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INTRODUCTICE

This article studies the reflection or spherical sound and electro-
magnotic wvaves from a plane boundary of separation between two media. The
work of Boammerfeld / 1_/, Weyl [ 2 /, Fok [ 3_], lLeontovich [ 4] and cthers
on electromagnevic waves has been maAlnly cormected with the cases cf highly
reflecting boundaries corresponding to the copdition

t 2
] >, (1)
wvhere n is the index of refraction at the boundary.

This 1s often written in the forr

le,| >, : (1)

where& 1s the dielactric constant of the ground. These conditicns are fulfilled
vhen the conductivity of the ground is sufficlently great.

With regard to shorter radio waves, cases where £, is small and many
cases of propagation in the troposphere vhere g, 18 close to unity must be
studied.
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'In acoustics conditlion (1) is not satisfisd in most practical cases, for -
instance in sound reflection from the surface of ground or water or from the . =
bottom of the sea. N ' ' ' . -

N

The problems of electromagnetic snd sound vavee have not. been fully solved
up to the present time. oL . -

= i

N : This article will restate in greater detail previously published results

aE of tp"e ‘author's research [ 10_7 and show that the chief result obtained by Ott
i vas inrccurate (see end of S2). And, whereas results obteinsd by Krfiger
z_g and Ott £pply only to angles remote from the angle of full internal re-
Tlectionm, this article will describe the fields at all roints of the ares in the
#¥8Ve zone, P . . o .

The results shown facilitate clarification of many problems ineluding cases : .
where 21 ig large or close to unity and establish a criterion for the application ) . \
of “gacmairical aptics {acoustics) in which a wave issuing from ar imaginary
trensmitter way be substituted for s relected vave,

I. CTATEMENT OF THE FROBLEM -- FIRST FORM OF THE SCLUTION

Lt us sxmnine the pcint emitter at = diatance 2, from a plane boundary T
of geparation between two medila (!f‘igu.re 1 .. For the elecirumegnetic instance B L3
lst ug seloct as transmitter a vertical dipole, for the acoustic instance, a
puleating sphere with ar infinitely small radiaus. After asslgning the trans-
mitter frequency in electrudynamice » We shall denote the upper and lower medin
by the wave numbers k, and k), k; having any imaginsry frequency and ko a amal’
célculated imagiloary frequency.

In acoustics, in addition to the wave numbers, the media will be denoted by :
the densities €0 and e, - .

) We shall denote the tield by the scalar function @, vhich 1s the vertical
e camponent of & Hertz vector in electrcmagnetice ané the sound potential in acoustics,.

The well-known expressicn for a primary wmve, scmetimes called the initial
excitailon, has the form {/ 3_/, pages 9k1, 9bk):

@ ei&,ﬂ,_ |t bak , PO
PR § T e ) (2)
o — VER 3 .

where the plus sign 1s used vhenz(z' and the minve sign when Z >z2,.

Furthermore, Ro =y/ r2+(z—z°)2-ie the distance from the transmitter

to the receiver,

We shall aleo make use of another expreseion obtained by substituting
§'= koeos X , vhere & ig & now verisbls of iulsgration. ‘Thio will then
take the form

4 o .
¢0=LIO—R‘= _ZT'QO_S Ham(korco:a)e;: zko (z.—zo)Jln“&as“Jﬂ (3)

R, :

Where the path of integration /; 1in the plane & will pass respectively,
through polnts w—i®, T, 0 i@ (Figure 2), The latter expression can also
be obtained from the ¥ell-known resolution of a spherical wave into plane
vaves (and aleo /2 7, and /3], page 943), if inteuration takes place in
it with respsct to the azimuth und the angle of incidence .9 1is replaced by
the complementary angle <x=-'gl -3 (angles formed by the normel to the
weve front fram the boundaries of separatiun.
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it is eamy %o prove that both the wave eguation and the bomd&ry.c.onéitions.

i ) are datiefied,if the reéflection and refraction of a wave are pat in the form (See
! A 10_7 for btoundary conditicns; formula (4) may often be obtained therefram. )

. . ik _ » . ‘ ‘
‘ ) - | @ _7_0[_5 76[0() Ho (/(0 Fcos d)x @1k0(‘2+za)3‘ih0tcosm'da Y
- Where ) EEE . P
: joo R SRR — Vo2 5 :
Aoy T vaiie— |
j ' (5) BN
i &and : . 3
. ; ' We, k= i s , :
e i ?d:”f-z—'-kie- g g(o()/-,; ’)(/(,/’caso(l)é"l‘z‘ sing, +ik,z, singodox (6) (1
where . : .
Cmgla)=i+f (k) - 7).

and nz—‘}(’_is the index of refraction; m- n? in electromagnetice ond w= ;0'
o . . Vo ~ _ .
1n acoustics, Horeover, sin o sy /a3  ,c3x inasmuch 26 the sign of the latter

radizal was mo selected that (Im x denotes the imaginary part of x,)

Imyr—cocia > 0 (8)

which is required for the convergence of the Integral (6) when Z—»— o .

