. The second theorem says that if, for given constants A

and 1 , and for any given time, > T, the inequality |U ~ 4 [< ﬁ is

fulfilled, then, at any time t > T, j2W - U {< 27 . This second theorem

has to take the place of the classical virial theorem in any investiga~

tions concerned with the equilibrium or stabilify of stellar systems.
This is a 'very important theoretical paper, because it clarifies

the actual limits of a theorem which, if'employed too generously, can

lead to erroneous results in problems of stellar dynamics.
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Using the relative coordinates of Jacobi, and making certain assump-

tions with respect to the minimum distances and minimum relative

velocities in a system of n bodies, Khil'mi(267) (195C) proves that not

all the relative distances will remain limited with t —> + o, provided
that certain inequalities are satisfied at the time t,.

' Dhis is an important investigation which uses new and unconventional
nethods. In a 1951 paper, however, Khil'mi(272) admitted that the proof
given in the previous paper(267) is not rigorously correct and gave
proof of his theoream for the case of three bodies. For the general
case of n bodies, however, no actual proof has been given yet. Accord-
ing to Khil'mi's remarks in the later paper, Merman had notified him
by letter concerning the insufficient or erroneous proof of the theoremn.
Although the actual error in the conclusions is not pointed out, it is
probably contained in the last equations in the transition from t to
Tt > t.

Also in 1950, Khil'mi(268) presented a proof for. the theorem, for
the case of a certain systenm of three inequalities, satisfied at the
time t, by the coordinates and velocities of n bodies, which establishes
the division of the whole system into two groups. He claims the follow-
ing significant characteristics for the groups: In one group, all the
relative distances increase beyond a finite limit with t —> + = 3
in the second group, not all the distances are able to increaée withdut'
limits. If the latter group consists of only two masses,-;hen they

form a stable subsystem within the total system of n masses.
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This paper is actually an extension of Reference 267; therefore,
the proof for the present theorem is not valid, considering the invalidity
of the proof for the theorem in Reference 267, which was announced by
the author in a later paper(272).

In light of his earlier investigations on the poésibilities of
stability or dissipation in the general problea of n bodies,
Khil'mi(269) (1950) made a critical and partly philosophical examination
of the questions of statistical equilibrium and stability, because, in
many studies of stellar dynamics, the assumption of equilibrium has
been introduced without proper justification.

The general problems of stellar dynamics have not been solved yet
either by celestial mechanics or by statistical methods. The author
says that actual stellar systems are not in equilibrium, or at least
will not reach equilibrium so fast as sometimes is assumed, and that
the gravitational field cannot be neglected in such investigations.

An gxtensive analysis of the n-body problem is deeﬁed necessary, and
this paper is intended to be & first step in this direction.

Tﬁe author claims that Chazy's work hindered progress for some
time, because his erroneous conclusions concerning the alleged im-
possibility of capture in tﬂe three-body problem were taken‘fof granted
because of his authority in the field. The problea of capture, which in
recent years has been solved as far as the actual péssibility of such

——— —
orbital changes is concerned, is intimately related to the problems of
stability or dissipation in systems of three and more bodies. The

author states two fundamental tasks which have to be undertaken:
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(1) An investigation of the necessa?y and sufficient conditions for
stability, for semistability, and for dissipation in a systen of n
point masses; and (2) An investigation of the possibilities for changes
from dissipative behavior for t —=> - = to semidissipative_behavior for
t —> + o , or vice versa. A semidissipative system is defined as one
which can be divided into two subsjstems, so that one subsystem is
dissipative and the other one nondissipative.

As to the first of these two problems, it is treated by Khil'mi
in another paper(268), wherein he established three conditions, in the
form of certain inequalities which, if fulfilled, establish the semi-
dissipative character of the systen. The second problew has been
solved, in the form of the capture problem, only for three bodies.

Khil'mi(269) then proceeds to topological considerations, using the
so-called phase space, and defines a "stationary" system as one in
which the distribution of coordinates and velocities is invariable.
Then, the potential, U, is independent of the time. It is aiso
explained that, in general, one cannot expect that steilar systems

will appfoach stationary" status very fast. The “stationary" status

will also depend on the starting conditions of the system, and,

therefore, it is of cosmogonical significance.

In his paper on the evolution of a system of gravitational‘bodies
by nonelastic collisions, Khil'mi€271) (1951) considered a system of
small particles, such as may form meteoric dugt or the original- solar
nebula. The particles are assumed to be inflexible-and to suffer

nonelastic collisions. In such collisions, the kinetic enérgy, T,
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would necessarily decrease by discrete amounts, because of the
related losses to heat energy. Between any collisions, however, the
system will behave according to the laws of dynamics. The author

says that the problem of the evolution of such a system has been dealt
with by statistical methods in the U.S.S.R., but that it should be
investigated by the methods of celestial.mechanics, too, because the
gravitational forces will be very important.

