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[F-igures referred tc in text are appended:

(Author's sbstract. In tkis paper, an analcgy is brough: v.* between ths
field equaticns and the equaticns characterizing the relatirmships between
voltages and currents in a model Exarples are given of drawing up models for
the solution of problems comnected with the propagation ¢f electromagnetic
waves in wave guides and with the study cf the electromagnetic field 1n cav-
ity resonators).

INTRODUCTIOR

The accurate solution of some boundary problems involved in the stvdy of
processes ocsurring in the electromagnetic field in a tvo-dimensional, aond
especially & three-dimensicnsl space, with certein boundary copiitioms is very
gifficult in practice

The use of the finite difference method for the solnticn cf equaticns
describing , these phenomena involves the mplttisp of many equaticns with many
unkyowns, a‘difficult and time -conseming process, .

Tt haz been shevn thit 34ms probicas moy be soived approximately by the
electrical modeling method, wsing models.developed by L. I. Gutenmakher
i, _2_7, consisting of passive inductive, resistive, and capacitive elements
{this prcblem was discussed in a paper read by the suthor at the All-Union
Conference on Electrical Modeling in 1949).

-1 -

CLASSIFICETION AU

STATE o {rave A wses ‘ DISTRIBUTION ‘
ARMY 3¢ |AR \/| s

FOR OFFICIAL 1% ONLY

Sanitized Copy Approved for Release 2011/08/19 : CIA-RDP80-00809A000700070001-1 _

]




™

\

P8000809A0007

00070001-1

The desired components of the field under study can be fcurd by measur-
ing the voltage at the junction points of the model. But the distribution
of voltage at the junction points of the model characterizes the scalar Pield
of the space. Therefore, if the model is used to study a vector field, tue
latter must be resolved ipto components with respect to the axes of the co-
ordinate system in such a manper that the numbers used to measure the compo-
cents of the field vectors may be scalar. Congequently, 1o tke scluiicn of an
actual vector field problem, one must perform as many cycles of voltage meas-
urexents at the junc*‘on points as are necesgary to determine the components
of the field In solving a number of wo-dimensional boundary problems which
are freguently of great practical importance (for instance, in the study of
magnetic waves of the type Hop and Hep1), 1t is necessary to perform thege
measurements three times, since the vector equations of the field are resolved
ir this cese into three szalar componeunts on the Cartesian coosdinats system.

It can be shown, however, that the solution of boundary problems of the
type under consideration can be effected by & single cycle of measurements
£5r all components of electric end ragnetic field intensities. In this methed,
the distribution of currents in the Serarate compcnents of the model must be
measured, as vell as the voliage distribution at Junction points.

Whinnery and Ramo 3_,7, referring to the wvork of Kron [h_], used two-
dimensional electric circuits tc solve certain problems of electromagnetic
wave propagation in wave guides. Examination of the 143 and 1S4k publica-
tions on Kron's models shows thea to be essentially no different from the _
models developad by L I. Gutenmakher and described ipm a 1540 publication/_" 1_7.

Analogy Between Electromagnetic Field Equatiorns and Model Equatioens

I the case of isctropic apd bomogenecus media, assuming uc charges and
displacement currents, the field equations for magnetic waves of the type
Hon and Hon) are

B = 47 =
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Transformation of expressions (1) - (5) makes possible the separation of
the field components. Moreover, each component 18 known to satisfy the wo-
dimensional telegraphic equation of the form:

2,9y | 2*v _ em 3%, 4T ur v |
v v_ayl +azi_ cT; T 5 6)

Field equations for magnetic waves of the type Bry and B\ can be
vritten in a similar zanner. It must only be remembered that in this in-

staace, the components By = Ez=Hy= 0. The other field components H,, B,
and By are independent of the y-axis.