In expression (4) 1t should be noted that z and 2z, appear culy as the sum

Z -, , and hence the wave reflection is not changed 1f the tra.numj.ttei-
be raised and the recelver loworsa, or vice versa, by the eaw» asmcunt.

TI. GENREIRICAL OPTICS AS A FIRST APZROXIMATION
In the simplest case of an absolutely reflecting boundary, vhen )‘YO{)=/ )

« the reflscted vave is reduce to form (3), excep: that 2+ z, replaces z — Zzp in

the exponent. Hence we shall have

t 4

?rza _&‘_/foR_ )

R
where R= \/{2-1-—(7.4-20)2 is the dlstance rom the observation point P to the
jmginary trapsmitssr Q) {(Figure 1). Herc sisc the wave reflectien will be
spherical, It has been generally supposed that this was true only in the case
of absolutely reflecting boundaries, but it is evident from (4) that in all
cases where the reflection cosfficient does not depend on the angle of incidence,
that 18 when £ (0X) = C, the reflected wave will be spherical

_ etk R
#=C R . (9)

This case occurs. for example, in acouatics when ¢, = ¢y, (conditions aporoxi-
mating this may occur when sound is reflscted from certain forms of sea bottoma),
when the retlection coefficient equals C= b € .

€)+eo
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| The reflected wave will nc;w 'pe gx:praséed in the form |

T L inQ —=VPE— mne A
ﬁm‘/"y e 1 M pind TV cacla ) ()
Tnr » JI'HO("'\./h&—c.-g;agc li Feos o, V‘&de%
vhere the complementary angle (Figure 1}, will be denoted by X ,

7k R‘ns(a—-?)(,_'_g

: . _. ' z+ z = Q:iﬂ X V—‘= ECG.S_ X"’ (12)

. Calculuting the last 1ntegml by means of the wcl_l-knmm "pereval”™ mgthod
Jitemlly "yass" method, used by Sommerfeld and othere_Z, 1et us Introduce )
thL substitution ) : ) e

v

Co\:((‘ﬂ-—x)m /+ !:7.1

(13)

and choose a new fort of integration such that the x in it 1s real and pacses
through all velues from-— e 1o-+co . Tals will be path /[ in Figure 2.

v-“;... In intersects ths real axis at the point ==} at an angle of 45 degrees.
’ Subptituting (13) under the integral in (11) gives the exponent e-koRx2. .
Becauss koR is large, small valuss of x in the integral play & greater role

than they will later,

Iot us consider the ainguler points in the exwression Lehind the integral
eign in (11), since in pessing fram 7 to {* wo must by-pass them. Because of
the presence of the radical /2 . ;0824 , the function behind the integral sign
is double-valued: cosX==n. Two of these, S; and S,, Figure 2, pertain to cases
: where the imaginary 'part n is damping end amall, and %ho real part ie less than
i unity. All remaining branch points will be obtained from S and S, by a parallel
NN translatiou along the real axis, a distance of an tnteger times'rr.

The function behind the integral sign is identical with Riemann's double-
layer surface. Ons layer — the "upper" — will satisfy the condition

Imyryre—cosaa > 0,
(18)

while in the other, the "lower" I’vVh“—cosq@. The sections between them run along

= the lines Im‘/,,:_;:;‘-aeﬁ, One of these sectinns, coming from the branch point

- S is shown by a dotted line in Figure 2. The section, starting in Sp, rums
symmetrically to it relative to the origin of the ccordinates. The initial path
of integration [, passes along the upper layer.