When collisions occur, the two particles involved may separate
again, but they may also either break up into several additional
particles, or stick together to form one larger particle. The total
number, n, of particles, therefore, will not be constant. The total
force function is divided by the author into two parts, U and U*. U
represents the part corresponding to the gravitational potential of n
point masses; U* introduces the energy difference which has to be added
because of the finite sizes of the individual particles. 1In the event
of a collision, the sum U + U* will remain constant at the moment of
the collision, but U* must increase if the two particles unite to form
one new particle, and it must decrease if the particleé break up into
more than the original two. U must accordingly change, in order to
keep U + U* = constant. Although these considerations apply to the
moment of the collision, the law T“- (U + U*) = H*, with H* re?resent-

ing the constant of the energy integral, applies to the time intervals

sa . L . . w—
between collisions. Since T decreases in consequence of the collisions,

H* must accordingly decrease after each collision. The decrease in

H*, produced by the collisions, might be reflected in orbital changes
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in either one of the two following ways, Or aost probably in both

ways at the same time: (1) The wotions may be affected by a general
decrease of T and, thus, of the velocities in the system; or (2) the
sum (U + U*) may increase by orbital changes. As to the second pos-
sibility, an increase in U would be related to a systematic decrease of
the relative distance; an increase in U* has to be interpreted as the
consequence of the formation of larger and larger particles or bodies
from smaller ones. This picture is equivalent to a gradual contraction
and condensation of a given original system or nebula. The author
proves that, at the same time, the rotational momentum of the increas-
ing condensations would increase in such a way as to produce direct
rotation. The excess orbital momentum would be transformed into the
direct rotational momentum of the resulting "planets'.

This is a rather interesting and important cosmogonical paper, the
results of which have to be considered in theories of the origin and
development of the planetary system. Undoubtedly, Khil'mi has made an
original contribution to this fleld. -

In his book(27o) (1951), Khil'mi summarlzed most of his work. on.
n bodies in celestlal mechanics and cosmogony. He says that the

cosmogonical processes cannot be reduced to the problems described in

anaiytical dynamics, because the nonelastic collisions of the particles

resultlin the transformation of part of the mechanical energy into heat
L, 2

and a redistribution of energy. Also, the number of material particles

does not remain constant. The author points out that, from the stand-

point of analytical dynamics, the described process is equivalent to
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the discrete change of the initial conditions. But, the cosmogonical
processes, if the distances between the particles are large enough,
are also strongly connected with capture or dissipation under the
influence of gravitational forces.

In the introductory chapters in this book, Khil'mi gives the well-
known results concerning n bodies, and a set of definitions and theorems
about the properties of point sets in phase space. He mentions the
incorrect conclusions of Poincaré, which resulted from the inappropriate
use of a theorem of Liouville.

The kernel of the work is, undoubtedly, the author's own results
concerning the capture or dissipation of systems., Khil'mi's sufficient
conditions for capture, semidissipation, dissipation, or stability
have the form of inequalities for the 'initial position and velocity
vectors. Some of these theorems were published previously in short
articles.

The author's cosmogonical conclusion is that the decrease of
mechanical eﬂefgy, as a result of nonelastic collisions, leads to the
concentration of matter. If the kinetic energy is decreasing too,
then bodies, possessing direct rotation about the axis, will come into
existence. These results are on a very high level, and this small
book gives a good account of Khil'ﬁi's work and ideas. The last chapter
of this work ig "philosophical', however. It is pure propaganda, and
nobody really can tell the extent to which these "philosophicai

ideas" represent the author's own opinions, and to which they were

dictated by the instinct of self-preservation.
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5. Motion of Bodies of
Variable Mass

The differential equations of the motion of bodies with variable
mass were first published by the Russian I. V. Meshcherskiy, in the
1890's., He was the originator of, and the chief contributor to, the
mechanics of moving bodies of variable mass. He was active in this
area un%il his death in the 1930'5. Since that time, his researches
have been continued by A. A. Kosmodem'yanskiy from the powered-systems
point of view, and by G. N. Duboshin from the celestial-mechanics
viewpoint. Since Meshcherskiy was the originator of such an important
subject, his works are briefly reviewed here.

Meshcherskiy's collected works (406) were republished in 1952 under
the editorship of Kosmodem'yanskiy, who states in the preface that the
"application and extension of Fhe scientific researches of
I. V. Meshcherskiy will be a rewarding task for Soviet scholars who
have devoted their creative ability to the new branch of engineering,
i.e., that of rocket engineering". A collection of Meshcherskiy's
Aworks represents what may rightly be called the analytical basgs of the
theory of motion of rockets and of related problems where a variable
mass is involved.

In the introduction, the editor mentions various problems from the
history of mechanics in which a variable mass is involved, or in which
the concept of a variable mass may profitably be used to put the problem
into a mathematical form. He then describes Meshcherskiy's life and

work. The fact is stated that several results, originally established

256
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by Meshcherskiy, were found again by Levi-Civita roughly 30 years later.

The earliest of Meshcherskiy's papers in the collection is from
the year 1893 and deals with a variable mass in the case of the two-
body problem, assuming that the variable mass, p , depends on the time,
t, in the form B = a-+1a T It is proved that this problem can be
solved by quadratures after some proper transformations of the coordinates
and of the time, and that, by the means of similar transformations, even
the more general case where |4 = f3 (a + a t)=5=3 can be reduced to
the ordinary n-body problem (k =1, . . «, n).