Assumirg no losses in the dielectric, the first derivative with respect
to time drops out of equation (6), and the latter beccmes the vave equatioa,

Let us comsider ?igure 1, showing & small portion of the electric model
of the space. This portion of the model includes several junctions (Ol, 0o,
etc.). We shall designate the voltages at the Junctions 88 u. The combina-
tion of impedances arocund any givea junction point in the circuit of Figure 1
represents the electric model of the corresponding e)ementary parallelepided
vith a wolume AP =Ax-AyAz (Pigure 2) of the space for which the two-dimen-
sional boundary problem under consideration is to be solved.

On the basis of Kirchhoff's first lev, it can be shown by simple trans-
formations that for anp arbitrary Junction of the model (for example, the
point 0,), the folloving relation holds

=
e

S

4. LA
AP =z, AF

+ (7)

|-
N

The respective current densities are:

P S
J_'/ 3x-d=z ° * Jz Ax~Ag

It is easily seen that the voltage drop in the arbitrary n-th element of
e model in the direction of the ¥ axis 1s

n n=i
Ayu=z A’uk—z A:ful\:szjAy’ (8)
X=! €=l
that is,
Aju 24;"2,.4
Ay -2
-3 -
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P I
and the voltage drop in the direction of the z axis ig
Azu= Zm Apu,— :—‘ Ay =] z Az ,
b k=i
that 1s,
AAZ; =j.z_; (9)

vhere Zzapd Zyare the linear impedances along the 2 and y-axes.

On the basis of Kirchhoff's second law

» We can write for an arbitrary
mesh of the model in the yz-plane :

A (Byu) — A, (L u)y= 0, (10)

where Ao (Ay w), for example, represents the voltage drop aver a distance 4,

in the direCtion of the 2 axis in the coupling elements of the model located
along the y-axis,

In viev of (8) and (9), we see from (10) that when Zy =2,

iy _ A _ g, (1)
Az Ly

The voltage distribution ig the junction points of ‘he model, when
=2
z

A = 2y, 15 described by the equation (2):

Y

U
AP =z

£N

Vi = u, t12)

™

vhere Vlu represents the Laplace operator in the difference form.

By means of simple operationswith expressions (7) and (11), 1% can be

shova that distribution of current densities Jy and ,jz in the model satisfies
the conditions

A%y, A I
Tags Flans TV, =aF 2 Uy (a3)
-k -
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Al A a1 2 = (14)
(Ay)* ' (Az)* VUi TAP = it
ey
Let us assume
= L EX] ; S l_,
. e R+Llp ¢ APz, Ep+ R’

wherein p is the Heaviside operator; R and L are linear parameters of the
coupling impedances; and C and R' are specific parameters of the diecharge

impedance.
In this instence, equations (12), (13), and (14) assume the following
form:
p 53A /e L yzA | R
Ah=1CGn +HRi+ 5 )25+ A (15)

The analogy of equations (15) and (6) can be established by comparison.
Their difference is merely that the left-hand members of the model equations
are presented in the form of finite differemees, vhile the left-hand members
of the field equations are shown as pertial derivatives. Moreover, the right-
band portion of the model equation contain an additionul member R _ A, which
drops out when R = O and R'= ¢0. R'

A comparison of equations (7) and (1), or orf (11) and (5), shows that
distribution of current density Jy and Jj, in the moac: gives the valuss of
the magnetic-field ccmponents H, and n the area of the ipace urder study.
Measurements of voltages u at the junctions of the model permit the determ!-
nation of electric field intensity E, in the modeled space.

Thus, by means of an elesctric model consisting of inductances, capac-
itance, and resistances combined in a definite way, the electromagnetic fielc.
of a space of any shape can be studied approximately whemever this study re-
duces to the solution of problems of the H,, and Hyy) type. This requires
first that initial and boundary conditions be imposed on the model correspond-
ing to those of the modeled area, and secound that the so-valled similarity
criteria are equal.

Fileld components corresponding to waves of the Hp, and Hpg) type can be
studied on a simiiar model. This requires only that the x-coordinate be sub-
stituted for the y—coordinate‘

- Electric waves of types Egy and Egg1, or magnetic waves of type H,; and
Hoi" vhich can be obtained in cylindrical syctems of circular cross section,
are characterized bdy the preseuce of the following field components:

With waves Hyy and H,jy there are present field components E4 , Hp, and

H, vhich are not dependent on the tp -axis. The remaining components
Er=' Ez‘—— H¢=0.