The function behind the integral sign will also have poles at the points

gy
a= £\ P22
cos mae | (15)
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It can, however, be demonsirated [_9 and 16_/ that neither of them will

lie in that pert of the plane X which 1s included between I” ard [7.
Profiting by : smu_'x?as cf x, let us oxpand the whole expresaion

Behind the integral sign in {11), except the expoment, in & series in x as far

a8 the third term or term containing the square of x. Dus to the smellneis of

the term 1/8 .1k r.cos (X, we shall retain only the term Independent of x,

80 that cos o will be replaced by cos )} . Let us assume that in (11) sinec= yand

that, at the point x = 0, ein K = sin X=7, » and let us expand £ () into

2 geries around ¥, : ' ' o

f(y)::f\f%)"‘f',(x)()(— \6)‘*“2/"7[.”\/_3)()/‘.—)/0)? oo 28)
It can nov be found that . ) S o
Y )/aﬁjx‘SI‘ﬂXf‘X\/xiwléG"SX'

It 18 wimple to expend the rest of the expression Dehind the integyal sign
into an x series, Subatitutin% the valuep of the well-néwn Integrals of the
0

funotion @ 4R and &~k Rx*x%ani denoting by P/ the integral (11) taken i
along path T | ve finmaily chtain o kK
, s ,‘ép R r-F RN N ] . - e ’ ] . R
e 2T — 7) “:
Py PR %) kR . :
\ .
vhere N=% £"(%) cos* X —F(%) si )
5 f (V) cos*X—F'(X) sin Y (18
The expression _m SinX—‘/m““‘ﬁ

A= moin X+ VaToosik -
; .

is the ordinary coefficient of reflectiun for a plane wgje incident on the

boundary at a vertical angle X. The term f(y,)Lénl 18 the fleld .
according to an approximation used in ~ptice., It may also be conaidered the

fleld of the imeginary tranamitter Q*‘, which in this case will have a definite

characteristic direction. The term /kOB is a correction term for geametric
optins and vaniches when A—>((k,—> @)

If ve introduce the notation qow=,/a%_., sy =\/an_| 473, calculation of
the derivatives will give:
M' : 2 . o-2) - - 7 = N = PR
"',_"")3-0-9,)’4,1[)’»‘i,('l-"""""o’/"'*')?'+IL»'(’1"—-U+3»')/,‘J- (20)

Wo shall discuss these results in V., noting only that Ott / 9_Jomitted
the second term by mistake in the expression similar to (18).
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Expression {17) 1e¢ nct a complete soluticm, as 1ntegration'ilong. the mavgin
of ths profile ia lacking. ’ : .

To the case which interests us, where |#/< |end n 18 a complex mumber
vhose imaginary part ip very cmall let the angle 7(_—_.- arc sin.E:

be sufficiently large so that in the complex plane ¢ shown in Figure 2, in
passing along the contour /~ in the directlion shown by arrows, both branch points
81 and S, will remain on the left afde. Then the profile will not changs by '
dlstortion of coatour /7 into contenr [ . In fact, if tue profile is not by-
pasged, the dotted part of the path of imiegratlon will lie on +hs Jower lobe.
But this doss not disturb the convargence of cur integral, .

Lot us demote by X, the maximum elevation angle at which & plane wave under-
goes full irmer reflection. It le known that cor™),== &, that is, that in Sj
ve have A+ 'X‘, . Consequently when} »>X,, thrt ig, at angles at which & plane
wave ‘does not have full inner reflaction, the reflactod wave will be fully ex-
proseed by (17) (only 12 X =X, 18 not mmall, see IV),

I: we now decresse angis A , contour ™ s ghift to the left &o tha,
polnt 81 will pass tlrough it and be on the right (F‘igure ). FBow, if the

" profile be disregarded, the beginning and end of contour will 11e on dify

ferent lobes end it will be impossible to cross over to it from comtour /—,' lying

entirely on the urzer lobs. In thie case, let us take the integration path shown

in Figure 3. It goes from point Z 4 X-imto pointF-—iw , whers it meets the

profile and goes alowg one margin cf it to S:U ard. then back along tke other to
—~da - Then it intersects the profile and, slready at tha lower layer,

goes to point %—-f-)(_i o , 2ud *heare along the ncrmal path r , the beginniag

of which now lles o2 tho lower icbe. Thue 1t .R necessary to add to sxpression

(17) an integral 1like (11), but taken along the profile mrgin (contour /7 in

Figure 3). Moreover the emall tem ATy in parentheses behind the integral

aign mey be Giscurded. ik r cos & 1

It is convenient to divide the integral into iwo for the two parte of
the profile margin, whereupun the expressions behind the integral sign will be
distingvished orly by the radical

d=Vn2—coc2r °*

Reversing the direction of one of them, and combining both expressions,
we shall obtain for that part of a reflected wave @, (dencted by @' ), which

ig dependent on integration along the profile margin:

(21)

e i F ik, R (
P=Vike S@(“)e oReas (X5 fooe ook (22)
L .
vhere
T e _dmgsine
() misin2ag—q* (23)
(Img>0).

and the profile line is denoted by L.

