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PO Absorption of sound in helium II

Trooo-oc by I M Khelatnikov
CPYRGHT - (J. Exp. Theor..Phys., USSR 20, 243, 1950)

The present paper is an'attempt to construct the thenry
9f the absorption of first and second sound in helium II.
As slow processes leading to absorption of sound in helium

1T @ﬁﬁg"zaﬁsiae;gﬁjprocesses of emission and absorption of

elementary excitations (phonons and rotonmﬁ The temperature

dependences of the absorption coefficients of first and second
sound ere determined.. The qnestion of the second viscosity

of helium Il is discussed, and expressions are‘obtained for
"the four coefficients of sesond‘viscosityyof helium II.

1. Introduction.

"The fact thet helium II has a non—zero viscosity must
“in itself lead to absorption of sound propagated in helium
<IIf' However the anomalously low viscosity (»)‘hes not per-
”mitted the discovery of the effects of absorption in helium
1T for ‘sound waves of relatively low frequenoies
Only recently has 1t been poss1ble to discover the
{absorption of ordinary sound in helium II (1). The fre-
guency of the sound used for this purpose was ebout 108
oye/sec., Since in helium II the specific heats %,'and'C;
are prectlcally equal, the absorption of sound connected
‘with conduotlvity does not occur. Thus all the absorption
observed in these experiments must be due to viscosity.
'ﬁffHoweveT ‘the calculation of the coeff101ent of v1soosity
from the absorption data gave values roughly an order of
magnitude higher than the values from.Andronikashvili'
"measurements (2) This disorepanoy suggests that besides
erdinary viscosity, helium IT also has the so—called second
viscosity Moreover the processes of establishment of

gquilibrium in helium II must occur relatively slowly.

N J

"

. 0f the order ef lO ~5 poise from 1.5 = 2 K
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As was shown previously (3), the establlshment of energy

equilibrlum in the phonon and roton gases takes place faster

|
thandthe scatterlng processes determlnlng the flrst v1scosity.
As regards exchange of energy between the phonon end roton

i Sy

gases this takes place mostly oy scatterlng of phonons and
~Q rotons;"fhe calculation of the relaxation tlme for processes
.,w establlshlng temperature equlllbrlum.between ths phonon and
- roton gases (1n the presence of energy equllibrlum in each
. gas separately) showed that this process is also faster than
the processes of scattering of the elementary excitatlons
responsible for ordinary Vlscos1ty. Thus the processes
indicated for the establlshment of energy equilibrium can-
not be respons1ble for the anomalously large ebsorptlon of
first sound in hellum II. The only relatlvely slow processes
of hellum II are . the processes of establlshment of equlllbriun
with respect 'to numbers bf phonons and rotons (compare (%),
.,§ 8 -' Thus we shall start out from the assumptlon that it
is Just these processes Which determlne the second v1scosity
of, hellum II. ‘ ‘ ’_ |
The dlspers1on of 'sound in helium II Whlch 1s possible
in prlnoiple (i e. dependence of veloc1ty on frequency), has
elso not been observed up to the. present tlme (u) It will
be shown below that the sound waves used were not of suf-

flclently high frequency and so the dlsper51on Was not achieved.

2. Absorpt1on and em1551on of phonons and rotons

For COlllSlonS of phonons and. rotons, processes are

g
r

¢ possible as a8 result of whlch the total number of rotons and
\

phonons can chenge. All»suc?.processes in nellum IT may be
:'divided into three typés--'(e) processes in which phonons

are emitted or absorbed (b) processes in Which”rotons are
é ) ',4 v' ) '1 .

smitted or asbsorbed; (c) processes in which rotons are con-
- ’ . ‘ N . -

e verted 1nto phonons or.vice versa.i

PR R B
\ L

A; We shall now consider thermost probable processes of
" each type.v Only the fas test 6f" “the indicated processes will
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Emlssion and absorption of phonons

| 'In the collision of two phonons,bprocesses ére p0551ble
leédlng to a change in the total number of phonons. Thé'“"
simplest of these proceéseé - the three—phonon‘proéess - 1is
forbidden because of the impossibilitﬁ of the simultanedus i
fulfilment of the two conservation laws of momentum and
energy. Thus we con81der a b- Lhonon process consistlng of
absorption or em1531on of a third ‘phonon for collision of
two phonons. ‘ .

We start with the Hamlltonan function of the quantum

liquid (5)

{1

V/" ‘Hd"’:&o) BERCEY
where Y andk /0 are r85pect¢vely the ~veloelty and den-
sity.of the 1liquid and £V§ is the energy per unit mass of
the liquid. '

The non-vanishing terms of thé matrix elements fof'
tfansitions of three phonons into two are obtained from the
cubic térms in {”‘ in the energy for the third appfoxima—

" tion of the . perturbation theory, from the cubic and
fourth order terms in the second approximatipn'énd from the
fifth order terms in the first approximatioﬁ ( /O*is the
deviation of the density from its value in a statlonary
11quid)._ We express the hamiltonian (2.1) in the form of a
o : . :

H-= Ht,—t-\/3 -+ \/,r -,-\é

(2.2)

Where H is the density of souﬁi 5nergy'containiﬁg,€erms
quadratlc inlo ;. and V5’ Vu and V5 containing respectively
the terms of third, fourth and. fifth order with r65pect to/o
Wlth the help of (2.2) in which 'the terms V39' I and
Vg are con31dered as a small pevturbaﬁﬂiﬂh we obtain for the

matrix element of the tranultlon

‘7’ (VAI(V)I]I(*S?H | _,L{L_ﬂ&t
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When dispersion is neglected the ovcurrence of a denoniinator
Ulof the resonance type for small angles between the moments
of the colliding phonons: 1eads to alverpenccs of uﬁe first
terms in (2 3) (3). Taking account of the dispersion of the
phonon part of the energy Spectrum i.e, of the fact thav
;the energy is not a strlctly linear function of the momentum
of the phonon, ellmlnates the dlvergenCes of the terms
gindicated It is easy to see that only those transitions
will be significeht”which are described by the first sum
in (2.3), some of the terms e+ vaich contain in their
. P eamiaN
-denomlnqtors proﬂuc+" of twe -eeynreﬁelons terﬂﬂng to Zero
for neglect of the dlsner51on (? Lm ipd_F-Jj). Thus ﬁe ‘

ghall leave in the matrix c emenu only the first sum”depfnw
| -

%

ding on the terms \/ of the t% irc. order in .
. L ]

Sy ; 2 3 : :
V:g = = + -ST ?;’(; /a| o (2”_3&1':>
. Supgose that in the‘1n1o;al statc (A) we have three
phonops with momenta gﬁl s ﬁé ’.£§ , and in the final
state (F)_twe phenons with momerta ﬁ% and f . Lltogether
there are poesible only several“ Ehoke] of 1ntermed1a 5 Proces-
ses (I and II) through which “he twansition from state A to
state F can take place. Howegv/er, o5 hes s'ready been pointed
out, the s*""'flcan+ 4nes w11’ bf only those intermedlate
states for which at small ﬁnWWes Hetvecn the momenta of the
collidiﬁgiphonoﬁs we have simulisneously” _ v
| F - EE—>0 4, E - Fﬂ-**?'D | (2.5)

A T ) i

* The dlsper810n in questlon here mast not be confused with
the dispersion of sound'i.e. with the phenomenon of the

dependence of the veloclity of sound on frequency.

ot It turns out that there afe 31+ogeu“cr 27 special inter-

" mediate states, but owing to ths conscrvation laws only 15
intermediate states satisfy the condition (2.5).which
partlcular ones dépcend on the relations between the magnitud:
of the momenta., Schematically the transitions through the 27

- indicated intermediate states can be represented in the fol-

IOW1ng way:
"

y

o ' l
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(3-%2)

5.
From what has been z:.14 1t is absolutely clear that the

calculatlon of probabll1ties of the tran51tlon considered

dw = —;32‘-:— ’Hh;)l g(fa"'i §%;. ) 321)\ 3 (2.6)

‘is an extremely complicated operation. Such a oalculatlon

“" has hardly any sense at the present tlme, The point is that

the basic parameters of the theory of the differential coef-
ficlients of the first three orders of ¢ the velocity of
sound with'respect to density and especiallj the dispersion
parameter )/*',* are known only very roughly (3). Thus we
shall limlt ourselves to establishing the relations between
the'probability of transition and the energy of collision of
the phonons, This will completely determine the temperature'
variation of the quantities which intefest us.