The most extensive paper by Meshcherskiy is his dissertation (1897).
It deals with the dynamics of a point with a variable mass in a quite
general and comprehensive way. Interestingly enough, the author had
difficulties, in 1897, in having his investigation accepted as his
dissertation, because it was argued that the subject was too
hypothetical and too remote from actual dynamic problems.

The author derives his fundamental differential equations, which

2 .
are of the form m dTX_ _ x4 dm ( @ - x); similar expressions are

at2 at
valid for the y and 2z coordinates. Here, X, y, and z are rectangular
coordinates, referred to an absolute system, of the variable mass m;

¢, B, and ¥ are the absolute-velocity components of the small particles

which are being lost from, or are being added to, the mass, m, so that

@ - x is the relative velocity (in the-x-coordinate) of m and of the

mass loss or mass gain, dm; X stands for the x component of any acting

force which influences the motion of m; and t is the time.
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The problem is generalized in Chapter II for the case of
additional binding conditions in the problem. Here, also, the case

@ = B = ¥ = 0 receives special attention, and the author actually

a(mx)
dt

similar expressions in y and z), which are generally known in the West

was the first to arrive at the then~valid equations = X (with
under the name of Levi-Civita, who derived them independently much
later than did Meshcherskiy. For the case of a central force, the
author also derives generalized integrals of areas, as well as the
corresponding energy integral. Several special problems, which permit
a reduction to forms of known, classical problems, are treated in much
detail.

Chapter III is especially concerned with motion on a straight line,
and Chapter IV with the small oscill&tions of a pendulun of variable
mass. The resulting differential equations are of the Riccati type and
admit no direct solution in the general case. In the special case,
where the mass is a linear function of the time, the equation is re-
duced to Bessel's type and can be solved by‘means of the related
functions of the first and second kind.

The inverse problem, where the motion is known and the mass
variation, which would produce the'obsepved motion, ‘is sought, is
given in Chapter V. If the law of the mass variation is also known,
then the task mdy be the determination of_the‘lawﬁqfﬂres}sﬁgpce,,ifmghg__“~
motion takes place in a resistant medium.

Chapter VI deals with the motion of .a variable mass in the gravi-

tational field of the earth, and Chapter VII with motion in the field
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of a central force. In all these problems, the author starts on the
basis of his fundamental equations and considers many possible subcases.
At the end of this important book, additional essays are dedicated
to some more or less general problems of analytical dynamics in which a
variable mass is involved. The important core of all these essays,
however, is contained in the one which has been reviewed‘bere in some
detail. Some papers by Meshcherskiy, dealing with a variablé mass in

the two-body problem, were published in Astronomische Nachrichten half

a century ago.

Without any doubt, Meshcherskiy's contributions were the pioneer
work in the variable-mass problem. He treated the basic characteristics
of this problem very thoroughly and with full competence, arriving at
the fundamental theorems, as well as at many results and conclusions for
special applications in celestial mechanics and also in connection with
various problems in other fields of "regular' mechanics. The essays
describe some of the most important fundamentél advances in this
problem in recent times.

Kosmodem'yanskiy gave the analytical foundatioﬂs of the dynamics
of a rigid body of variable mass in 1951(304), 411 the important
equations are given in the vectorial form. The basic concept is that
of a rigid body whose mass varies as a result of the addition or removal
of particles at the surface of the body, without interference with the
rigid nature of the rest of the body. The most important difference,
compared with the dynamics of a rigid body of constant mass, lies in

the facts that the location of the mass center inside the body will
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_ change as the total mass varies, and that, therefore, the translatory
motion of ‘the body cannot be described by the corresponding orbita;
motion of its variable center of mass.

The most important basic ideas and theorems had already been given
b& Meshcherskiy, and, in this respect, the merits of the present paper
lie in the more comprehensive.and systematic treatment, and in the
addition of some valuable new results or theorems. One example of
the extension of the theory by Kosmodem'!'yanskiy is his theorem con-
cerning the total momentum of the body. Another new theorem is derived,
in the form of the proper differential equation of the second order, for
the motion of the center of mass. The treatment of an angular momentum
of the body of variable mass, as referred to coordinate systems which
either are at rest or are moving with the body, is not essentially new,
but the author deserves credit for his concise treatment of the concepts
which are involved, and for the systematic way in which he proceeds.

Paragraph 5 contains the theorem concerning the angular momentum,
and also deals with some special cases. One of these is the case where
the principal axes éf inertia remained fixed relative to the mass elements
of the rigid bbdy; in this case, the wgll-known equations by Euler are
valid in their classical form, except that they depend on the variable
mass and the reactive force, which is rel;tea to the variability of
the mass by ﬁeshcherskiy's fundaméntal equatiop.

In Paragraph 6, the theorem for the angular momentum is presented
as referred to a moving coordinate systenm, agd Paragyabh 7 contains the

theorem for the kinetic energy in its differential form.
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In Paragraph 8, the motion of the body or rigid system of variable
mass is referred to a system of generalized éoordinates, and special
cases are considered in detail. Again, the first steps were done by
Meshcherskiy, but the author goes into the subject somewhat deeper and
more systematically, aided by the greater convenience of the modern
vectorial form of analysis.