© GRdEiRENTIAL

s

~ 50X1-HUM

0240292-1

&



CHRRISERTIAL

“ By introducing a ‘few’ variable of int.egrationg..o(——-,? ﬂ,’r.he erponent unier
‘the integral may be written .

1&, '?zo.: (xX— 0(/_. e 1k, R[“‘v ?(O—X)t .05 *?—.rm(z,-—x)smﬁ] (22})

The right side of this equation can also be written

| m_emu,,_x)e-_zzwfm(n-vs'ivz*‘%f':fnfxrx>m%“*?J- @)

: . Because k,r 1s: large, %he important eq:ression berind the mteg‘al sign mvolvea
only emall @ B of an ordsr of magnitude nou greaoer than . \é‘

;o . .
o ot
18 =7H% . o : (26)
- Eenca, 1n converting the repaieder of tha expresaion behind the mtagral
sign in (22}, we nave first of all .
qﬂésrco,‘i'xg—-sc: “O{.—.‘a-(&ad"x,”" cod G)(&o:'xn - (;s.\‘o()u-
. 4
. . s . : . {27)
==5in (@+X,) sin(@—YX, ) =sin (2X ,+)sin @=23in 2%, sin§. :

Hore ve may dincard @ as compared with 2 Y,, vhich can always be dons
“when X, 10 large. When they are small, we have’)(;g/l—- ™ and, conseguontly,
in eccordence with (26), we must portulate that

Wk R (I==DI> - (28

Hence the case where n is very close to wnity mst be excluded from our study.

Atter mking similar eliminations, expression (22) may be presented in the
form

— _1w

s r
¢r’/ /2..(' f)yc?ﬂ :LS 61’( EL_"‘(L‘X)‘”é-”"('Xg—X)3""@] tg F)7 a8 (19)

7"»/7
Fsin Xa 25in

As demonstrated_by V. A. Fok, the lust integral may be expressed by #
Weber function / 12_/ (the fimction of a parabolic oylinder). For this it
4w neceseary to use the equation demonstrated by him o3 (29) may be
expressed by a Weber function without recourse to relatlon (3¢). If we take
the function behind the integral slga in form (25) and eubstitute sm.ﬁ t,s

apd cos _g- &3/ , the integral obtained coincides_with those forming part of
the integral repreeentation of Weber's function {/ 12 /, page 157), But 1t 1s
- safficient here and later to use formula (30)¢) :
y—ico (30)

s
T § et —y‘)‘°“’"‘57"”"( tg | _af _D (6-8)D, (i),

asin

- 7 -
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N - where _7;-' o - :

Our integrai comes to this, if we put

£—""—-_\V2-/<o!? cos Xd'_xr y=vyadk,Rsin .:YQ ;_l’ »
&nd as & result, we ahzll obtain ’ . ’
‘/’r=—'gﬁ"\/ D, (5“"5)0 (77'*'17) _ » : (32) : EE .
P09 r.::r)(, -% . . } ‘ N

As L3 |, instesd of the fumction n—aﬁ@—i L), 1t 1e possrou to use ite
asymptotic repreeentation ([12__7, page 154 ‘ 2

- —}'-*-%—3 : - (33) | ,\
' I'é"-—-zg) o . : . . -
v.zg‘) e

How considsring that

“L(%" 1) kg “‘3(x, X) A, P(oasxg:u x+5:nx y;qx}:

(34)
=k, (7rr+\//-—n"(2+z,))
we may write for
pl= in ' e ik, (hr+s//—_7-1_=(z+z7)) Fly) ’
1 T = )
. ‘)"R(_kzj_g) 4 (J’."XO““XGOS"" X,;x} 2 92 (35)
where
F(a) & F L8 yi)?- _3_(9 +13)- (36)
N 2
The asymptotic expansion of F(y);,gihaa the form:
' ] 2578 NI L )
F(y) / 2 4(8 '-)2 +J_,4,g.g(’gp2)4 (37)

- 15 (1 = Z2::43 4 7:22: 1921 _)
9.6(852)% 4-6:8-10(8y*)*

mmum- BN

] ] ] | N i N N g .." 57 \ ) ) ) . ._' _...,~‘A
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let us also expand the series im 2

g =/ [l B

q

2/35(_}?:% (‘if)JH'” ]

E _4?;::‘

(38)

357

Thie makea the following tabulation of the function F (y) possihle.