The'non-vqnishing' matrix elements of the Fourier

_-components of the den81ty1mave according to (3), the form

((F) ,r\fﬂz‘/_ rV T (/o?)n Jn+,ff£—‘ie A (2.7)

To establish the temperature varlatlon of any average
with respect to all phonons of the probability of the process
considered in (2.6), there is no need to identify the - ,1li-

ding phonons, Thus we may omit the indices in the momenta of

_the phonons. In this way we have from (2.4) and (2.7)

V'Va;/ EAE:.

For instance, the difference of energieeAfor a concrete

example when we have in the intermediate state = L ‘two phonons

with momenta,m+& and P may be writtem in the form 2'
sz 8)

() * 56 f(woa)'?,“l?i L= om 37 o)

where n mLhare the unit vectors in the directions of the:

corresponding momenta. The matrix element of the transition

"Will contain inbits denominators the p.roducts of two expres-

‘slons of the type (2.8).

* We recall that taklng account’ of dls.per51on the dependence
of the energy g .on the momentum of th.e phonoﬂ?has the form

(see (3))
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In the present context we are naturally not 1nterested
in the angular distribution of phonons. Thus we average
(2.6) over the angles made by the momenta of the colliding
phonons and integrate over the phase volume of the momenta
ofi%heLscattered phonons. The necessary integration over
angles proves -to be. qulte 81mole ow1ng to “the smallness of

the terms 1n the denominator of the eXpP85510n for Mﬁf

which tak&saccount of dAsperu;bL,‘, (Compare (3) Para. ‘2).

'Wlthout dwelllng on the falrlv s1mple calculations, we

give the final result obtalned for the probabllltles averaged

‘va0° /@/a*)2 Sopt (2.9)

" Letthe total number of ph onohs per unit volume (not in

over angles

general the equillbrlum valne) ee N} The rate. of change of
“the numberfof;phonons due to thevd—phonon process may be

written in-the .form ' ' g ‘da.di .
s n+! "gvﬂ): r\L:H n "'v ;J‘-J JJ’ .'f2 aﬁ s
N@ gﬂ{n H)nj(h‘i'/(hs'?‘) (l X: /(5 ) 4 5)> *—("‘*j Q“T}‘I Ch (4.10)
ivﬂIf the total number of phonons is. aot equal t6 the equilibrium
qvalue this means that the dluff;udthﬂ function ' containg
a non-zéro chemlcal potential / :

o [tsf) AMJ/VF ]

Sl

For\émall ‘deviations frow Gqﬂlllbflum; the. function i
‘qanv§evexpanded in powers of}}{% 5 and considerlﬂg only the
1in¢ar.tefms'inA}{“ we have

g n;;‘-{nﬁv)/’u@ /"*’T | (2.11)

The funétion'ﬁ  with suffix O correéﬁonds to the equili-

“w;br;umfd%str;bution for phohons LM@;O). After‘sqme straight-
.forwgrd.trénéformations with‘the-help of (2.11), (2.10) takes

.. the form ’ ‘ :

N(}: uﬁﬁnm ﬂlcn3o( ) n- +') c{bJ ‘?;‘;%_.493 /U (P’JI)
o Denotlng by ¢ the coefflﬂient in the equation connectin~
tne ra*e of change of N§ and the quant1tng¢ ,»W@ have
accordlng to (2 10! ) : . ‘ _'

EP L(T gﬁ"‘m 2 3.:) (f‘ 34'9("&»*,’).4“" : JG" d‘ﬁ ifj Q-’”)

2h
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Without great loss of’preciéibn we may‘neglect the dis-
tribution funétions Myl end Mg, éé@pared with unity in the
integrands in (2.12). The 1ntegfafipn over the phase volumes
of the momenta of the threevédlliding phonons ( l@ s Q} R
and @; ) can then be carrled out whicl allows J¢7to be
replaced by uJ 5 reduclng the number of 1ntegratlons by one.

- We obtain in this way .

I—N Vrf“ "20 30?‘;—— _ij;;fi .»(2.1.:1'

The integrand in (2.12') 1s prupor’riona1 to f . After
integrating (2.12') over the momenta of the: collldlng phonons

we obtain for the temperature law Tor _Eé“:

e 1
[‘d) =al (2.13)
L . {d erJPA L I
where O 1is a;tqmperature+¢7\ coefflolenf
The expression (2.13) determlne the temperature varia-
tion of just the quantity which enters significantly into

'our further calculatidns.

Erirzion and _absorption of rot0uuq

A collision between two rotons may be assoc1ated With:
emission or sbsorption of a third roton. Accurate éxpres~.
siéné fér the probability of prgcesses of this kind canngt 
be obtained since the interaction Iunction betweénxfwo rbfdns
is not known, ‘ |

The energy £ of a roton of momentum p is known (5)
to'be equal to .

- = A+ (p~po)2/2u
whéfe_A 9pO and W are parametérs. »

If‘two rotons with momenta By and B, collide; a third
roton can be emitted only 1f the conditlon ,

(1/20) [(Pr=p)® + (272 2 | = b (2.14)
is complied with; this follows from the conservation\;aw for
the énefgy.

Iﬁ-follows from the form cf the energy spectrum that
most-of the rotons‘have momenta of the magnitude po.”
Therefore éondition (2.1L) is very tLrlﬂgent It méy be

Sanitized ¢ Approved ﬁQroRetefalsietyCTAxRPﬂE%;MBStAﬂoemﬁ@GGMQJ
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Let N be the number of rotons per unit volume; if it
1s not equal to the equlllbrlum density then the rate of
\approach to equlllbrluM Np, may in a similar way to that used

previously be written as

oy ! R Np= I}}J(P = L (2315)

Where “p 1s the chemical poteatlal of the raton gas.
<E' If, as asserted, the probablllty for a five-roton-
process is Very small then ‘the quantity f- must also be
small. It is accordingly assumed that .

‘ ]" r@ (2.16)

‘lat all temperatures below the A~point,

Transformation of‘phonons 1nto rotons.

Transformations of rotons into phonons are furbidden on

eccount of thefeonservation%of momentum, in so far as-the
.“mOmentum ofkphonons () satisfy the condition
0°<< P
- and simultaneously the momentum of the rotons is almost
equal to P, ThlS selectlon rule applies to the collision
between two rotons 1f the anglcs between the momenta of the
colliding rotons are small and hence their transformation
!

the above angle is not too small the selection rule does not
apply, c011151ons between two rotons are permitted in which
they are transformed into azphonon and a roton and even into
two phonons (ifvthe ahgles oetWeen the momenta of the col-
lidlngrrotons are near to xg. For the rcasons given a couplie
vof paregrepﬁs back, it is 1mposs1ble to calculate the pro-
babilities of these processes. It is possible to carry out
estimates, just as before;.the essential points of them are
presented in the followihg.