The ninth and last paragraph deals with the canonical form of the
general equations, building again on the foundations laid by Meshcherskiy.
A strictly canonical form is obtained only if the external forces have
a potential, and if the absolute velocity of the departing or added
particles (which produce the variability of the total mass of the rigid
body) is zero.

In addition to the comments already made in connection with the
review of the various paragraphs, it seems correct to say that this is
a fundamental contribution of considerable value. Much credit should
go to the author, not only for nis own and rather important additions
to the theory, but also for the construction of a systematic and very
elegant representation of the complete theory from the old and the new
material. One gaing the impression that the author presently is é most
outstanding scientisi in the ‘Soviet Union in this particular field. |

Kosmodem'!yanskiy published a collection of lectures which he
presented at a military school(305) (1951). After an introduction and
a, historical and philosophical review, mentioning the names of

" Meshcherskiy, Oberth, Zander, Goddard, and many others, eight lectures

are presented:
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(1) The first deals with the law of the conservation of momentum.

Here, Kosmodem'yanskiy mainly gives the fundamental theorems of

Meshcherskiy in a more condensed and clearer form than in Meshcherskiy‘s
original publications. He applies the theory to such special problems
as can be solved by quadratures; and the main emphasis is on the deter-
mination of the extremum or optimum solution, so as to regch the
technical goal with a minimum of energy or fuel (for a rocket). Some
special cases of assumed laws of mass variation are considered in de-
tail.

(2) This lecture deals with the vertical ascent of a rocket in a
homogeneous gravitational field. Investigated are the velocity, v(t),
and the altitude, h(t), as functions of the variation of wmass, and the
problem of reaching a maximum altitude with a minimum of fuel is solved.
A relatively simple solution is possible, even when the resistant medium
of the air is taken into account.

(3) Here, the author deals with the horizontal motion of a
variable mass, first on a supporting plahe and then in the air. After
introducing a homogeneous field of gravity, the author finally considers
the case of a variable field at higher altitudes above the surface of
the earth. In this case, the effect of a resistant medium is neglected.

(4) 1In this 1eéture. Meshcherskiy's fundamgntal equations are
presented in the vectorial form. Essentially, this is a translation of

Meshcherskiy's original investigation into the uore convenient vectorial

form.
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(5) The author is concerned, in this lecture, with the motion of
of an airplane driven by an engine which takes in air at the front and

then ejects it from the rear. 1In this case, the analyticgl treatment

operates not only with a mass loss and the corresponding _Tﬁ}_’ but
dM2
at  °

(6) This lecture is devoted to the so-called inverse problem of

also with a mass increase, represented by

dynamics, where the force field and the trajectory are known, and where
the necessary mass variation of the projectile has to be found. The
solution of this problea is easily reached by separation of the variables,
and the result had been found by Meshcherskiy. Kosmodem'yanskiy further
investigates certain special problems in detail, for example, the case

of vertical motion with a constant velocity. Following Meshcherskiy,

he also introduces the so-called natural coordinates which are associated
with the moving body of variable mass. The essential difference from
Meshcherskiy's treatment lies in the use of veétors. The two-body

problem with variable mass is also considered in this lecture.

(7) Here, the general laws of the dynamics of a point of variable

mass are derived, and motion in the field of a central force is studied.
Again, the author essentially only transcribes Meshcherskiy's findings
into the vectorial language. He also gives a special cése, treated by
ﬁcMillan in 1925. Finally, he investigates the energy efficiency of
rockets.’

(8) This last lecture is identical to a paper(304) by this author

that was reviewed above,
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Lectures 1 through 7 have the character of a textbook written
especially for students of the military school where these lectures
were given. Nothing essentially new is contributed by the author in
these first seven lectures. Lecture 8(304) contains the author's main

contributions to the field.

a. Two-Body Problem

The celestial-mechanics aspect of the variable-mass problen
has been studied by a very capable Soviet astronomer, G. N. Duboshin.
Between 1925 and 1932, he published a series of papers dealing with the
motion of a particle in the field of another whose mass is variable,

In the first of these works(13%) (1925), the general mathematical
approach to the problem is presented. Special applications are treated
in the later articles. The characteristic feature of Duboshin's treat-
ment is the transformation of the coordinates and of the time into

other variables, so as to restore the differential equations of motion

to the "undisturbed" form of the two-body problem, after they are

referred to the new polar coordinates and to the transformed time, T .
The burden of the probiem is thus shifted from the differential
eguations of motion to the relation which connects the new variables
with the assumed law for the variation of the central mass, M. If

M = Mgf(t), and for My = 1, the problem is finally reduced to the
solution of an integral-differential equation for the determination of
a function, f (w), which, in turn, leads to the determination of the

radius vector, r( ), where the angular variable, ¢ , instead of the
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transformed time T, serves as the independent variable.

In contrast to investigations by other authors, Duboshin
makes no use of the variation-of-parameters method. He prefers, in-
stead, to introduce %he effects of the variability o”  into the
coordinates of the particle by the above method.

In a continuation of the 1925 article, Duboshin(135) (1927)
was concerned mainly with the solution of the integral-differential
equation which is characteristic for his treatment of the problem.
Although his conclusions were not entirely new, the rather general method
of their derivation is interesting and can be considered as a contribu-
tion to progress in this field of celestial mechanics.