I
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With waves Eqny and Eoi) there are present components E., E, and Eg,
vhich also are independent of the ¢ -axis. The rexaining components
B ¢= B = H, = 0.

The proper model for the study of these waves is outwardly similar
to the model shown in Figure 1. The difference ccusists .n that here, the
coupling impelances z and the discharge impedances 2c are not constant along
the r-axis.

&
vi .

It can be shown that in a cylindrical coordinate system, the impedances
z and zc are inversely proportional to the r-coordinate. Using the method
described previously for a Cartesian coordinate system, wve find that in the
case of cylindrical coordinate system, the equations of the model are of the

form:
A.jz AJ u I -
r 2=z L =r2 ., (16)
Az + Aar Z. AP
r;dl;ui = -J.zzr/ (17)
Ar
L u :
AZZ- = Jzzz ° (18)

By cumparing the equations with the known field equations in a cylindri-
cal coordinate system, 1t can be shown that for Hoi and H,3; vaves, the dis-
tribution of current densities in the model, J, and J,., and the distribution
of voltage values at junction points, u, give the corresponding approximate
valuds of field components Hy, H,, snd E ¢ -

For waves Eyy and Epil, the field components Er and E, correspond to
the current densities Jz end jy in the model and the B ¢ component corresponds
to the values of voltage u at the Junctions of the model,

Determination of Simjlarity Criteria

Mzthods for determining invariants or similarity criteria are well
knowr: /1, g7 The corresponding equations of field and model must be ex-
pressed in relative dimensionless units by introducing the so-calied funda-
mental units for all variables and physical constants contained in these equa-

tions.

The similarity criteria derived from the field equations and from the
model equations must be identical. It is easy to show that when the Cartesian
coordinate system 1s used, idemtity of corresponding similarity criteria has

the form:
pell | | tmCmlim (19)
e2g? - £l
L) m
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v z )
Ztolel = | Laln | £k o, (20)
o to Rmtﬂl

The suhscript o refers to physical parameters of the field (original) , and
m, to the paramsters of the model; 7 is the fundamental length assumed equal
for all coordinate axes,

In the electric model, the number of elements in any direction corre-
spunds to length 2 m» €quai here to h, where

h=A1=Ay—'=AZ,

The greater the number of elements n of the model per unit of length
(which corresponds to a decrease of h}, the more closely will the distribu-

of space. It 8 convenient to compute the nominal length } _in the unit.::
of wave length of the process in the original, regardless of ghe actual wave
length value. In this case, the nominal length 2m in the model per unit wave
length 7.

Idertity of the similarity criteria similar to conditions (19) and (20)
can also be found for a c¢ylindrical-coordinate system,

Establishing in the Model the Boundary Conditions
of the Region of the Field Under Study

The regions of the field under study are ususlly spaces partially or com-
pletely bounded by metallic surfaces (e.g., wave guides, cavity resonators, or
coaxinl lines) or spaces having sume physical characteristics vhich differ

sharply from the corresponding characteristics of the surrounding medium
(e.g., dlelsctric wave guides and dlelectric antennas).

Irrespective of the configuration of the reglon, the electromagnetic
fleld within 1t 1s atudied by solving Maxwell's equations with consideration
for the boundary conditions.

If the metal surface is assumed ideal, the E vector must be perpendicular,
and the H vector perallel to the metal surface, i.e., ell tungential components
of the electric field and all normal components of the maguetic field at any
point on the wall surface must be zero. For example, in the case of type Hon
and Hpni, vaves Exbound. = H ound® Thus, to secure the boundary conditions
for these wave types in the electric model, all junctions located on the corre-
sponding boundaries of the model must be short-circuited. Thus, we will have

i =0

Ybound. = “ziwonna .