Consider, for the sekeéof expediency, a process which is
the inversebto.the ebove ooilision between two rotons; let a
phonon of momentum I ‘and airoton of momentum p, collide, and
1et this process result in two rotons of momenta- D3 -and 2,
respectlvely. The energy constlon demands that the energy

Sanitized - Approved For Release : CIA-RDP78-04861A0001 00030009 1
of the phonon 1ls not smaller thgan ., The phonon must

. into a Boattered roton and phonon ig 1mooss1ble._ If ‘however,
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accordingly have hlgh encrgy. Tt is to be expected that -
phonons of energles as high as those'éoﬁsidered differ from
rotons only by the way in which thc energy depends upon the
momentum, Their interaction with rotong is, in particular,
of the same kind as ﬁhé interaction between rotons.,  Hence
calculations can be carried out in full analogy to those
~appertaining to the scattering ofﬁa roton by a roton (3).
~Similarly as in this case the phonon~roton interaction
cnergy Vk(the phonon having large energy, in any case greater
than 4 ) can be representea as beihg proportiﬁnalfto a delta-
function of the distance betwsen phonon and roton
v o= v, {(zg - 7p) ‘ (2,17)
(here LpsL, are the position vectors of the phonon and;roton
respectively). ‘It was stated previously (3) that an g&pres—
sion of this kind for the euergy of interaction is chosen
because 1t makes if.pOSSiblG to determine the temperature
effsct on the probability of a corresponding eol}fsion pro-
cess. Just as before the ratc of approach from non-equilibrium

to equilibrium in a phonon-roton gas can be written jn the form

by =T ) , g = oy ), 20

provided thau the appwoach to uQU'le“lUW dcpends on process
of transformatlon of rotons into phO“wl and vice-¥ersa.

The coefficlent ]ép is detoermiancd by means of a complete
‘calculation of the collision intégral. Omitting inter-
mediate steps in the calculafion, we' give the final result
as obtalned w1th the 1nteracti01 fuﬁ;blon (2,17)

‘DP@ . :\/ /ﬂ’ ke (2,19)

The umagaitude of the ampllbude Vg is not knowu for the

process under discussion., For the purpose of making an
estimate one can use the value fgr.Vo derived fér the roton-
roton interaction from the emgiricnl viscosity of helium il
(3). It méy be noted that this estimnte prQViﬁesﬂan upper
limit for VY, : for it is implicd +that thé £ransformatibn

of a phonon into a roton occurs in every process in'which the

phonon has sufficient energy and the angle between the moments

Sanitizesh- Approved-Fer Release ¢ CIA-RDRTS-04864A000905630009-1
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‘clearly this is a necessary but not a sufflcient cond;ulons
for it allows als0 simplo sc tturing of the phonon by the’

roton. o

Insertlng 1nto the rlght hand side of (2,19) the values

of all parameters and the aseumed value for‘VO (= 5. 10737

) | "V‘ 3. 1090 24T " (2,20)
bp <

A flve-— phonon process is obviously 1less probable than

erg/cm ) we f£ind v

|
l

a four-phonon process. For Fhe latter we made prev¢ously
aceuracy, thereby pPOV;i’ﬂ¢'

(3) estimates of sufficien+
an;upper limit:fef ﬂ% . Comparison of these upper limits
(T MJI@ ) éhbwé that they are uf similar magnitude for
Wi&é*fange of temperature Her.r-n the two coefficients
T}anlli themselves are possibly of magnitudes similar to
each other. ' | '

The numericai coefficieht entering into the eXpression’
for ﬂ%,whlch is for the lime weing considersd as unknown,
is denoted by b, so that (2 9+9) reeds ) »

. . r&w _ b EZA/T ' (2,21)
The quantity b ahd the numericsl coefficient a of equetion
(2,135 are subseéeeﬁtiv obtaiﬁeé frcm-empi;ical data, the
sbsorption coefficicnt for first sound in helium II. It
will then be seen that @ and ﬂ% have in fact the -ame
order of magnltude *)

3, Equations governlng the propagaticon of sound in helium 7.
N T

The prépégafibn of soun& ir helium II 'is determined by
equations which may‘be written in the form of a linecarizcd

set of hydrodynamicel eQuatiens of rction (5):

+) In so far as 1t is due to ph010ﬂS, viscosity 1s, as shown
in (2), for temperaturcs between 1.5 2nd 0.7 deg.K dencndent
on the fundamental process of scittering of phonons by rotons.
- The, probability of this process is known. Calculation of the
_collision integral for that process and the corresponding
coefficlent [T and comparison with the upper limits of T ﬂme“
shows that [ <[ In this way it is justified to negle the
phonon~roton gﬁansformatlon in caleulatlng the visccsity
- according to

fn: T
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wht+dvy-0 0 GO
5P + Chuweo - (3:2)
',DHBJC + Vp =0 (3,3)
Yy ht + Vo

C

(3,4)

7“Herel' = denSity of helium, and 2 = density and
] N /?g .

Y and v, = velocity of the normal and euperfluid
fraction respectively, S 'z entropy per unit uolume,
!E;,tnermodynamical potential per unit mass, J =
f’vn*fjv = mass flow density.

In equilibrium, all thermodynamic funotions appearing in

equations (3,1)=(3,4) depend on two variables only, which

" may be chosen to be‘a and S. If a sound wave of low fre-

quency is propagated thféugh helium II, e@uilibriun is re-
eetablished at such a high rate(ee shown by a calculation)
that the rate of approach to equilibrium follows instans sl
taneously after the change'of‘state due to wave’prOpagation.
Hence the state. 1s at every instant fully determined by the
thermogynamical functions anpropriato to equilibrium and
dependent‘:_‘:on /0 and 8,

If,_however,'the frequency of the sound waves is so

high;that the approach to equillbrium cannot follew the

change of state, then procesees;arise'which have the effect

of an approach to equilibrium and result in abegrptien of
sound. In this range of fnequencies,~the namber of phonons
and rotons at any instant differs from the equilibrium value

and the thermodynamic functions muet now be considered as

. depending not only on,ﬂ and.. J; but also’ upon the number of

phonons and rotons present (or rather upon the ~correspording
ohemioel;potentials). The sot of equatigns (3,1)-(3,4) is

accordingly to be Consideréd“aeiincomplete'and should be

' supplemented by equationSTexpreeeing the rate of change of

the nfimbers of phonons and retons.
Let N? and Nw”be the number of phonons and rotons
respectively per unit volyme of helium II, thelir

an|t|z rov d For Release : CIA-RDP 8-048/qu00010 0300091
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number  of - phonons and rotone denoted by’Nf and N@O are
functlons of/ﬂ and é; only ‘ ‘ j

If equilibrium is perturbed Np and Na>change in time
approachlng thelr equilibrlum values N and N¢ Eguations
determining the rate of approach “to equilibrlum can be obtained
by expressing-.the tlme derivatives N and N¢ as functlons of
the chemioal potentlals. Expanding this funotion in powers

and concluding with the term linear 1n WY and,H?

Np.+ div prn = “Yop up 4 Yp¢ u¢ L (3_5)
where Y @@ g @p Y‘@ are the kinetic ooeffioiente +)

Which are. symmetric with respect to the suffixes ¢ and p.

In these equations the torms of *he form div Nv account for

the fact that phonons and rotons participate in the movement

.of the normal. fraction of holium.II with the velocity ¥
.Neglecting»eecond ordey effects,_we eubstltute‘in the

corresponding terms the_equilibrium values of the N, so that

(3;5);&ﬁd (3}6) become

,Np f Npp div v, =irYppup-+ Yp@ u¢ (3,7)

: e W, ddvy = - (3,8

S T e M IR T Y e T B (28
The set of equations ( ' -t} Ly, (3,7),(3,8) determines the

proPagation of sound in helium II taklng due account of the

ohange in time of the numbers of rotons and phonons.