Duboshin uses a method which is analogous to the one of Picard,
employing successive approximations for the quantities to be found. He
then assumes that the function &, if f'(t) = @ Z—F (co)_7, in the
given equation can be developed for ascending powers of a small
parameter, W . In this case, all the functions involved can be
;epresented as analytical functions of w. The resulting developments
are studied for certain points of ;pecial interest: the behavior of the
line of the apsides, and the question of the existence of an asymptote
for the motion of the particle when t —> + . The zauthor finds that,
in the case of an unlimited decrease of %he cent;al mass, M, the orbit
of the particle will expand.in the for.a of a spiral until a certain
time, when asymptotic motion towards r = » will set in (terminating,

.then, the completion of an actual revolution).
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Duboshin further demonstrated the usefulness of his general
method in 1928(136), He made the special assumption that M = £(t) =
e-kt for the dependence of the central mass, M, on the time, t. He
then proceeds with the corresponding solution of the integral-differential
equation of the problem, determining the successive terms by a series
of simple differentiations. He finds that the developments will converge
within a certain interval of time. For the investigation of the form
of the orbits, the author limits himself to the first two terms in the
somewhat complicated developments. The first term (or rather the first
part) constitutes the basic elliptical motion; the second part represents
the perturbations which are caused by the change of the mass, M.

The case of hyperbolic motion is also considered, and the author finds
here that the actual, disturbed motion tends to approach the existing
asymptote faster than would the undisturbed motion. From a study of the
so-called logarithmic type, the author finds that the line of apsides
will rotate, in general, about the central mass, M, and that the
occurrence of asymptotic motion (terminating the completion of a
revolution of theparticle) will depend on the precise law for the de-
crease of the mass, M, and on the starting conditions. In the case of

a circular original orbit, the circumstances of the orbital development
are quite similar to the ones in the originally elliptical case,

Other methods of treatment can be used in individual cases,
and have been used by numerous well-known authors in connection with
special problems of variable masses, but Duboshin's methdd -seems to be .

valuable mainly because of its generality, and because of the resulting
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possibilities for the systematic classification of various cases.

Duboshin mentions that his integral-differential equation is
rather complicated in most cases, and is inconvenient for many practical
applications. He then presented(137) (1929) what he calls a '"new method
for the solution of the problem".

The method employed is the variation of constants, applied
to the osculating elliptical elements. Apparently, the author was not
aware of the fact that this method had been used by E. Stroemgren as
early as 1903 for the study of the same problem in a continuation of
earlier investigations by Gyldén and Lehmann-Filhé;. Duboshin, therefore,
was not the first to use the variation of tae elliptical elements in
connection with a variable central mass. Furthermore (in the opinion
of the writers), he made a wistake in his own application of the method,
or, rather, in the proper definition of the osculating elements which
are involved. As did Stroemgren, he divides the gravitational action of
the central mass into two parts, a constant and a variable. The constant
part, depending on the initial mass value, my = 1, of the central body,
would cause the particle to move in a fixed ellipse; the small mass
variation, B8m (t), causes the true or osculating orbit to deviate from
the undisturbed or fixed ellipse by varying differences in the four
orbital elements. |

Duboshin.apparently overlooked the fact that his method of
computation leads to element perturbations which are still referred to
the mass my = 1 at the center of the coordinate system. In other words,

he introduced the disturbing effect of the mass decrease into the
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right-hand side of the differential equations, but forgot to reduce
the left-hand side to the changed mass, my, + Am(t). In consequence
of this error, the author arrives at the closed "integral'

p = a (1L - e?) = constant, where p, &, and e are the osculating values

of the parameter, of the mean distance, and of the eccentricity of the
orbit, respectively. ThHis integral, which is wrong, is then used
throughout the rest.of the paper as one of the most essential equations.
The correct relation, which Lehmann-Filhéé had already found, is

p (1 + A m) = constant (for my = 1), and this cannot be used to reduce

the number of unknowns, vecause Am(t) is involved.

The error committed by Duboshin is one which may occur rather
easily, if one applies the principles of the variation-of~constants
method wore or less automatically. That the proper definition of
osculating elements depends also on the use of the true or "osculating!
mass value of the central mass is not so self-evident, perhaps, as the
other features of the method.

Surgrising is the circumstance that the author did not know
about the earlier and correct results, and that his result, p = con-
stant, was not puzzling to him. It has been found by others that one

may have, approximately, e = constant in the case of two variable masses

(or of one variable ctentral mass), but that a will vary with A&m, thus

making p variable, too, in agreement with thé early result by
Lehmann-Filhes.
At the same time that he was working-on the problea of two

bodies, one of whicua has a variable mass, Duboshin also considered the
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problem of two bodies, both with variable mass(138,142) yhich is not
principally different from the case where one mass alone is variable.

Duboshin first extended(138) (1930) further some of his
earlier results and definitions, which seem to be of special importance
for the systematic treatment and classification of whole groups of
orbits as they may be related to the variability of masses.