Teble of Function 7 (/;) )

2
Y [F&)| 2 argF »2 IF()] | Z-argF
01 0.25 1.12 1.6 0.62 0.48
0,2 0.36 1.00 1.9 c.8h 0.43
0.4 0.51 0.85 2.2 0.86 0.39
0.7 0.65 0.71 3.0 0.8 0.30
1.C 0.72 0.61 5,0 0.93 0.25
1.3 0.78 n.53 5.9 0.9% 0.22

e
The “"secondary™ wave, given Ly (35), was experimentally cbserved by
Schmidt when & wave.was reflected from the boundary dividing two liquids. It

18 culled "Eopm'welle" or "Flankemnwelle” in Germar. £ special form of this -
wave is known ae the "Mintrop” wave in seismology whers it playe an important
pars,

In ths planc r,z ap ==y bs ssen from (35), tha front. of a aacondary
wave 1s rectilipear (and will be conical in opace, because of the cylindrical
oypmetrical problem and normal to a straight line running from the imaginary
source at an angle X, , a6 shown in Figure 4 plotted in approximately the seme
way as by 0tt[gi7. The lower edge of the front of the secondary wave coincides
with the edge of the front of a wave propagating in the lower medium with & veloc-
1ty c1 (1 > co). Its upper edge merges ¥ith the front of a reflected wave.

Variations in the smplitude of a secondarv wave in prolongation along the
dividing boundary are determined by the basic function jF(y):?; . (Figure 5).
When 7 increases, which ccrresponde to prolongation from thé dividing boundary,

. . 1t irfcreases continuously tending toward a constant magnitude (in our article

- [ 10 Jit was erronsously stated that. when X-)Xo, the amplitude of the secondary
wave tended toward zsro) when Y =X, (See IV).

SONSIDENTIAL
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A second&ry Qavé, Juai as in the second term of (17), ig on the rigﬁt. §
e side of the first term in (17), obtained by an approximation from geometrical
) optice, It is evident, 1f anly because X >4 ( °==3{-’—> cc), 4 .

which corresponds to transference to gecmetric optics, that the azplitude of .
a gecondary wave in (35) reverts to zero. Neverthsless, as in geometri; optics,
a secondary wave may be graphically represented by imagining that in additiom
to ordinsry beams reflected from the boundary at angle of elevation X .
(beam QOP in Figura 6) there are al@o beams incident on point P from point Q,
which fall on the boundary st the angle of complete inner reflection 'X,,

then propagate at the lower medium alm” the dividing boundary ard, finally,
are re-smitted In the upper medium {beam QCDP). Here, too, ¥ must be smaller
than Xa, Tt is easy to prove that the calculation of the optic length of such
beame gives & corrsct phase velue for secondary wave and defines ite trong, "It
may also be demunstrated that the beam GCTP satisfies Fermi's principls [ slc;
Fermmti_J that the time of 1ts track from Q to P will be less than all other
posaible beams the paths of which lie partly in the lower medium (sse L3/,
Chapter XII, especially p 528, by S. L. Sobolev. ). This time will also be \
less than the time of the track along QOP.

A seconiary wave sdmite of graphic interpretation from the wave view also.
When. & whve emittad bty source R falls on the dividing boundary at an angle of
complete inner reflectim, thers i dsveloped ip the lowey Lediuk & wave mOTVING
along the boundery and creating & disturbunce in 1t with a spatial period equal
to,the.vave length in ths lower medium. Tig distance corfitions.the appearance
of & new wave In the upper medium, But since the wave lengih of the latter ro
18 less than X, (\,™= ) cosY,)s 1n order to have periodicity along the bowndary

with & period A, , it must be so inclined that the normel to its front forms
the angle X‘ “with its front. The front of a secondary wave is located exactly

in this manner.

The secondary wave is of imporiance not only as a correction for geomstric
optics, but also in seismometry. It mmat otviously appear in the propagation
of sowmd impulses from the sea. I plays an important role in the propagation
of redio waves in land tranemitters and receivers. In the latter case, primary
and reflected waves aro genersted in the earth and fade very rapidly. A socordary
vave remsins, which paspes Into taw air from the earth, propesates there and fails

back on the earth.

Sclmidt's [ 7_7 qualitative rules for secondary waves &are in agresment
with oor theoretical results.

Ott'a [ 9_7 expression for this move is represented by the dotted line in
Figure 5, and coincides with thm curve vhen y > 1.

When n> 1 (the velocity in the lower medium is less) the mecondary wave
w111 occur in the region X € arc cos . The analytical expression for i
corrgeponds with (35? when F (» )=/, This is clear since nowX,is immgipary
and_fconasquently, ¥ cannot be neax Xs. Hence here % > 1 always and, bence,
in accordance with (37), F (y )=1, Putting n>1 in (35) we obtain a wave -
o with a front normal to the dividing boundary, propagating elong it with a velocivy ,
¢] and fading oxponontislly in the direction of the z - axis.