'Eliminqtion of two' Varlablos, g and v gives ’

Capfrt s Ap N R

gL "2;‘?; %(bﬁ_(%é‘,@) :1_“‘_(3,10)'

}—gf— —Nps %S : "Y /"‘(f‘*")ég» /UQD (3,11)

(3,12)

>

o«,

2_:1\/2 Wpo oS = Yo b’ Mg
~t —é& iy f 7% ?’

+) ¢f., L, Landau and E. Lifehitz,-StatistioalfPhysiceglg Ll-L2.
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In equations (3,9)-(3,12) all thermodynamic functions can be

exﬁressedkas depending uponja,s, H u¢ as lndependent

p’

varlables., Entropy and density can be represented as sums of

the equilibrium expression and a smali inerement due to the

sound waves; the increments are denoted by , 8! A solu-

N

‘ tion uf thiu set of elmultaneous equations 1s required which

has the form of a plane wave .such that 8', fﬂ s Uy and u¢

~contain a factor exp 14t - x/u) , where u is the velocity

of sound The compatibility conditions for this set of
equatlons assumes the form of a determlnant of Lth order being

equal to o solutlon of the 1atter equation provides L values

" for the veloolty of sound. >b=i SR

In order to avoid a determinant of the L4th order we

" proceed in a sllghtly different way, by expr6851ng all
functions in (3,9) and (3,10) in terms of S and/p as

~independont variables. Herebv the dependanoe of the funotlon

upon the variables Moy and | nas to be taken into account at

" all ‘differentiations. The partial derivative of some thermo-

" dynami¢ function £ with respect to @ is written -

( &fSM@,% ME){/';Y/;&) %)(%gj)(ﬁ,lz)

Similarly _ . S
djég) +€i (ﬂ '(39”4)
s 31;

%@F ) G'@fwf Qﬂf e

The derlvatlves at constant chemloal potentials (which

“*‘«c/'

are equal to 0) ‘are seen- to bo qual to the equilibrium value

of the derlvatlvo under con51deratlon (5 13) and (3,14)

)Attention is drawn to the fact that equatlons (2,9)-(3%,12)
lead to a determinant of the Lth order, but that nevertheleqe
the equation determining the veloolty u is a quadratic equa-
tion for u?., Equations (3,11) and (3,12), which express the
variations of the number of gnantized ex01tatlons do . not
contain any differentiations of the variables with reSpect
to the coordinates, If a solution is ‘sought which is propor-

.tional to exp  1W(t - x/u) , then the velocity u dpes not
enter into theseequations. The square of the velocity entfers
‘only the first two lines of the determinant;: it follows that

the characteristic equation is gquadratic in u-.

Sanitized - Approved For. Rele ase QE«ﬁDP?S -04861A000100030009-1
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the derivatives of the chemical potentlals uf and - u¢
with respect to P and S are used They are obtained by
means~of equatlons (3,11)'and (3 12) which establish rela-
tlons between i and u: ch the one hand and the small.varia-
tions of‘F and 8'in the plane wave on the other hand.

el express the small variations of,o and S as before
ingluding a factor exp 19(t - x/u) . The compatibility
condition for (3,9) and (3,10) is noW obtained in the form

of a determinant of second order being equal to O.

- lehe) CoPS
ﬁé@bf) f)ﬂ u _;.@(6?) (3, 15

The quadratic equation Whlch is ob+a1ned from (3 15) contajns
terms of different magnltudes All te“ms arising from the
dlfferentlal coefflclent ( 567@S turn out to be small

lThis comes from. they fact that the spec1fic heats o and cv of
helium II are almost equal uO each other at all temperatules
and that the derlvatlve ('3f/a§ ) 1s, ac@prdlng to & familiar
thermodynamlc thecremy propor 1onal to (cp - cv)%; On account
of this, the roots of (3, 15) can be written in a remarkably

u'l- @(‘9 + g%;% . ’(3?»1@

The chemical potentials uf and W can be expressed in

concise form

terms of the small 1ncrements cf entrOpy and density (S‘ and

‘ -
f ) by means of equations (3,11) and (3,12), from which tho
following two equations arefderived

. K L bw \ BN I_N t
Y - = - [ Zpp'a2 §

: ) ! \
- L SRVIAWH L1 SR Yo Ty
)/% Mo + [0 __a_/‘_j% +)@@>ﬂ@ e ?’NSPWS =2
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It is readlly found that

f ‘”%+%)(-"*S‘ i 2"”“/") -@5_ “5”3%’/'\ 3,20

m Q+M (LN glg‘%g.+>f Ng /p
45 Sl
m W)- / l -*'\0’)(‘”—?;% o &>) *’W&
For further calculatlon the thérmodynamic identity
':Tdsﬂ@%ﬂ"N dp —N@ww AZ (%,20)

is required. The functlo%Aplars a similar part as the energy
and, 1f the chemical potentials are conutant kﬁcomes equal to
the energy per unit of volume of the 11qu1d A connnctlon

between the pressure p and the function 1s derived by

remembering that the derivative of the total energy with

respect to the volume at constant total entropy and mass 1is
‘équal to - minus.the Pressiirs,

It then follows that+> U :
p==~g 4 5; + f*«h . (3,21)
Here follow a number of thaxmodyanlcml rélations Whlch

follow from (3%,20), (3,21) and are required for calculating

the derivatives in (3,16), (3,17):

C __.._> +F:ﬁ7 W SG.EQ (36/) 32
/"q"(oS )“vo/OS ”ff/% wf/FS o fm

CM)FS Bf“; P§+vg<af‘*;)20$ '/&K\/S W 95 /w ‘%)5»«

i) . 4 B@) _ : _(é% .

(3,23)
i A ] i i ) N
+) As 2 matter of principle oo~ - LV s-V& ==V [TR L,
| oY A
As the mass ‘ aﬂd the total entropy SV are constant:

S%é\}t*zeei ﬁ%}uo&d;Fo‘ioReI%er iom\fs(nﬁéowe?pé }1 6605b6da 0

P b e T 422 0 Y B 1 )
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The derivatives of the cheméal potentials with respect to

) Yaccordlng to (3 13) (),:U_L) ‘are O-"tel’l d by nefmu of
(3,18), (3,19): | '

%K>S CD(w)g l%%?"{- ?)/B;a/g' (y(b(a*;;i S} N

' S o 5‘“‘)
B\ o iw (- maw) /a Ay (5

) s 3 ﬁl it/

M .: o ({100 1 T_’.’_ ~[o —Y,I_ﬁ'L-l“\{J I
%—Qp ?w%(! g,gg“L M/ \xﬁ);( T T TS

a‘g\) F :D(w) v 5/2‘07. &V"“S bg#/i L8 oS

Expressions (3,22)-(3,25) for the derivatives of the
thermodynamibal quantitics ars roeudily used for obtaining

\ L £, p
. L A / S //T-J:' afers
©© the velocities of sound u, & TP ‘7‘3 (5 ’Ur A SR

Uy

i_ . i_@ w‘ [ W}(’j., —rY, .a_ﬁ\\\?‘ n
“ '[GG)J\— GS M'M = j)(ll '{f” qv;)('w()”f

N e \2 F

2, _f.@ 2%y ) A
@?}M‘f /ﬁ@ (J “/&/V‘?/J

) “’g[f ?15"/ (BS

-+ fb(k') (Lu) -%;a""\/%)(‘am | —gu_y) iy \f"éq ( /0

B —_ 5 (m N, DF )
(af’? " #g %"/ 5, .

o O T | o
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It thc chemlcal potentials are set equal to O, thc above
' exprcssions for the velocity of 1st and 2nd sound in helium
II apply to thermal eguilibrium; this corresponds to extrgmely
low frequcncieé. These velocities are denoted by a suffix O;

‘}their values follow from (3, ?6) (3,27):

ol sl @ o
o S[f@fﬁ & ]U ;} G, v

Here ¢ = S4ﬂ . Expressions (3, 28 (3,29) are cqual to
expressions as obtained previously ( ), According to (3,26),

(3,27) the velocities u, and u, are complex, The wave vectors,

1
as deflned according to k.= @/u are also complex. The
existenoe of-an imag:nary part cf the wave vectof is known to

- L
be an expre531on of the fact: that thsre is absorptlon of sound,

i
.,

Thu real part of the wave vector aeiermlnes the variation of
phase with the d;stance, whereas the imaginary part determines
" the absorption coefflclent | .