The author states that only one type of function, f£(t), for
the variability of the mass, M, so that M = Mof(t), has yielded to a
complete, closed integration of the trajectory. This is the case,

studied by McMillan, where:
1
1+2a t+B °t°

f(t) = =

i

dM_
at -

-<1M3, where the loss of mass is caused by the radiation of a star. 1In

This case, incidentally, is verified by Jeans' mass~-decrease law,

this special case, the above function £(t) applies for B = O.
Duboshin's concern here is with the qualitative analysis of
the completely general problem without special assumption regarding the
form of £(t) . Most important with respect to the trajectories is the
questioﬁ if and when asymptotic motion, approaching a certain direction
toward r = « , will set in. The author finds that- the condition
lim t+» £'(t) = O, provided that all the functions which are involved
are analyticai, is necessary for the occurrence of such asymptotic
motion, but not sufficient. On the other hand, if this condition is not

satisfied, no asymptotic motion is possible. If the condition
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lim t+=f'(t) = 0 is satisfied, then the starting conditions can be"

chosen in such a way that the distance between the two masses increases

indefinitely with t (Theorem Nr 1), The second theorem says thét, for
lim tvo £'(t) # O, the distance between the two masses remains

limited for all possible Starting conditions. After proving this theoren,
the author proves two theorems by Armellini by reducing the proofs to

the ones of his own tiheorems.

He continues with a study of the different types of motion.

The first or hyperbolic type is at best represented by the undisturbed
case of rigorous hyperbolic motion. The second or logarithmic type is
verified in orbits where the one mass makes at least one complete
revolution relative to the other mass and then goes towards r = o
asymptotically. The third or cyclical type is one where the orbit

takes the form of a spiral, without "degenerating" into asymptotic motion.
The fourth or spiral type, finally, is the type where the one mass is
spiraling inward, approaching closer and closer to the other mass, with-
out the occurrence of a collision.,

The definitions "asymptotic!" and "periodic'", with respect to
the behavior of the distance between the two masses, are introduced. In
this sense, a trajectory is asymptotic if it approaches, by a spiraling-
motion, closer énd closer to. a certain fixed orbit. On the other hand,

a trajectory is periodic, according'?g-?gfg definition, if the radius

vector, r, oscillates between certain limits: r, <r < r.. Evidently,

1 2

periodic orbits in the established sense of this word are.a special

case of this more general definition.
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Finally, the following three theorems are proved: (1) If
at all times rj < r < r,, then the masses themselves vary only within
certain limits, or M <M< M3 (2) if the trajectory is asymptotic
with respect to a circle, then the total mass of the system converges
toward a certain fixed value # O; and (3) if the trajectory represents
a strictly periodic motioﬁ, then the sum of the masses is a periodic
function of the time.

Later, Duboshin(luz) (1932) gave proof for the following
theorem by relatively elementary wmeans: If the mass of the two bodies
is a monotonic function of the time and converges, for t —> « , towards
a well-defined limiting value, then it will always be possible to find
orbital trajectories (within a region in the plane of the two bodies)
which will converge toward a limiting elliptical orbit, the elements of
which are determined by the initial orbital conditions.

Savchenko(678), in 1935, treated the absolute and relative
motion of two bodies of variable mass on the basis of Meshcherskiy's
fundamental equations for the dynamics of variable masses. The orbital
possibilities for the motiénAof the center of gravity (or of inertié),
and for the relative mption of the two point masses, are studied in
detail. The resulting variations of the polar coordinates and of the

time of revolution are obtained as functions of the mésses, mi(t),‘and

dml
It and 3T

dm2 -

of the related differential quotients For an integra-

tion, the functions ml(t) and ma(t) have to be known, of course, and the

author has studied the resulting trajectories for various simple laws

of mass variation.
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This is a very clear presentation of the theory of the motion
of two bodies. Although the results were known before, the work is
still of value because of the systematic treatment, and because the
author uses nothing except the basic principles of physics, namely,
Newtonian mechanics, and elementary calculus. His direct approach
to the problem and the mathematical details may have made the work
longer than it would have needed to be if he had used vector notation,
but it has made it more accessible to persons not trained in higher
mathematics. It is the author's privilege to use the methods he chooses,
The very title of the paper indicates that he wanted to keep his
presentation on an elementary level.

Savchenko's(680) (1938) first considerations of the special
case of the motion of two bodies, where the ratio of the two masses
changes with time, are somewhat lengthy or complicated. This is because
he used only elementary mathematics, such as calculus and ordinary
differential equations., In his final results, Savchenko obtains the

radius vectors, ry and T and the angular arguments, 61 and 92, as

functions of the masses, m, (t) and m,(t), thus obtaining r

and 6, as

1 1
functions of t. These are the parametric equations of the orbit of the
mass ml. If the parameter t is eliminated from these two equations,

then it becomes obvious that ry is a function.gf 91 and depends on the

value of the angular argument. The same reasoning applies to r. and

2
0 2 The author calls attention to the fact that the orbits of the two

bodies are not closed curves, but spirals.