Hovever, it is not particularly difficult to take the finite conductivity
of the metal walls into account in the model. In this case, the metal may be
considered as another medium having characteristics different from those of
the medium forming the bounded regicn, =nd the surface of the metal walls is
the surface of separation of the two media. A sudden change in the parameters
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of the space occurs at the boundary. In a model, this problem is readily
golved in the tollowing manper: beginning at a certain definite section, the
values of inductances, capacitances, and resistences of the model components
and discharge elements are also changed suddenly, in accordance with condi-
tions (19) and (20). The Decessary mumber of elements of the mesh n', which
models the metal walls, can be determined from the following considerations.
If r 18 assumed to be the number of components per wave A , then,

n'=n

5
5y (21)

vherein % is the depth of current penetration into the metal.

The boundary conditions are set up on the same principle in the study
by means of models of electromagnetic processes occuring in a dielectric wave
gulde where there are no metal surfaces. This case also reduces to two media
differing in some of their characteristics, primarily in the value of permit-
tivity ¢

The second aedium here is not metal but eir, in which the attenuation
of electromsgnetic waves radiating through the "walls" of the wave guide is
practically absent (attenuation occurs at infinity). Hence, here, as in a
number of other instances, we are confronted by the problem of modeling an
unbounded fpace.

There is an analogy between the characteristic impedances of & boundary
space and those of a line, since the termination of a line by an impedance
equal to its characteristic impedance has the effect of making the line in-
finitely long. Therefore, it seems that the effect of ar unbounded space
could be modeled by comecting to certain points of a network modeling elec-
tromagnetic processes in a space impednnces equal to the characteristic im-
pedance of the network.

Examplesg of Setting Up Two-Dimensional Models

Figare 3 shows a two-dimensional model of the rectangular vave guide,
illustrated in Figure 4. This model is useful for the study of Hy, type waves,
assuming no losses in the dielectric. The boundary conditions here are estab-
lished in the following manner. All Junction points located on the boundary
line ab are short-circuited and grounded. Junction points located on line ge
are counected to a source of alternating emf whose fraquency is computed from
the fact that the field and model equations must be invariant. Resistances
modeling the free space are connected to Junction points along line ef. Line
cd is the line of symmetry.  The same model may be used to study type Hpgp and
Hoi vaves,, Rr Hpo Waves, the y-exis muat be réplaced by the X-axis. Ry -hof vaves, the
y-axis must be replaced by the r-axis, and in addition, the inductance of th:
model components and the capacity of the discharge elements vary as a function
of r along the r-axis. In this case, Flgure 3 would be a model of the cylir-
drical wave guide of circular cross section illustrated in Figure 5. The s.ime
applies to Figure 6, which is a model of a wave guide shown in Figure 5 for
the study of waves of the Eoi type. The models shown in Figure 3 and 6 difisr
only in that boundery junction points on line ab are not short-circuited in
the second case.

Figures 7 and 8 show models of a ¢ylinder of circular cross section for
the study of Enj1 and Egy3 type waves, respectively, assuming no losses in
the dielectric, In these models, the inductances and capacitances are also
variables in the direction of the r-axis.
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Many other examples of models could be cited, but it is ‘assumed that the
systems described are sufficient to clarify the principles of this particular
modeling rethod. 3
In conclusion, the author would 1like to thank Professor L. I. Gutenmakher "%
for his valuable zdvice. b :
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Figure 2. ' An
Elementary
Parallelepiped.
of the Space
Figure 1. Section of an Electric Madel
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Figure 3. A Two-Dimensional Electric  Figure 6. A Two-Dimensional Electric

Model of a Wave Guide Model of a Cylindrical Wave Guide of
Circular Cross Section for the Study
r of Type Eny Waves

Figure 4. A Rectangular Weve gGuide Figure 7. A Two-Dimensional Model of

e Cylinder of Circular Cross Sec-
tion for Study of Type Hyyy Waves

Figure 5. 3 Cylindrical Wave Guide
of Circular Cross Section

Figure 8. A Twc-Dimensional Model of
&,Cylinder of Circular Crosa Section
Tor the Study of Type Bgi) Waves
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