If the frcquea01es are: 6xtremclv hlgh thu expressions

(2,26), (3, 27 appPOﬂch the 1lmLtS

ufm f ZC /;?; X )ﬁ ﬂ (5:3¢)

~ $ BV, \ /§ ! 0¥ ‘ fo:)
an ulo ' (0 BNW—_IPB/"‘G’E/\ /%:/ *Lk My (a} /‘....E} BNl

These_velocities of sound apply to such high frequencies that

there is not time enough for processes inywhich the numbers of

phonons and rotons change; these numbers are then constant.
The kinetic coefficlents y which appear in the formulac

of this section are readily cxpressed in terms of those

gquantities which are obtained in the pfoceding section, and




[
| .
e ¥ »1714.—!»\ "
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By comparison of equatlons (3 5) and (3,6).with equations =

(2,15) and (231‘8_) and con31der1ng the meaning of}; we find

. o Bt
?f %, ‘z‘% ’Pf % b " |
In the subseq_uent calculatloas it 1s convenlent to employ

instead of the coefflclents { and rthe r'elaxation tlmes

defined according to

éﬂf IM ISUST N '(%? N
) & —t IR
9 )} @w 7S ém) <w “'"”'M ;0B T s

=
S/
H

By means of the deflnltlons (5 3%), the expressions on the

right-hand side of (3,26) and (3,27) are converted to

+ -‘-”i[tw+ /V)/t -—f««—éﬁ _JJr_J? +%)7ﬁf, W,
%f ?)“ 90,@, W(f -}“/) oM 7 5/“ v yp J gﬁg}
o Pﬁr(‘ ey / m
.. % (f U /Ma“ ' - c S

\
(; s
L s

a
4 i £+ \.63 __2’ /(5 E)Wp
u° % (" )L éyr 3‘“5’>/(§ @k B/A@ F?ﬂo, au;}) B,ud, ‘J«q, 29

lw+@\hﬂ+9>+‘l" [u«-j—( BN V]L
- f %/ M‘ "/@/——1[3\

b H“”*“ ( //é Wg’)jﬁj

{
-~

25

/

(ﬁ <w+ >M+J— [¢w+( Py I _Q/JV‘fﬁL N:p [
0 % S e/ Gy ey

N

N
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By these equations the veloclties of lst and 2nd sound
are determined. as a function of the frequency. In this way
the coeff1c1ent of absorptlcn cf lst and 2nd sound in helium
IT can be- calculated
, It has, however, to be p01nted out that equations
(%,34) and (3,35) are  not sufflclenﬁlfon determining the
diépersicn of sound in helium IT. Theigrcbiem of dispersion
is complicated by thQ‘F@PQd increasehgf tﬁe mean free path
.of_the quantizedeekcifaticns'at decreasing temperature.

Comparlng thc time constant E% by which the first
viscosity is Spccifled ( ) with the tlme constants f¢

~and g¢ it is found that these time constants are at all
.temperatures of equal order of magnitude. The range of ids-
persion for sound coincides with' the range of dispersion of
the first Viscoelty. If this flrst fact is taken in account,
it 1s necessary to apply some syec1alized arguments which we
are going to postpone for ‘8 fﬁ%ﬁce paper. Equations (3 3l)
and (3 35) are accordingly applied to the calculation of the
absorption ccefficient only} they are considered to be valid
for 1lst and 2ndksuund'at low frequencies. +)
" The range of frequcncies where the formulae for U1 50
and Uy, Bare Valld is prcsumqbly out of reach. Even at fre-
qucncies lower than thcse any propqgation of sound waves is
prcelnﬁea by the phenomenon of the mean f;ecipath of phonons
and rotoﬁs.approaching the same magnifﬁae as the‘wav@-léngth
of the ‘sound wave. This is another point £S be studied more

closely in some other papef.

+)
It may bc noted that in first approximation With respect.
“to QDthere is no dispersion,

é”{ « A
Sanitized - Approved Fokhe‘éése“@lthgLTB 04861A000100030009-1
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u.v' ‘Absorption of flrst sound iz helium II.

Consider the range of frequen01es complying w1th the

w By LI w@ &) 4o)
o @ il? il (
It will:-be shown subse@uently that the derivatives

(BN )/MOQPS and (W?/}/M@S are of similar magnitude.

What has been said in sectlon 2 with respect to the relative

cqnditions

magnitudes of the coefflciunt ﬁ% accordingly remains

valid for the rec1procal tlme constanté% , which is determincad
acoordlng to (3,33). For thls reason we arec entitlod to
nqglect in (3,3L) and (3 35) the terms that are due to the
sfive—fpton process. Express1on (3,35) then assumes at low

»

frequencies the simpllfled form

1.t 4 (W X + ¢ ' ?éfml + 8 éiﬁ (/ ﬁ+§p$
ul‘um’tf 9(§£ b/UfP QW(P rP ) N(i' ()W?

The 1maginary part of the wave~cector can be obtained
by means of the 1”st equqtlon ‘the coefficient of absorptlon

for first sound’ denoted by qn , 1s given by

x‘;ﬂ‘{%) [9@(5“0’ My w;, +%’¢’@Ld> ﬁ%%@]ﬁg@

‘«In.order to compare (”53) with the experlmental data
given in (1)y it is necessa?y to evaluate.the dlfferentlal
coefficients enterigg'into %hat expression. It is convenient
to ‘introduce ro,and T as inaependent vgriables;. From (3%,22)

we derive

@&a)f’S 0 ‘aé??)] (a )é‘)f[f r’@:}] i)
), et - (985 )

+) The symbol u;, is in the following replaced by the

conventlonal C.

- |
Sanitized - Approved FOFWL‘R&PTS-MSMAOOM00030009-1
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Calculations are fairly simple (cf. appendix).

Herc are the rcsults for Gﬂo,/b%,)) and (/HQ’/BN‘?’}Jf
AR s 2l ot I-'Ma AT
e&)ﬂf % ( 3 W’g;+°¥j/ : 6 o | ()

3 lﬂ'ézb RAUREL) ISR
%@( f;? T Jﬁf? [(ﬂ"#‘*)'g Ty
- | (4.7,

It ghould be noted 'bh’it thc nurrbc,x of rotons between

1.5 and 2 deg is markedly hlghﬂr than the number of phonons

( Nog >v97 but that the derivative é/‘/' @/BW‘};)’% J;S;)T?
smaller than G"‘J/awf)/ﬁ Ythis 1s due to the factor =/

in the dsnominator of (L,7).

e require cxpressions for the entropy S and for the

mamber of phonons and rotons per volume unit in equilibrium

o /B3 b .
S= ki {‘F*E) + kb = ., (@)
. | -3/ PR R
Wa,~ 2 (Q;),‘/ -0?;‘__4@147‘),’”.{;‘.)?3@ AIT )

Omitting, intermedinte steps in the calculati‘o.n we present

' the re sult s:

G | ﬁé__f _&LL +z>)( £ by awz[?
f“&’) R 7?11”3’ f ( I
e o E—— +2 ~+3>,,c &
4*) - ‘[T‘*b '*3)( Vo S ) [";4’1)(" )7

| ng
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The data of Peshkov & Zihovieva (’6) conéerning the
velocity of second sound under pressure can be used for
alculatlng those derlvatives of parameters which determine

the value of 3 Nf/%” The calculatlons have been given in 2

previous paper ( ). Assuming that u is virtually lndependcﬂt

of'(a , the lresult is: 5 A
Lo i T ~ O
On account ofrothis and of equatio-n (L,9), it is found that
j— £5N> ) (412)
The aifferéntlal coeff1c1ent of the velomty of first
sound ¢ with respect to the den51ty /0 can be ‘derived from

Keesom's density - pressuvc ‘curve for helium II, which yields

@ )(36/3[7) ~ ‘ ) and consequently

- L2 - -
) W@.}.% (Ml ;),\,44 o)

Us:Lng these values we obtaln finally:

(> [ *33)':”5] Tl*“*‘i)’{g““ (45)

4 . .
%3N6‘£‘~A+ﬁ -.-— M 4ot
Yopo ! bes+ T f hE 7[ 7 J (e
e It i.s_ necessary to remember that equation (L4,3) provides

only that contribution to the absorption coefficient which is

: idue to rcquatlon in connectlon with the creation of phonons
~and rotons ‘The comnlote ab sorption couff1c1ent consists of
two terms, of which one is glven b;y (u 3) and the other 1s duc

- - Z
to the effect of flrst v1scoz31ty and is equal to '-_— 21,321’}/30 c

Pellam & Squlre ( ) made measureme,nts of the abSOI"Othfl
) coefflcient of flrst sound at a frmueﬂcy of 1.5. 107 sec—l

“and at tempcratures between 1.57 and 2. O deg.K. Their data
are, in spite of th(—;ll" smal‘l number, sufficient for calculating

the co'-efficients a and b Wi;th sufficient accuracy. Introducing

Sanitized - Approved For RﬁmﬁbﬁzBDP78 -04861A000100030009-1
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" these parameters into the formulac (2,13), (2l9)) f?>and r&
_are -obtained. | A v ‘ | t
| Mo ¥ SNCLER K Top 12 0% e”
This expression for ﬁ5¢ is of coursc smaller than the upper
limit given by (2,20). By means of (L4,18) and the derivatives
of the chemical potentials (L,6), (4,7) the relaxation times
can be derived as function of tE; fohpérature.

In figure 1 the reciprocal L}?"

_relaxatlon tifncs pr and 9@@
are plotted against the
temperature. This graph"“..
shows that in thc experiments

of Pcllam and Squire (l) con—f

ditlon.(u,l was complied w1th L
' P ‘ !

at all temperatures. At the S T SR S S
Com o¢ 08 bo k2 1§ FCIE 2O
aaﬁ_

authors the greatest abso?ption'shpuld have been observed

. frequency applied by these

in the neighbourhood of 1°%. It 1s now éasy to understand
why in the cxperlmonts of Peshkow (M), which were made at
frequencies between lO and 10LL sce l, no dispersion of
second sound could be observed. In these experiments the
temperature was appreciably higher (1.63 deg) so that the
relaxation times 6@ and @ arc as 1ow as 10 lo*sec.ﬂ Hence
GJ&@and &7€h$werc so- small thqt thorb was not only no dis-
. persion, but hardly any absorptlon of sound in: hollum II

We ﬂdd a table of the dlffcrcncc ul as - calcvlated

- Y10
from (%,30), ‘

T‘(..d'egK) 0.6 0.7 0.8 0.9 1.0 1.1 1.2
(Pia>“ ul@ 0. 175 .45 5.80 13.5 23.0 37.5 .51.0

1.5 L.h 1.5 1.6 1.7 1.8 1.9 2.0
0y, - Q)| 73-5 90.5 115 10 165 195 20 27D

o

The difference ;. = Uig is seen. to be sma11+);

It vanishes when absolute zcro is approached.
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5. Absorption of second sound in helium II.

Using the results obtained in section L, predictions
concerning the effect of temperaturc on the absorptlon coef-
ficicnt of second sound in hullum II can be made. If the

o ,fruquen01cs are small, equatlon (3,35) may be written, on

'j:account of condltlon (u 1)

".'L_ 2 "Mé-zué
U+

| '%;-90»@ (a /w{f C?"’;&Hf S

"Hance tho absorption coeffi01unt for second sound 1s readily

derlved as

Q‘P[zw ) +
%ﬂfu [ i 3‘/‘*0‘ 9/% BN & ‘s
T 90’@( g> aNf aw@)]@ &

According to (3,22) gd (3 2)

:; , ‘iv _;4i, ééﬁk

o
(% -‘{02/%»%: o 5(65‘)/’

Evaluation of these expressions glves by means of relatively

53)

simple calculations:

%’%f giﬁg —NI‘(T% ﬂ)‘%é Z{'?”itf J%VF "%"i/ (54)

'%%Q’FM@S [—rl T 4J/E_+_—+3 *“j

Thedensities ﬁ% and f%, which are requlred for evaluatlng

: e

- (5,2), are acCordlng to ( :
-nu kT
R G c? >
The rlgbt hand side of (5, 2) expresses the rathor
1nvolved rulatlon between thu tbmpuraturc and the absorp—

tlon CO“fflClbnt It must bc notpd that the absorption

&Saﬂl’lftnzm,nﬂnm'oyeed: For Releaset:CIA-RDRT8:04881A000100030009:41
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to which it is due to the prOCoSSLS of crcatlon of phonons
and rotons. In tho folWOW1ng sectlon it Wlll ba shown that
absorptlon of socond sound owing to- ordinary v1scosity is of

81milar magnltude as that calculated in this section.

We add a table giving the VLlOClty Usey, at various
~temperatures ). ‘
T (deg.) 0.6 0.7 0.8 .9 1.0 1.1 1,2

g (m/see) | 101 59.5 31.8 2L.9 20.6 19.1 18.7
u,, (m/sec) | 103 65.0 37.8 29.6 25.5 23.7 22.7

T 1.3 1.4 1.5 1,6 ‘1.7 1.8 1.9 2.0
1 usg 19,0 19.5 20.1 20.k 20.5 20.3 19.6 18.3

uy £2.9 23.1 23%.9 24.1 24.5 2.3 23.8 20,8
i . {4

6. Second viscasity

A classical 11quid has two coofficipnts of v130081ty
such that the dissipation function appropriate to v1scpuu

£low has the form

B LR

wherc AV 1s a volume clement in the llquld Ow1n% to the
effect of dissipation there arc 2 supnlementary terms in
the equaflons of motlon, which have to be written: o
[ +(\/V ]+V0; NAy +‘@+-Q—JV4WV (6))
Usually the first coefficlent of viscosity 0 and the
SGcond coeff101ent§f are of squal magnitude. '
Matters are diff@rentbwith respect to helium II. Its
hydrodynﬁmibé has to consider two veloclties; that appro-
priate to ncrmal movement zﬁ and the vélocity of supeﬁfluid‘
movement Y- This opens ‘an unusual .perspective. Whefeaé |

the first viscosity affects only the normal movement this is‘_\

+) 1In the neighbourhcod of absolute zero the velocliy u '
assumes the same value as u which is equal to ¢ f%k %his
is not a coincidence. At t%gsc temperatures the nlrber of
rotons is negligible as. compared with the number of phonons:
the value of all thermodynamié quantitics is determined by

phonons only, Absorption of % sound is according to (5,2)
dotermined by the difference éa a,M Bf 9»"3{’5- This, however,
vanishes. ccording c /
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not at all obvious with regard to the second coefficient.
In distinction-from classical hydrodynamics, the hydrodynamics
of helium IT 1nvolv s two uquatlons of motion, one refcerring

i

. to. the entire liquid o : -
% o+ Ve o @
one for' the superfluid fractlmn o i
3 2

»(where is the thermodynamlc potential for the unlt of mass
of the llquld) 4
Consider now -the equatlnns of motion if second viscosity
is'expllcitly aceounted for. In introducing the terms‘
deppnding on the second viscos1ty into (’,3) (6, u) we shall
for sdke of simpllc1ty omit °t first thb tprms dcpendlng on
the first VlSCOSlty }_w

' It is very obvicus tnat the terms §7div v require tho

introduction of four coefflclonts of 'second v150051ty.