-
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Nothing outstanding resulted from Stepanov's(726) (1930)

sound but not-deep work on the form of the trajectory of a particle in
the case of a Newtonian attraction with variable mass. After referring
to Duboshin's reports(l34‘136), Stepanov proceeds to demonstrate that,
as long as one is interested only in the form of the trajectory, some
results can be obtained by elementary methods. These results refer to
the existence of upper and lower limits of the relative distance, T,
between the two masses, as related to corresponding limits for the
variation of the central mass, M, of the system. The author proves one
theorem, which is of interest with respect to the manifold possibilities
which exist for the trajectory if the problem is of an unrestricted
generality, It is shown that the law of mass variation can always be
chosen in such a way that the particle will move with respect to the
central mass, M, on any given curve, provided that this curve is concave
relative to M, and that a definite value exists for the curvature at
each point of this curve. This demonstrates the fact that, in its
completely general form, the probleﬁ of the form of the trajectory is
too arbitrary to be of actual interest. The author concludes his paper
with some considerations of the special case where the mass, M, suffers
periodic variations, and of the other special case where M decreéses
monotonically. He discusses the poésibilities for the related orbital
cﬁanges;‘ it ‘

By relatively elementary means, Eigenson(182) (lé}}) investi-~
gated the main features of the relation between the variable central

mass, M, and the distance r(t) of a small particle in the field of M
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for various assumed types of motion. Not considering the cosmqgonical
application to a whole system of many variable masses, the author's
detailed investigation of the actual two-body case is of definite
interest, insofar as it studies the possible relations between M and r,
depending on certain assumed mass laws, M(t). Although, in the case
of near-circular motion, Jeans' well-known relation Mr = constant holds
between r and M, as long as the radial component of the orbital motion
is small compared with the longitudinal component, this relation of
Jeans will not be satisfied for all possible types of motion and for all
possible forms of the mass law, M(t). Eigenson is concerned mainly
with the type of motion in which the radial component of the velocity
is of main importance, and he investigates the compatibility of a
generalized law of the form MNr = constant with relative motion of the
radial type. He then applies his results to the hypothesis that the
recessional motion of the spiral nebulae is the consequence of mass
losses through radiation; he finds that the quantity N, in the law

Mgr = constant, would have to be of the order N = 4 x 104, in order to
arrive at such aﬁ explanation for the observed red shifts of the
nebulae,

The essential quantity in the analytical study of the conse-

quences of the variability of the masses, as presented by Subbotin (739)

(1936), is the reciprocal of the distance, r, between the two masses.
In its relation to the combined mass of the two individual masées, m
and m, r-l serves as a convenient means for the investigation of the

possible behavior of r as a function of the time, t, for t —> o , under

274
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various assumptions for the variability of the masses. This study
completes and generalizes previous investigations by Armellini and
Duboshin. For certain assumptions concerning behavior of the masses
(or the existence of upper and lower limits for the sum of the masses),
certain orbital conclusions are derived in a gumber of theorems.

This contribution to the probleas of variable masses augments
previous knowledge concerning the possibilities for the trajectories or
orbits under various conditions. Subbotin deals with the problem in a
highly competent way.

Although the two-body problem with variable masses can be

solved only if the combined mass, M, of the two point masses depends on
1

Ja + bt + ct2
limited his study of the trajectories to the case where M(t) =

—31
a + bt

author applies the transformations of the coordinates and of the time

the time, t, in-the form M(t) = . Batyrev(hg) (1941)

The quantities a, b, and ¢ are (arbitrary) constants. The

that Meshcherskiy already had used, and thus introduces the so-called

auxiliary point moving on a conic section while the actual trajectory

is spiraling outwards (for b > 0)., For the various types of conic -

sections described by the auxiliary point (ellipse, parabola, hyperbola,
and straight line), the author derives the expression r( & ), which
describes the actual relative distance of the two masses as a function

of the angular coordinate ® . These expressions depend on the
eccentricity of the auxiliary conic section, as well as on the intégration
constants which are involved. It is seen that, for the various conic

sections described by the auxiliary point, the true relative motion is
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of the hyperbolic-spiral type. In the special case of straight-line
motion, the same straight line determines the auxiliary as well as the
true motion.

Batyrev also gives special expressions for the final values
of the éngular argument, & , where asymptotic motion, r —>» « (for
t —> + » ), takes place in the two-body case. Meshcherskiy had arrived
at comparable results in a more implicit and less concise way. Most of
the basic concepts and analytical operations in this paper go back to
Meshcherskiy.

In a continuation of his work, Batyrev<5o) (1949) refers to
Duboshin's qualitative analysis of the general two-body problea with
variable masses, and then limits his study to the case where the sum of
—i—¥97;~€—, for a > 0. The conic sections de-

scribed by the auxiliary point are characterized by their elements e

the two masses is M =

and p (eccentricity and parameter), and the true motion, r( & ), is
studied in dependence on the given conic section for the auxiliary point.
The paper goes beyond the earlier one only for the case where the

auxiliary curve is a hyperbola; the quantities which determine the

asymptotic motion in this case are derived. The corresponding results

for an elliptical or pgrabolic auxiliary-point motion had been given in
the earlier paper. ‘

Since an earlier study is‘extended only to a very moderate
degree, this paper does not have much importance by itself. The essential
features of this problem had been ﬁreviousl& found by others, and the
author merits praise only for a .ore explicit and concise presentation

of the subject.

