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. Thig is & study of the field of a point radiator emitting sonic or
radio vaves over & flat boundary of separation in the case vhere the prop-
ertiss. of the media on both asides of the boundary of eeparation ure approx-
fuatelry equal to each other. The study indicatee the limitation of applica-
) R bi1ity of present theories. Rules are found in the fulfille~nt of which trap-
.o aitizml layere can be repli.ed by beandaries of separaticn. T

INTRODUCTION

We¢ meet thy problem of the reflection of apherical vaves in studying ‘
- slsctremagnetic or sonic radiation on the presence of & boundary surface
dividing twvo media. Much %ork bas been devoted to this problem, especially
from two standpoints: (a) the study of ihe f101d over strongly refleocting
d1viding boundsries, correspoading in eleot: tios to the propagation
of radio vaves over higtly conductive ground /1 - 47; and (b) the study
of & fleld b 8 Tunctiop of the various properties of the wedlia 5, 6: 13/, .

e solutions, however, .btained 1n these earlier voiris give infinikeliy
lurge valuea for the amplitades of reflected waves as the index f refraction
7 approaches unity at the dividing boundary (zee the first yart of [ 2/,
alno /5 , 6, 15_7). Clarification of peculiar charasteristics, deturmination
of the limitations of exieting theories apd the development of formulus, iu
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CORFIBERTIAL

vhich the lndex 7?2 mey approack unlty a: .losely ae dssirable, are of theoreti-
cal and practical interest. Perticularir in the study of the propagation of
radic waves in the atmoasphere, it ia oftsn necessary to deal with their reflec-
tion from layers which can be regarded as swface boundaries dividing media
vwith dielectric cunstente approximately egual. The index of refractiom for such

ividing boundaries cen differ from unity only by emall {ractions of a percent
/ 7_7, The reflection of sound from "skip layers® in the sem 1a such & case.

' The latter, &3 ve knov, represents comparatively fine layers, extending in a
horizontal direction, with large gradients of temperatire-and salinity. The
index of refraction, equal to-the ratie. of the velocities of propagaticn of
sound in water above and %elow the skip layer, also differs “ron unity only
by smsll frection of ore percent.

Rereinafter boundaries dividing media with properties closely related
to sach other will bs called thirn dividing boundaries.

The formulas obtained by Ryagin [ 12-_7 for the Hertzian vector are used
for this typs of boundary, but réfer only to the case where the emitter and
receiver ars at the dividing bcundery. ‘

A.  Limitations of the Applicabllity of Existing Theories

. 'The partioular situstion existing when % approachss unity vas noted
firet by ue; /137, Also notgd vas the fact that the etudy of reflestion by
expaneion into & serien . in. s {resohed by & method used in thm work

ot Risiierteld £71.7; krugsk [ 7 and 0t /67) is possible for all angles
only when the following dondition is satisfied (/ 13_/. equation 28)%

VERT2=1]> 1, ‘ (1)

vhere R ic the distance from the smitter to the receiver. If thic condition
be not fuifilled, tae ebove-mention~d "pereval® method [ 1iterally "pasa”
mothod used by Rommerfeld st alii_7 glves the correct values of the fleld only
Tor sufficliently large angles ) (Figure 1), satiafying the condition ~

ke RZD . ‘ (2)

The inapplicability of thisimethdd wnen 71 is large and the angles X are
spall sen de readily seen from grephs vhich ere of no interest here. An
important role in reflecting spherical waves is not played by all o the points
of “he Cividing boundary, but only by & osrtain elliptical zone / 14 _/ the area
of vhich tends toward zero in gecmetric optice, wvhen 1%t i¢ possidls to speak
of the reflection of a beam from & definite point on the dividing boundary.
Consequently the reflected wave at an arbitrary point o epace Lepsnds on wever
Passing only along thoue directions which duorrespond tc atraight lines” connect-
ing this point with all perts of the effective zons. These will be directions
diverging from the direction of the¢ beam reflected ascording % the lars of
geometrioal optics at smell angles of the order of _ L . or less. Appli-

(SN ' T :::: ot s m

tion of the "pass®™ method is posaible if it can be assumed that, within
this area of angles, the coefficient of reflection and its derivative with
respeot to the angle do not change much.