A partia) theoretical analysis is also to be found in the work of Jeffries

[13].
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Iv. ” THE REFLECTED WAVE A7 AnGIES NEAR T AGLE OFFULL mm HEFLECTTON

To study reflected waves © (17) in the region of angles near 90,’-' , We
dnall etart from expression (1)) and discard the term 1/83ik re.cos® in paren-
thoses, as it 1s small, Integratign procesds along /- (Figure 2). The
point o(rox ani the ‘emall region. near it are critical. TNear o the
yadical qs'mvﬂl be ama%nl hencs the sxpresalon behind the irtegral

©8lgn MRy s expanded into a serlss ag far as the second term. Introducing &
new variable ges=x—Y, and taking (27) inte-ascount, we cbtaln.

ca

EORTY e PR Ny —

m sina+q =/- m SinY, Vsin2y,sinf = (39.) | . o
—-—*t'__-_g_l.z.:z?'_ VA.__'Y’”..(G . ) . \
T Py sinX, ’ : o

Tn oider to disregard the ratio - Ty~ 28 compared with unity, it ls . - b
Sk PO : . e ) "
nacessary -that . ST

— 40)
IX—Xol /%, <1 (

The eign of the mmdical Vsin@ must be taken as diffarent on the different i
layers, like the sign of q, inasmuch as vhen X >Y, the path [ on the R

lower half-plane c.-ossee alopg the lower layor.

The integration <path in the plane @ must crces from Jlli_po—'no through

Oto—L+pBo+ i@ Making use of the smallness of ¢ and expressing
the obteained integrala by means of (20) through & Weber finction, we shall _
similarly obtaln »

T LikR 2y /2k . in) s Y
g 5t ,;;"g?_%(é-76)[—D_%(?T»‘73-z£1%\ 7= )

vhere the plus sign refers tc the case XX, (Figure 3} and the minus sign to
the case X > X, (Figure 2).

When X >X,, expressicn (b41) 1a the complete expression for the field, since
there is no secondary wave @ F in this angle region. The linear combimation of
a Wsber function of the order of ™~ -& in square brackets 1a joined with the

ctien of the: order of % [ 12, page 155_/. We now have

«” A .. B
WOUST 1 Wiluavas

kR, e JEE
ﬁ-"?r— R +—9;t_ ):Tﬁ—‘x_ue‘* ‘_D;_(ff‘if)P’L("p'W' (42)
o 2

when X<X; in (k1) tke winus sign must be taken And. the oxpresaidn for
a secondary wave (32} be added; (42) is again ohi*alned. The latter is now
the expression for reflected field &, ( g_==<;;+p,’7, applicable to any Y near X, -

For analysis with different values of » , through expansion of Wober's function
and the use of expression (33), we obtain
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When X=X, , that is g == , there alweys remsin two terms in -
the outér brackets. The first, unity, equals the coefficlent of reflection.
Here, too, geometric optics is applicable. The second term, which 1s its
correction;  decreasss more slowly with increase of ¥R tuan 1a (17), _
actually, llke (¥ R)"% . Balt of this terg comprises the valus of & sacondary
vave at this pbmg if instead of ¥ (3 )/2% in (35) a constant value is
. gubatituted Lo which this function tends when - y—> 0 (Figure 5).

Expansion into a serles In ‘}" depends on the sign of J. Whan
/’7( 0{7 )7(0) , ¥ have: . '

¢r=¢"kok /_ZJJiHZX‘S/n(x_-x')EI_ 4 .
R % 5inX, . 2(8y* (1)
1.3-5 , 2857 ’]1
A By v r o Sl
24y ‘ 2460827 S
Whes y2$l, all terms in tho square uracketis may be d1sregarded and tne two
vamaining Lorme in the outside brackets will be the two rirst terms of the
expansion of the uswal ccefficient of reflection (19) in & series In
dp=Vni—cos™ X £ V/sin 2XSiZ7—%kn nypothesis (40). In this case, (4l
amounts to (17). Hence for the validity of the letter, the czndition
D2

must be satisfied or
ky R (X=X, )P 1 (15)

¥hen ¥ > 0. the asymptotic representation of fg (p—22 ) also hes
another form and contains two terms, one of which exfctly coincides with (L)
and the other gives a wave with a conical front (35).