Declassified in Part - Sanitized Copy Approved for Release 2013/05/24 : CIA-RDP81-01043R002000080002-5



Declssified in Part - Sanitized Copy Approved for Release 2013/05/24 : CIA-RDP81-01043R002000080002-5

b. Three-Body Problen

Savchenko 's(679) (1938) extension of the rigorous equilateral
solution of the three-body problem of Lagrange to one special case of
mass variability is certainly of considerable interest. The author
finds that three bodies of variable mass may permanently form an equi-
lateral triangle of variable dimensions, if the mass ratios of the three
bodies relative to each other are not changed by the individual mass
variations. The derivation of the results is clear and e}egant. This
paper may be classified as moderately significant, although there is
nothing extraordinary about the method itself, since it follows the
lines of the classical problem with constant masses. The result, however,
is of definite dynamic interest and perhaps is important for further
advances in the variable-mass problem of three bodies.

Batyrev(49) (1941) considered the special case where all three
masses, m,, vary according to the law m, = W, (a + bt)-l i=1, 2, 3),
and where they are located at the three corners of an equilateral tri-
angle, corresponding to the case of tﬁe Lagrangean solution for constant
nasses. It is shown that the problem is easily reduced to the classicai
case for the éuxiliary orbits, if one of the three masses is very small
and the relative motion of the two finite masses is circular (for their
au#iliary points). .The author finds that, in this case, the three masses
will describe hyperbolic'spirals relative to their center of mass, but
that they will always maintain their configuration at the corners of

an equilateral triangle of varying dimensions.
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The existence of the extended-triangular solution for a
special case of three variable masses was found three years earlier by
Savchenko(679). Batyrev either did not know of this work, or else
chose not to make reference to Savchenko's publication. Both authorg
arrive at essentially the same results by different methods of procedure,
but the earlier results by Savchenko do, of course, '"depreciate' some-
what the general importance of the present paper.

Savchenko's(677) (1935) derivation of a law of areas for the
case of variable nasses is clever and original. It is, of course, a
generalization of the corrasponding law for the motion of bodies with
constant mass; it differs from the latter insofar as vectorial velocities
appear as products, instead of as sums, as they do in the classical
case of constant masses. The paper is based entirely on fundamental
physical principles and makes use only of the elementary calculus and
ordinary differential eguations. The avoidance by the author of vector

methods and more sophisticated mathematical notation makes this work

accessible to beginning graduate students.

Although Savchenko has studied the problem of the Lagrangean

solutions on the basis of the assumption that the absolute velocity of

d (mv)
dt

investigated the same problem in the case where the relative velocity of

= F, orlov(525) (1939)

the lost or gained particles is zero, or

the lost or gained mass is zero, or for the law m v = F..

dt
Savchenko(679) found the egquilateral solutions to be valid only if the
my my L
mutual mass ratios, and —= (and
2 3 "3

the basis of Orlov's assumption, Lagrange's‘equilateral solutions can

), all remain constant. On
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be extended to the case of variable masses, without any limiting con-
ditions concerning the ratios of the masses to each other. In the case

of the Lagrangean straight-line solutions, Orlov finds the conditions
m m

= constant and ml = constant to be sufficient for the existence
2 3

of an extended straight-line solution for variable masses. This does

m

not mean, however, that such solutions are not possible under more
general provisions.

Orlov deserves credit for adding substantially to the previous
studies on this special subject. Iloreover, the basic assumption of
relative zero velocity of a aass loss, dm, appears as the more realistic
one with regard to cosmogonical applications. This is a valuable contri-
bution by a thoroughly competent author.

Savchenko(676), iq 1935, seems to have laid a good foundation
for further studies of the details which are associated with a general
theory of the potential of variable point masses. His asathematical
analysis is not very intricate, but, nevertheless, the investigation has
its merits as a clear and systematic approach to the subject. . He starts
with the consideration of the force field of one variable mass, m(t),
and of the related gravitational potential, V = &(r,t), and then
systematically develops the analytical expressions for the potential of
two variable masses and for a system of n variablé'masses; He also

 Sever— — -
considers the changing equipotential surfaces of a system of variable
masses in their relation to the motion of a unit mass in the variable
fdrce field. Of special interest is the result that a closed or periodic

orbit of such a unit particle will be possible only if the related work,
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as performed by the gravitational force of the field on the particle, is
different from zero. Excepted is the very unlikely case where the
period of a periodic mass variation coincides with the period of the

assumed closed orbital motion. The paper is illustrated by eight figures.

6. Figure and Libration of the Moon

In the pages that follow, some Soviet papers on the earth's
moon, that were found during the compilation of the bibliography in
celestial mechanics, are discussed., The papers deal primarily with
libration and figure. The discussion is not to be taken as the fruit
of an exhaustive study. Nevertheless, it is believed that the material
presented is a representative sampling of Soviet lunar studies, which
can be considered to be somewhat relevant to the subject of Soviet work
in celestial wmechanics.

Heliometric observations of the lunar crater M;sting A,
referred to other observable points at the moon's bright limb, began at
the Kazan' Observatory in 1895 (A. Krasnov). They were continued by
A, Michailovski and, after the transfer of the 4-inch heliometer of
Repsold to the Engel'gardt Observatory 