Hovever, Irom the well-nown oxyi-onion for the coefficient of reflec-
t1on of plans waves from a boundary dividing tvo medias
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Br)=22 sin Y~ VR _Cos2X
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we find that, when 72 approaches unity and X 1is small, the first and
sgcond derivatives of B (X) may be as large as desired. Hers m = n?

in electrodynamics and # - £1 (ratio of the densities of the medis) in
acoustics, () .

Application of the "pase" method gives the usual formulss of geomstrical
optice :-'(aoouatioa) in the first approximation and their corrections in
sucoeeding expressions. When 72 approaches unity, concition [2) guarantees
the mmallness of these ‘iorrections. Henoe it is the condition that ordinary
geomotric opiges desc&‘-’ibe reflected wave. .

. -1

B. Badistion of a Polnt-Emitter Located Above a Th.. Di‘_viding Boundgx

Figvore 1 shows at point (r. z) the rediation reflected from o point-
emitter at & height z, {which may be zero) from the plane dividing boundary.
~In slectromsgnetics, a vertical dipole 1s selected as an emitter; in acoustics,

& puleating: sphere of infinitely emall radiun. The radidtion 11014 will
be oharacterived by the scalar Tunction P, which “orresponds to the verticel
ocaponsnt of the Mertzian vector or to sound poteatial .
8 B REEA . BN : : :

It may be desionstrated 1797 that for any expressicn of constant media
for a Tield in-the: upper mediwn, we ahall have:

=aikR
iy S 7 ()

vhere the first term represents a primary wave, the second a reflacted wave.
And

P=(Tprre -4t hnis, (=)

mhytp,
— 0 —
Here ho- @._ kn,_; b, =W_ k' 2.;

k, and k) are vave nuzbers i) the upper and lower media, r;aepectively ; »thes
ths same va)ue ao in (3) and & = nérg,

Our prodlem is the study of expreselon {5) when n : K approachling unity.

r
Let us expand the exrression bshind the integral sign (5) 4nto a series in
(""—-O. To this end we introduce the noiation

2 2 -—
xemKiloko? | 4 0n2 —) (6)
A"' b“ .
Mmby=b) e VT=%
‘ 3y T~ X ey
Bubsvituting this in (5) and takidg (6) into aocount. ve obtein for a

reflected vave (the radius uf convergence of scxiec (7) equals unity. Hence
Topresentation of #. in form (8) s poseidle only ir in (5) a path of inte-
gration 1a selectcd such that enywhers in it Izl that s U,a[’-)’ ko"—k,""

" B, x’, (7)

Ve can, for instance, sslect a path which runs firat i.ci & = O along the

real axis; then by-pazses the pointf = k, along a semloircle, lying in the

fourth quedrant, with a radius gruater than Kg= K,*]:; and comes out
)

again at the real axic. Sincy » in the fourik quadrent, the exyression behind
the integral s‘gn in (5) bas no singular point, tramsition to such a path of
integration 1s possible. It is acvumed, moreover » that in integrals ({v),
obtalned after sxpamsion ‘into & series, the integration peth is the real axie,
for which »sason tue velues of the integral, of course, dc not change.):

o -5-
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¢ ~bed
L= fmeri 4 (B0k ds.