Following the classical exaﬁbl@‘(6y2), the right hand side
| .
of (6,3) and (6,4) should involve two terms, Ydiv v, and

i
i

i? div Voo Hence

z& + V@ S V&VV +§ VQVW @r}
>y V"-@ Ty *SVO L o
g 6 |
¥

|

The unuéﬁal features ié the hydrodynamics of helium
requlrc accordingly the int%oduction of UL ”secondﬁ coefficients
~of viéaosity, 'fhese are, h%wever, not inde@endeﬂt. There
is a réiation'bétwoen them due to the fact that the part of
the dlssipatlon function dependlng unon the second viscogity
should be quadrqtlc functlon of the two varlablcs div Y and

aiv Y. It is therefore to be written in tho form

‘- J. g,q (va) +2 /4 ésvv dv v +¢}(A“’V 341/ £7)
s
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where A , A A are three coefficients which can be expres-

ns® s
sed in terms of the four viscosity cosfficients,
The density of the negative derivative of f with respcct
l to Y and Y should give the right hand side of the equations
‘ of motion for the normal and the superfluid fraction respcc-
‘fively.

(6.6) is the equation of motion for the superfluld
ffaction. The equation of motion»for the normal fraetion 1s
obtained by subtracting (6,6) from (6,5).+) , ¢ /

e, %l’% + (\76» - V@) "@n 'ES)VAN Vo + 3“"@) Vhoy (.6'5)

The derivatives }{/BX" and }%Vé&. are readily cal-~

culated. For this purpose the variation of f in terms of

varlations of ¥ and v_ 1s derived:.

96 f{ﬁr QNV QWSV 'H} (va $v§y+é&4v élev)-;.

- + ﬂ:ilvzs-&‘vgyngé_l/‘

This expression is rc-arranged:

g < [ (8, [be oo ) =50 70 o+ e (B )+
+ é/v‘(gv AMVSJ~SV‘\7&N“ §v, Véwj+
+ & FAV v v vy ~ Sy Ve V_JJV

All integrals which, according to the theorems of Gauss and
Ostrogradsky; can be transformed into surface integrals, arec

considerbd to vanish. In this way we find

. &?: ) gA gv Va/,v .+ A [g‘, Yl]uv -4~ger§\vl{J+éq gvTﬁw Pt/V

Henco 2{/3 oo g(ﬁ,\ Vv v,,“‘-!- Aing V biv VS) “{) \

| €2
é_y/BvS = —g(ﬁng Vv va »f—.ﬂ);Vﬁa‘y \{g) JV >

+) Terms of the form ¥ 9(0 /DT and _'\_rséﬁg/g‘[‘ are neglected
in derlving (6,8). '
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The right hand sides of thd quations of motion for the

-normal and thc superfluid frﬂctvvn are

Vi ,,""r " \‘74 Yo, {f(‘é'

o ”ng
.o 1 A
fq)’- 7 41;1 \/n + 4—),‘517&21\/\/5. (éwxj
Comparison of- (6,6) and (6,8) with (6,6') and (6,8")
rcspcctivoly gives finally fhc rolaticons between the coefl-

:»flcients Aygs Ans A_, and the coe 101ents ‘of second viscosity
:.."1 ) H 2

.- PP P < el "
’qns Cn: fi_vfs' IR (ﬁ'f""- P fﬂ 2 ﬁf "Cf (“‘/‘

|
The first of these three eqﬁ;ti~ﬂ~ ’lulds the rceouilre? rcla-
‘ tion between the coofficiqnﬁs nf sceerd viscosity,
We arc now going to exfl;in the relations between ths
-~ thermody»-—ic Quanti%iesiand thé éoconﬂ viscositiecs., 8imnce
the second viscosity of helium IT ir due to proé@sses
involving changes in the total amber of phonons and rotone,

it can be concl 1lzd that th tc“Mﬁ “Onﬁaining div ' and

div v, in (5 ,5) ard 5, ) ar’y dipéndant on the relation of
; . e B A .
the pressure p and %ho po tial 0, and the chcmlcal potennio s

/Hf and z”ﬁ

y - |
Therefore “ho risht tond s?ies of 6,5) and (5,6) arc
5 - Dy Ly

5 ¥ A Orl T Wf H"-~- ‘P s T
7 M v} | 7 N renpectively,
oz y ~ /f/ kg reiee

By mcans of the. cxprossions (%.18), (3,19) for /% and J1},.

“equal to

‘considering the'i:’«.e'n_uv:jity ‘(u‘,z{}{ 1t ig found that

» I f ~ A ) 1 '
M= 0 __ Ve Liike A /n | _.;)_u__/ )
f ;,_}'(}*)(S“’ B(J }f// ’m( S f/) \ |
Vo sl
i . ’ / W | . Z;‘jy' J :l\ ,\ . .' A
:/U = (A ‘—-———»i -—o~< - V _ g‘ - .,\_\’_*!0 ] 3 i
. ‘:, ¢ . J—-qr) k S E) L;/'F f’/// J /,J

where W = N_ + H - 12
p T
By means oT (3,1) and (%,2) th- ¢mall increments S' and
fﬁ ,fwhich arc ﬂﬁe *;ﬁthe.fwoscnce of a sound wavc)are exXpraes
ged in terms cof div In and div v, . Introducing thesc exprce-
z Y5 R &

sions into (6,11) glves
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Comparlson of the rlght hand sides of (6, 5) and (6,6)
- with the above eXpI‘CSSIOnS and- tho insertion of expressions

(6, 12) for ﬁa, and 4, , yield two eauations'

\P .
§ Qv V, + f f\“’"s:.

@ [ﬁfﬁy}s;{ Mf“él\//)&"”"awf o >+

‘?’a’%)ffﬂ% ?:ggc "ff)b“’“"”m g

o5 by v, + 5 b v

E oo Y, 9 ‘
T‘(w ﬁ@)m{/ %ﬁ D;%‘”M"%VF’@M}*

?
(g&)@s {(G’ B Mﬁfﬁ>&” —b%i/o dir “{/'
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arbitrary valuggof ¥, and v_, 1t follows that: .-