The reflected wave @5 can now be described for all angles.. When condi-
tion (45) 1is eatiefied, it is givemn Dy (17). On the other hand, if this condi-
t1on 1a not satisfied, it means thau kR (" X= %, )2,£ 1. We can write the
latter as Xpec=lozor, by virtue of (368), as X— %4 < 1. Satiefaciion of
thie condition perkite expansicn (39), vhence eXpression (41) or (42) may
be obtained.

\ . I L : N Co-
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V. DISCUSSION OF RESULSS -- LIMITS TO THE APPLICATION OF GEOMETRICAL OPTICS

In the study of further apprcximations we shall not find any new wave types
1ike the secondary waves given by the second approximation in the formulse
for geomstric optics, but we shall give more precise values for the integrals in the
theory according to the "pass™ path and the profile margin. The former gives the
reflectesd wave ¢,L, the latter the secondary wave p;’ . ’ :

It ie obviously poesible to disregard other approximations if the second
approximation / correction term in (17 _7 is already esmall, that is, :

INI< kR )

(this assertion has bes corroboreted by calculatione not given here),

. Apouiing first that |52/ => 1 and substituting n° for 0% %1 8in2 X ‘ \
with Ineignificant simplificationa we find that U has the order of megnitude: :

| N el 2" . ) ‘ ) . ‘.

= ; ' )

(o) B R

SN . ! - . . g
Or it % s3ny </, then simply N—é{w); whereupon condition (46) mey be written !
_ (vhen  [n/2 | w11l appsar in (47) and (48) instead of _;’a 9. ¥
L. L i) o
- | bR |3 o
I. elsctrodynamics whers m = n° this will be

jf;ﬁ">l, that bs f;ﬁ-} I (49)

ERP-TE RN

i which gignifies that the distancos must be greet. Thie conditicn cannot be
o fulfilled when /7/ 1 large, btut_it 1s then possitle to use the Weyl-van der
N Fol formla (/[ 3./, p 95%; / 14/, p 105.). Fram a pucely mathematical view-
- point, the similar zonvergence of a series inT-P— , When /n/ is large {or ;
et M = Pl e . ¢

- 3 ) — in acoustics) depends on one of the parts of the expression

behind the Integral 3ign studied above haing situaied near & point on the

path of integration, as_a result of which the ordinary "pass® method would
be inapplicable. Ott / 15_/ and Fok / 16_] generalized the "pass” method,
taking this circumstance igto account and thus were about to obtain the
Weyl-van der Pol formula, but we shall not stop there.

Condition (49) is fulfilled in most cases of radio wave propagation.
Bince secimdary waves {fading as rapidly as waves in the szrth) cam be
disregarded when the source and receiver are located in the air, the Hertz
vertical vector component of a reflectod wave will be fully given by (17).
Adding a primary wavs, wc shall obtain the total value of the above vertor
in ths upper medium,when the tranmmitter and receiver are raised

= cihR, -+ ek, R (?rsiny—yn3i-) _ iNJ}, | (50)'
‘ R R wrsinX¥+yz v kR

whers it is assumed that sin? X can ve disregarded as compared with n? - 1.

C NN

oy
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: | "In thts APWoiﬁAaﬁicn of N, w6 shall have e T :

N =y imy i) LR+ Dsin Y 2o rmi] e (2)

) Componenta of the electramagnetic field are obtained from (50) by ordinary
differsntiation. This expressicn 1s mot new in electromagnetics and ie derived
. inmcet c¢ases firom Wise's series, but as far as we know the expression for the
- corrected term of N given here has a wider significance then anywhere elss. .

In addition to the cases in oloctrodyhpmics and aconstice mentioned, the . s
"pass” method has & limited application when n is so close to unity that condi-
t1on (28) 1s vo lohger satisfied. )

Be ' ~ In an approximation for geamstric optics (acoustics) the field in the upper , 4
g . ) n}e&ium 48 givpn by the sum of the primary wave,gl%&_, and the reflected wave : \
" : : & 2 o

. ! - P ()r’)f—RkaLg—, waich may also bs represented as origimating from an imaginary :
?mﬁgmttaf Q3. (i‘igure 1}, Thle reprecentatvicn is offun used in slactrodynam-
o8 and- acoustics. Our results glve clear criteria for 1ts applicsition bo
arbitrary éividing bomderies. .