4

For the coefficlents of expsnsion By in (7) we ahall have

=l vm — n(m-8) {10)
Ba F Br""(%q-,)z’ Be= m+1)%

.Whende the ccasequent. ccefficlents can he found by means of the recurrent
- formula

(1) Bt By = 7( B )omes (1)

} 4 etudy of integrel I for any 3 18 giveg in the appendix. Here we

.. are repiricting ourselves %,o the cése vwhare (n“—~ 1} is eo small that its

.17 second and” subseguent powsrs may be disregarded in (8). Fow, taking into
7 "aetount. the Well-known formuls ([ 35/, vags 941):

ok R-_ §’ ek

=" h @i, a2

P =t €HAR | mkgr(02) p

YT mEl R Gern> !

vhero i RemypEgE

As demonstrated 1n the appendix, the in..gral I; can bo ropresented in
the form

I= f %}f‘—"(;—t)drm +D¢> (%)
1
0

R, =v"*+£3,

=i eik?, De=— i/ ifkyr-X)
Amg-e™n D Vs e T (15)

The iptegral term in (1h) must still be studied. Taking the difference of
the two integrals, we bave obviously

eikeR) _ —- § e“‘o Ri _ ik, R
f-—k'—@' g)de=7y ) 3 d¢ ( R tdt.
o [}

’
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Teking the second integral and subetitutlog vhe limits gives:
k (ethkoR_cik,r). (13)

Po caloulate the first Interval we sutstitute variebles in accord-
ance with the formula

: /(,_, (/Q, —r)=o* When.ce-—l??m""‘qua

R—~r) asy

aL-r»zlc,r

- We sh&ll agsume that ";r<i:

) lov for ull integration paths ﬂzé!'f-f——< kor and as a result the first
tcm under’ the. sqmre root sign in {18) can be diaoarded

Thsnforo,' we obtain

g"h U

g dtm\AE [0+ iS4

u=v%’§.(k—r)=‘§ \/l%?:, (20)

and C{u) and 3{uw) are Fresnel integrals. Substituting this result in {(1k)
and taking (19} into account, we obtain an expreasion for I, vhich, by sub-
stitution in the expression for a reflected wave (1%), gives for the latter:

w:e""“!’n"/ am(”"”“‘)‘/‘o’[/—m _i%(/C-f-iS“lI_i)}J\ - (21)

R IM"'I Oon+))3

In eleotrodynamics, where m = n2, the first term in the parenthesss ie
k,r times less tuan the second and may therefore be omitted. In acoustics
we' axre only ipterested in the case vhere m - 1 is equal to or less than n2-1,
80 that the first term may sgain be omitted. (When m-1 is not a small quantity,
there will be no singularity when 92 approaches unity.) A reflected vave
is now written

eiks R

=B—5— 7 ' (22)

men i)

Bom u:("""”kr[l—‘h'luc qu(C-HS '“)J )
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In electrodynamica the co-fficient )/(«,«,—.1‘-!>Zx ),2/(;\2.{. [)2’ can be replaced
by & (since then 72 eguals 1).

c. Dissussion of the Results Cbtained

.. . Bxpression (20) represents the ususl spherical wave reflected with a
Goeffioient of reflection B. It may be shown that when ¥> P 1 this B
coincides with the coefficlent of reflection of plane waves (3), Lf the
lattee addo is expanded into & series of powars of {n® — 1) and equals approx-

irately the rir&t term in the expsnsion. This is to be sxpected in view of
- :the sondition U= 1, which may &lso be written

.&51 (24)
7 >/,

' vguivalent to condition (2) which when fulfilled should be true for geometric
aption. '

. Introdusing X==fWifinsteed of  end using the ssymptotic expansion of
- ‘Frosnel /'8 ] integrals in povers of - , ve ehall have :
b g e, i .4 k3
B . Lt S R e - YR A
‘ - c ‘S 2 T e (""21 2z ¢ )

htting th_ia 1n (23), ‘and considering that sin X-g‘/k end disregarding

. amel) quantities, ve shall obtain for 8
. .
8 =.2'_'.£’:_'”_)._ , . (25)
O (m )2 sind Y
the same exjression as found by expanding (3) in povers of (na— 1), to as
far ag the first term, and discarding the tem—","L},L , for reasons indicated
above .

When u¢€ 1 in (23], all terms in the equare brackets may be dlerezarded,
vwhiah vill egain ledve the coefficient of B in a simple form.