-

z““ﬂ{% gls/& mv§¥awf).+ SN
i %0
@f 2'/"‘6’ , 25 ¥ a

§5: ré?) (%%y+ %)ﬁ }}/’ﬁ( : 6°(aﬂﬂ’>ﬂ f
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ng >wo~ o | \

| |
_{..‘05 (W ~ bW,Jj b}#\/ﬁ, {Oﬂ) /fﬂ- :
wf HS - oF (u,

gsz f_(_i Ey_fﬁ_@___ég>aw \
)_07 My bﬂf’?f’g‘a/) a,(a/“f) }' X
It would not be too le”icuLt to evaluate these expres-
slons. We are, howchr, not g01ng to proceéd in this way,
since cxperiments on sound Absorrfion are not sufficient
for determining all COCfflCluﬂtS af v150051ty Only two
‘ combina+ioqs of thése coe;flcicnts can bc derived from the
absorptlon coefficients of flrst and sccond sound. It 1s easy
to vcrlfy by means of (6 13) and {6, lu) that the coefficients
j: j? , satlsfy in fact the first of the relatlons (6,10).
We hévc still to SXPPLSS the absorption coeffielents of
first ahd sccond sound in terms of the coefficicents of first
and sccond viscosity., For %hat purpcse the complete hydro-

dynamlcal cquations, including viscosity terms, are written

out. According to (3,1), (5 2), (6, and (6,6):
T O | dv v, = N
Foabyro, S 5 )
_.sh + Vp = )&% + (ﬁj 3 )VQ%V v, +S vl v, Clors
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By eliminating from these eguations Yo ¥ and expressing
all fhermodynafrlzio functions in terms off and 3, two simul-
taneous equations are obtalned, The compatibility condition,
similariy to (3%,15), has the form of a determlnant set equal
to 0., Since the determinant would have a complicated form it
‘w.iilznot be férmulated explicitly. The réots;: fo the detcr-
minantal eéluati‘ﬁn are obtained by neglecting terms of the

magnitude o and noting the relatively small magnitude of

éﬁ'b5>F -
"Bl o) e

i L) v [(4)as, @f’n)f’s ~ce)]

From (6,16), (6 17) the absorption coefiic:Lents for 1lst and

’

ond sound are readi ly Obtalﬂud —

RN é%) 21063 <£7 +5, +f) | ()

B el flee)] o

By means of (6,13) and (6 le) it is easy to show that the
terms in the absorption coefficicnt which depend upon the
second viscosity are the same as expressions (4,3) and (5,1)
respectively, .

‘We find in fact from (6 13) 'md (6, lu)
- = + Eﬂ.. gg
E =5 E (Bﬂf éwcg)ff %a 6%)%)/, D>
." A
G= (s -L£[e* ffpj : ”

s 3 I@_ >J\+__;'_("_ Bj\q
) }'a, 3% E/vg, Bﬂo, f}wm/(ﬂf yq.noab/uaa f )/’N

In figure 2 the combination of coefficlents of seccond

il

viscosity determining the absorption.of 1lst and 2nd sound

is plotted against temperaturc, For the purpose of compari-

s0n, the viscosity coefficion:t /] is also éhown in this figurc.

J s n," :EL 1
' : u«-uxuﬁua L:
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It is clearly scen that the sbsorption of first sound s
- mainly due to second viscosity. The sum ST is at,
‘all temperatures larger than the cosfficient

It was pointed out befeore that the coefficientz of first
and second viscosity are‘us@ally of comparable magnitude.
‘The marked prevlance of the%effect of second viscosity with

" respect to the nbéorptién 5% first sound is explained by an
anomalously large valuec of ﬁhc differential coefficient
36/%0 on which the magnitude of Si.éqpends essenﬁially.

The absorption coefficient Tor scecond sound shows =
different relation, Here tﬁo‘coefficientggz is of similar
magnitude as at all tempefatuvcs. The absorption of sacoﬁq

-sound 1s agcordingly deterﬁgned to ¢gual parts by the first
and sécond'viscosity. |

If absoclute zéro is apéfoachcd the coefficients }%and'

S%I inecrcase rapidly. ‘By mcans of (6,20) (6,21), (14,17)
and (4,16) it 1s possible té obtain their limiting values at

extremely low tempsratures.!

It is scen that in the vicinity of absolute zcro the
effect of the sccond viséosfty 2n the absorption of first scun?
is[}+€?§é§%}}l times larger than the corresponding effect for
second sound, : ’ o

Comparison of (6,18) aﬁd (6,19) shows that owing to tho
factor f&%ﬁ in (6,19), the absorption coefficient of sscond
soundé gg‘, increases at a Highbr rate than the absorption
coefficient of first sound, when the temperature is decroased.
Necar abs~lute zcro £he.absoéption coeffiqicnttmé ié markedly

“higher than dr
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In figure 3 the ratio q'/w and the ratio oG/tb are
plotted against the temperature. In applying this diagram
it must be remembered that the ooofficients of absorption are
proportional to & only for those frequencies for which con-
dition (L,1) is valid. On the samc diagram absorption cocf-
ficients for first soﬁﬁd are éivcn oorrosponding;to a fregquency
of 1.5:107 soo‘l in a rango of temperatures for which experl-
mental data are available., Here the thooretical graph as
shown 1s a complicated curve; the poiots shown are experi-
mental values (1). _ ,

“In caloulating the valuosAof OQ/Q: and oS/h31 the slight
variation of the den51ty with temperature 1s neglected; the
don51ty of hollum 1T is oséumed to be constant and equal to
0. 1&5 grqm/om . v

‘In conclusion we should 11ko to make some remarks con-
corning the absorption of sound near the A= point. The abovu
rclatlons are obtﬂlnod on tho assumption tha 1 phonons and
rotons arc forming an ideal was. It has been pointed out
earlicr ( )- that this assumption 1s no longer valid near the
A~point. | | by _

The offeot‘of tﬁc ggmporaturo on.the.obsorption coef-
ficient cannot be detormined in a simplelway by means of the
above arguments. Nevertheless it should be admissible to
draw at least a qualltatlvo conclus1on from (6,19): the
absorption coofflolent of Sooond sound 1s found to increasc
at a high rate if tho A= p01at is npproachcd The velocity
of socond sound appPOﬂches zero 1f tho A~polnt 1s qpproachod
the same holds for the ratio f?//% K

'The faoto?.(;//%u%b appoaringlin (é,lQ)_as a factor
of the bracket, wiil9 in approaching the A-polnt bgcome
infinlte of the order VLQO) on acoouﬁt'of equation (3,29).
©AS the bracket‘itSGlf in (6,19) does not vanish, the absorp-
tion:coefficient of sccond sound will increase somowhat like

(7)

/HZﬁ 1f the k—p01nt is quroached Experimental data

ccncornlng thc absorptlon of second Sound are 1noonolu51vo

L -
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Tlie only inference they Qdmit 1s the statement that absorp-
tion of second sound 1ncrea;ps apvreclale if the h-point 1is
approach >d.,

I should like to uxpr‘css my sincere thanks to

‘?Academlcian L.D. Landau for continual advicc and ‘to
'Professor E M. Lifshitz for‘helpful discussion.
égpendi
'I‘he derivatlves @Nf B/M)/OS and étf\@ /a/u(}?)ff are
oonveniently calculatbd in terms of the independent variables
IP and T, Transfarmation is carried out by means of the

Jacobians:

o) L3S 5) )
0] > E g "\@o g@,ﬁ)

(2 b’r /u@,(%/%) /”7“»’0: ’ A

From (3,20 we obtaln wherj/p is held constant)

(20 T = (35l

and transform (A,1) into thp form

Bﬂ) B/MO"’ ) /b’T ’ud | (fb)

- Similarly we find

_Mp) M)T /é}_r) (ag %), (43)

Since the distribution functlon for rotons has to be in

accordence with Beltzmann statistics, it is readily found
tha,lr @W D/M(f> TlS equal to N /k’I‘.

The total numbpr of phonons per unlt volume of the liguid
in a stato of non—cqullibrlum spec1f'1<3d by the chemical

potential /Ma) is equal to

My (Tjj

Differentiation of (A,L) with respect to /U@ at Qonstant T

(C€~ﬂ9/kr ) ‘IQ-’ITJﬂch

&>
o
N .

and subsoquent partial integjration gives
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The remalning differential‘coefficients appropriate to

equilibrium are obtained by means of (L,8)={l,10):

N = N LL +‘~£i 0 = 3 N@
., :-f(s D> By 7

S 45’ +~_.+)+N N
),u 7‘ 4 7
‘P)f’

9
By means of (4,Lh) - (4,6) the final expressions as given in

section 4, i.e. (u,6), (L,7), are derived from (4,2), (4,3).

1 )
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