Returning to. the. -cese vhen the source (or repei_var)l is on the di,viding'
boundary R, = R, and the condition of the smallness of the corrective term in
(17), as compared with the sum of the primary and re®lected waves may be

wvritten
LRII+F(% )= Nj (52)

o Hers ve do not take account cf tha corcection imtrcducad by the seccmdi':y
wvave, as it does not change the order of magnituds on the right-hand side of
' the latter condition. Considering that, in accordance with 19) ’ L2
2om 3in XA
M SsinYAyp2 _cos> X

1 i+ £(v)= (53}

end aleo that R ein X = =, condition (52) may be rewritten in ths form

k2 =155 N(om s 0 X +Vnr—cos=X), (s)

When |»| > 1, the order of magnitude N is given by (47) and the latter

comdition becames

( =
4

Y

[T
Koz I

l (%".L"'"¥+:)‘|

If,%HsinXS}, then

k‘z>l%,' " (%6)

CONEIRENTIAL -
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i that 1s, _
¥ \ ‘ . . f’) e,
° ) N - .A,dz>> ed Cy
/€42>> ;71,’ - in giectrodyn&mics’

Thus, for applicabliiity to geometric optice 1t 1s necessary that the elew- -
tion Of the wecelver {transmitter) on the dividing boundary {for the particular
case in elsctrodynamics where [n] 3 1, Vvedenskiy's ([14./ p 113) analysis
of applicability to geometric optics is correct in a completely different form
chan ourd.) be sufffciently great in comparison with tne wave length. With
atirongly reflecting boundaries, when {%”-/sin)ﬁ?" i) .1t is possible to use &
weaker condition, also derived from (55 ‘ _

— - 1in acoustics

(57)

; . ' } .
k,z ?I%/_sm’:x ’ y (s8)
which gives? A

|3 Cpl J — - 1
B § e, in acoustics
Ko > !P,‘ &y Isin Lo :

k,z> ETITFFX — in slectrodynamics.

The latter ccnditiong permit makirg a limiting transition te "l.:he case of
absolutely reflecting boundaries, corresponding in acoustics to J'—'—L -,

in electrodynamice to [m|—>»c . In both caees, the right ~hand 2835 1n (59) tend

toward zero, whence it follows that geomstric optice 1s correct in this cass
for any z.

Two generalizations of the results obtainsd ae:

a. When lVl‘él in electrodynamics, the conditions will be written like (55},
(56) and (58); in acoustics n will appear ipstead of —;”- . This is edsily ob-

tained fram (54) and (20), 1f it be considered that, keeping thc correct ordsr
of manitude, 1t 18 now poseible to discard n2 and % > = 8in® X as compared
with wmity, and in consequence, for example, n®—cos® Y = n2 - 1+ sin®y
may be replaced by -—-1 and so forth.

b. In raising the transmitter amd receiver, 1t 1s sufficiemnt for correct-
ness in geometrical optice to require fulfillment of the above-menticned condi-
tioms, except that it is necessary to replace Z by 2 -+z, (the total eleva-

tion of the transmitter and receiver on the dividing boundary). Here ein ')(-!k"éo

Graphe can te med> from the siudy of the reflection of apherical waves givern
in the preceding paragraphs 18_7. It appears, therefore, thet of all plane-
wave raye given by integral 4), on the boundary, only those rays of which the
elevation angles are included in the small reglon of the order of near’
angle X play an important part. It was likewise found that not all dividing
: boundaries are of imporiance in the reflection of a wave, but only certain

*affective zones,™ elliptical in form.

+
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 CONCLUSION

. We encounter the problem of spherical weve reflection in the s8tndy of
the' £1614 around & point’ transuitter ‘of é.und or of electromagnetiy waves,
placed on:-a pline boundsry of separation dividing two medla, This article.
3ives & dotailed study of a reflected wve in a wave zone by expanding ‘solu-
tioms 1nto. gerles in  l/Ker , using the "pasa" method /[ ‘Somerteld's method
‘of complex integraticn_ /. Thereby practical formulas are chbtalned for. the
. caleulation of 'a Hertz vector in-electromagrietlcs and of a sound;potential “in
mcoustics for any helght of ‘elevation of the transmitter and recelver over
“the dividing boundary.::Moréover, & full description s given of & mew. ‘tyype
of vave (a sscondary vave) which plays’en. important part in manyiceses. As
Gompared with ‘the published works' of Ott and Erfiger a full descrivntior is
 givem here.of 3 tield which is useful at all:points of specé in.a wave %0ne.
In addition, our article:gives a-complete ‘apalysis-of.-a solution-by which W
i~ criteria are found for’ applications to. gedmetric optice. It élso explaine -
- mAny other importent pecvliarities of the problem. \ e

e BRI censnm"fit_myj:*ﬁ{:y to express my 356D gratitude to Acedamicien V. A.
: ‘ ".-Fok for much valuable advice. ’
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