It 18 interesting to study the ratio _8_ asXruns through all possibls
Jalues . o

In accordance with (23) and (2%5) we have
B . B3 g . Id
—— e jrut rl—ﬂ’iud 15_ C+1 5——"
5 L ( =) (26)

Figure 2 gives the graph of thia ratio as a function of U4, with logarith-
510 scales on the axes. Ae'X inar ,}éﬁo_’incr e8 continuouely. At firet

tELy growth follcww the. Iaw for w? which correspcnds to a straigtt line on
the gi‘ten scals. ¥hem ¢ ie large enda toward unity, which 1s the ccnditton
for the applicadbility of geometri optice; that is, the coefficisnte of
roflection of a gpherical and a plany wave coincide.

Tnie roinlt refers to the oase cf the fairly fine transitional layer
treated in b wbove, For cases of thick transi*iocnal layers only the reflec-

tion of plane wvave- “as been o&lcuhtod,/[ ‘7__7, but ‘t is possible that condition
(24) may also be used in determining these cases.

-6 -
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Cendition (24) cannut be uled fur .xsuplie, for the cags of radlo waves-
nesr a thin dividing voundary 409 metera above ground and 50 killometeru
distant, vhan Kyb®aquals 10 for A== 2 meters and 2 for \== 10 meters.

R

\ .
In the lmtter case, the fledd of reflection of & wave must be calculated
by formulas (22) and (23).

In hydroacoustios, vhen the depth of the skip layer is 30 meters and
digtance R equals 2 kilometers, a reflscted wave cawnot de caloulated
dcsording to geomstrical acoustics when )\> 1 nuter.

For practical conditions it is interesting to study the propagation of
sound and radio wavee .in a layer limited on one side by & thin dividing
bomﬂa.ry._ We have previcusly shown [9.7 tret tn the most general case a

k fiyhl in-a ‘layer may be developed for an infinite mumber of waves reaching
e reeeuez- after & number of reflactions from the bounderies of the layer.
thig casey: the smplitide of the wave uiperiencing kreflections from & thin
‘dividing bpundery will have the cosfficient (n® - 1)K; whence 1t follows that,
in our appraxmtion, 1t will be necessary to calculate the following 81x

waved which urs mot rofloct.ed or are reflected only once from this boundary:
(1) primery; (2) reflected from the usual dividing boundary; (3) reflscted

from & thin veflecting boundary; (4) refiected first from the usual and next

from the thin boundary; (S5) the seme in reverse order; 4nd (6} reflscted

tvice fron the usuel cad onoce frum the thin dividing boundary. -

 The second vave can be caloulsted by earlier formulas [13.7. The fourth,

f1fth and sixth can be reduced to the third, if the usual dividing boundary is
absolutely reflecting, like the surface of water in hydroacoustics. Here the
amplitude can be caloulated by means of (22) and (23); (20) will be true for
Ain é if ﬂery path taker by a corresponding beam is projected on the Z-avis
and if Re — Moreover, if the cocefficient ol reflection
B, for an abeolutel,y *x...leoting boundary 18 Bo = -1, as in the above hydro-
acoultic case, the amplitudes of the fourth and fifth wvaves must have the
minus sign. When the second boundary s not absolutely reflecting, the
problem 1a mre complicuted, but may be solved by sxpansion into & serles of
povers of (n - 1) and application of the "pass” method.

' D.  Substituting aDividing Boundary for a Transitional layer

Ir practical casee, vhere there is generally a tramsitional laysr
instead of a thin Poundary, the question arises how many such cases can be
reduced to that of a pingle dividing toundary. It is known that this can
be done if the thickness of the iayer i1s small in comparison vith the wave
length. In this comection also, thin boundaries have a singularity, since
the Gorresponding condition proves to be "weaker.” To deduce this, one
xatea use of ceriain graghs.

Let us examine the reflection of & plane wave incident at an angle X
to a transition layer, with thickness 1, vhich is parallel to the plame z = O.
When 1 equals or exceeds the wava length A &and the difference between the
velocities of propagation at the upper and lover boundaries is small, the
propagetion of a plane wave may be calculated accordiug t.o geometric optics,
80 that the function o) the vave phase in terms of the coordinate & will be
gi"on by exp i k;dz The extent of the layer in the dirscticn 3 cen de

isregarded, 1f' the p&th of the phase in the layer is asmxall, that is, if

l
‘ Skza'z« /e
’

4 -1 -
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We ghali intensify this condition by substituting for the magnitude k,
1ts maximum value in the layer. It cem now be written

(kz)»ra1£<< /e (27)

V_Hh.en’x{g. 208 Bomotonically, the. only case of interest to us, the

‘maximum valus of ky ¥ill be reached &t one of the boundaries of the layer.
ngno’o {he abova condition will be equivalent to the two following: ’

(kz)ozgl’ (kz),hél, (28)

where the indices O and ‘1 refer to the upper and lower medis, respsctivsly. - & &
Binoe (i), =2Lsipt and (kz) == 27en X; vhere X, ie the angle of inci- ‘

dence. of -8 rsa&oted wave, conditiohy {26) can be rewritten in the form

2sin Y@ Mof2m, 250X, €A, /2 (29)

With thin dividing boundaries X, =2 X, A, },, both conditionms are,
therefone; ;'-o'du(:@d to. one: :

| Leiny & X /20 ' (39)

VR For emall angles thie conditfon cen be fulfilled whenlis equal to or sven ‘ _
' groater than A . s

In Wreaking down spherical vaves into plane vaves (/27 ana/ 5_7, v 943),
i% is necessary to consider F-components of the wave vector both as lerge as
dosirable and also imaginary. When kz is large, sondition (27) is not ful-
£111e¢d. But this difficulty may be overcome, if vwe examine the field in the
wave zone (keR $» 1). Now, as shown in 2 ahove, an important part will be
olayed only by those pimne wavese which rave angles of incidence close to the
angle X depioted 1u Figure 1, which must Be substituted in condition (30).

APPERDIX R

Integrals (9) cen be represented in & somewhat different forw.
Differentic.ing Ig 28 times with respect to & and teking (12) into account,
we obtain

/28 '/,s— ad%, R
dgas R’

vhere

R=\rge.

As XY bo eseily proved by diffsers
satisfied by the fumotion

tk'g - s -
[mm oy (R (et e e et cfl T

R
vhere Blam/FXp %

. We ovtain gf¢), c,(S), ...by differentiating the latter expression once,
’ "twice, etc, and then setting J ==0 thus:

(s .(5) dl
P A= (),

. c,(s)g _'—-/d:"d =i 2 vg(ff)éﬁl‘{ .

" In general,

Ut d? /;_ Y’ } 2s=i!

>
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Making use of the formulas for this type of integral given by Wateon
[710_7 (see also the work of Fock /11 ]}, we obtain R

) : -
TN ¥y s 251Cker) : .
“'“(T) : .
2\, Ur (s—3zL )
The guantitiee A and D employsd in the text are equal, respectively, ta

() ana 6,0} » From the latter formmla, replacing the Hankel functions 4
B by thei~ agymptotic forms, we ovtain (15). L

[Appenied figures follow, 7

! Figure 1. R, is the distence fram the point of reception

! (r,z) to the emitter G; R ie the &istance from

! - the sams point to the imaginary emitier Q,; X .
18 the angle between the beam ard the dividing ]

EEX 2w
¢

i .
T .
N 'l I 2 I -

, 4 Figwe 2, Gmph af the vatio B/B, us a funotion of .

» B 1s the coefficient og raflestion resulting
. fram'the point theoary of reflection of
spherical waves; B, is tne coefficient of
reflection for a plane wave (geametric optiss

or acoustiocs).

CONFTERIL :
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